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PREFACE 


The papers presented in this special issue of 
the PGAC Transactions were presented at the 1959 
National Automatic Control Conference (NACC) 
held at Dallas on November 4-6, 1959. Although 
this Conference was planned and sponsored by the 
IRE Professional Group on Automatic Control, it 
was actually a joint conference with participation 
by the American Institute of Electrical Engineers, 
the Instrument Society of America, the IRE Profes- 
sional Group on Industrial Electronics, and with 
the cooperation of the Instruments and Regulators 
Division of the American Society of Mechanical En- 
gineers and the Electrical Engineering Department 
of Southern Methodist University. 

Because of the sponsorship of a portion of the 
Conference papers by groups other than the IRE- 
PGAC, and the initial decision not to publish a Con- 
ference Proceedings as such, all of the Conference 
papers cannot be presented in any one publication. 
Certain of the papers presented are reserved for 
publication in the Proceedings of the 1960 Moscow 
Conference of the International Federation on Auto- 
matic Control Conference, in the AIEE Transac- 
tions, and the ASME Transactions. In order to in- 
dicate the total technical content of the National 
Automatic Control Conference, this Transactions 
issue contains those papers sponsored by the PGAC, 
plus abstracts of all other papers which are being 
published elsewhere. 

The 1959 National Control Conference was the 
first conference sponsored by the PGAC since its 
formation in 1952. In prior years, the PGAC has 
limited its activities to sponsorship of sessions at 
the IRE National Convention and the IRE Western 
Engineering Show and Convention (WESCON). When 
initial plans were made for the 1959 NACC, the 
Administrative Committee of the PGAC decided to 
seek the participation of other interested societies 
so as to make it a joint meeting. The Administra- 
tive Committee of the PGAC wholeheartedly sup- 
ports the idea of one major joint inter -society con- 
trol meeting each year, because it feels that the 
benefits from cross-fertilization between the con- 
trol groups in the various societies, plus the possi- 
bilities for substantial improvement in technical 


content of conference programs, far outweigh the 
increased difficulties in arrangements which are a 
natural result of joint participation. 

The goal of a true joint annual conference on 
automatic control will be realized starting in 1960 
with the inauguration of a five-year cycle of Joint 
Automatic Control Conferences, with participation 
by the IRE PGAC, the AIEE Feedback Control and 
Recording Systems Committees, the ASME IRD 
Division, the ISA, and the AIChE. In order to re- 
duce fiscal problems of joint sponsorship, the 
meetings will be sponsored by a single society 
each year, with the others on a participating basis. 
The initial JACC, to be held at MIT on September 
7-9, 1960, will be under the sponsorship of the 
ASME. Succeeding sponsorship will be as follows: 
1961 - ISA, 1962 - AIEE, 1963 - AIChE, 1964 - 
IRE-PGAC. 

In agreeing to this five-year cycle of joint 
meetings, each of the participating societies has 
agreed to sponsor no other control meetings on a 
national basis, except for control sessions held as 
part of regular meetings of the respective socie- 
ties. Thus, the PGAC for the next five years will 
sponsor meetings on a national basis only at the 
IRE National Convention in March of each year, the 
WESCON Convention in August of each year, and 
the Joint Automatic Control Conferences. If con- 
ference proceedings are not established for the 
joint conferences, IRE-sponsored papers will be 
published in special PGAC Transactions issues, 
such as this one. 

Many favorable comments have been received 
on the 1959 NACC. Speaking in behalf of the PGAC, 
I would like to thank the participating societies and 
groups for their interest and assistance, and the 
hardworking committees who made it all possible. 
The PGAC looks forward to a continuation of the 
spirit and success of this meeting in the Joint 
Automatic Control Conferences. 


John E. Ward, Chairman 
Professional Group on Automatic Control 
November 20, 1959 


NAGS OPN eA Sheer AS Ua te On Maa Ret 5 C 


OFFICERS 


Chairman Louis B. Wadel, Electronics Division, 
Chance Vought Aircraft, Inc., Dallas 


Technical Program Chairman George 5S. Axelby, 
Air Arm Division, Westinghouse Electric 
Corporation, Baltimore 


Special Program Chairman John M. Salzer, Ramo- 
Wooldridge Division, Thompson Ramo Wooldridgs 
Inc., Los Angeles 


Local Arrangements Chairman R. N. Hutson, 
Electronics Division, Chance Vought 
Aircraft, Inc., Dallas 


Treasurer F. W. Tatum, Electrical Engineering 
Dept., Southern Methodist University, Dallas 


Publicity Chairman M. L. Barnett, Astronautics 
Division, Chance Vought Aircraft, Inc., 
Dallas 


Registration Chairmen H. C. Baker and J. A. 


Savage, Electrical Engineering Dept., 
southern Methodist University, Dallas 


CeODNS ie REO wis 


CON PE REN C # 


TECHNICAL PROGRAM COMMITTEE 


N. H. Choksy, Electrical Engineering Dept., 
Johns Hopkins University 


W. M. Gaines, General Electric Co., Tempe, Ariz. 


John E. Gibson, School of Electrical Engineering, 
Purdue University 


H. Freeman, Sperry Gyroscope Co., Great Neck, N.Y. 
R. E. Kalman, RIAS, Inc., Baltimore, Md. 


D. P. Lindorff, Electrical Engineering Dept., 
University of Connecticut 


J. H. Mulligan, Jr., Electrical Engineering Dept., 
New York University 


Arthur S. Robinson, Eclipse-Pioneer Div., Bendix 
Aviation Corp., Teterboro, N.J. 


©. Hugo Schuck, Minneapolis-Honeywell Regulator 
Company, Minneapolis, Minn. 


--and with the assistance of J. G. Truxal, Poly- 
technic Institute of Brooklyn 


SESSION CHAIRMEN 


Session I - J. E. Ward (PGAC Chairman), Massachusetts Institute of 


Technology 


Session II - F. W. Tatum, Hlectrical Engineering Dept., Southern 


Methodist University 


Session ITI - A. R. Teasdale, Temco Aircraft Corp., Dallas, Texas 


Session IV - C. F. Taylor, Daystrom, Inc., La Jolla, California 


Session V - M. Marx (for F. Gaynor), General Electric Company, 


Schenectady, N.Y. 


Session VI - J. H. Mulligan, Jr., Electrical Engineering Dept., 


New York University 


Session VII - H. Freeman, Sperry Gyroscope Company, Great Neck, 


Long Island, N.Y. 


Special Session - John M. Salzer, Ramo-Wooldridge Division, 
Thompson Ramo-Wooldridge, Inc., Los Angeles 


IRE TRANSACTIONS ON AUTOMATIC CONTROL, VOLUME AC-4, NUMBER 3, DECEMBER, 1959 


PROCEEDINGS OF THE NATIONAL AUTOMATIC CONTROL CONFERENCE 


November 4-6, 1959 - Dallas, Texas 


TABLE OF CONTENTS 


Se ae Oe ROR Oe 8 Oe el a Oem eA Ayn e ie. ele 8 1 56 209) Sy ete) iB. (6 8 on, 0: edo 6. a “oN e Me, lot ate. ie hes Ke. we Lehiiet tie Sep Wie, evn oe. Ma 


Session I - General Control Theory 


Fundamental Theory of Automatic Linear Feedback Control Systems......... I. M. Horowitz 
General Approach to Control Theory Based on the Methods of 

TiVAtromerve Ais tY ACE) hie et eee cdi shots tare poe o~eten a5 poe ee R. E. Kalman and J. E. Bertram 
The Impact of Information Coversion on Control ....... Harold Chestnut and Walter Mikelson 


Special Session - Control Problems of the Space Age 


Ren aap ey AEs St Shs TT) Col Ree oe ee As | a Pe ks eee) Lg ae tc. Galan K. K. Dannenberg 
Aretude Tomei Space Vehicles (Abstract)... «ss 5 6188 64 weruele. cis dwy bao C. R. Gates 
arackine aimtePataontror (Apstract}) ace nei ePks, 27 A Pa RN eee R. C. Booton, Jr. 
Coutrol of the Human Environment (Abstract) @7Gieeod 2S oc te. Rodina. oes 2 Paul Webb 


Session II - Nonlinear Control Theory 


Signal Stabilization of Self-Oscillating Systems (Abstract)..... R. Oldenburger and T. Nakada 
A Root-Locus Method for the Analysis of Nonlinear Servomechanisms......... M. J. Abzug 
Some Nonlinear Control Techniques Novel to Control Engineers 

Employed by a Biological Control System (Abstract)...............00008 M. Clynes 
On the Analysis of Bi-Stable Control Systems........... B. E. Amsler and R. E. Gorozdos 
Effect of Power Source Regulation on the Response of a 

Controweystem Amplifier (Abstract) ic3 FA0 2 ie Era a R. J. Kochenburger 


Session III - Automatic Control Devices and Systems 


Pendulous Velocity Meter Control Synthesis................. S. G. Shutt and S. A. White 
The Analysis of Demodulating Compensating Networks........ G. J. Murphy and J. F. Egan 
Mathematical Models for Computer Control Systems (Abstract).............. T. M. Stout 
Multi-Loop Automatic Temperature Control System Design for Fluid Dynamics 

Facility Having Several Long Transport Delays........... G. J. Fiedler and J. J. Landy 
Some Linear and Nonlinear Aspects of Hot Gas Servo Design........... R. V. Halstenberg 


3 


20 
21 


Session IV - Control System Synthesis and Optimization 


Topological Techniques for the Solution of Multi-Loop 


Sampled Sy stemsinbattact) tlre: se). y bcs sls + ste os abee R. Ash, W. H. Kim and G. M. Kranc 
Synthesis of Third Order Contactor Control Systems (Abstract)....... Irmgard Fligge - Lotz 
On the General Theory of Control Systems (Abstract)...............2004- R. E. Kalman 
On‘ Optimal Computer Control (Abstract) .............. J. E. Bertram and P. E. Sarachik 


Control System Analysis and Design Via the Second Method of Lyapunov: 
(I) Continuous-Time Systems (II) Discrete Time Systems 
IST ACL eee we sete fe Si Oo clea Tacos ate e ie mo ahs ~ameueagioo te R. E. Kalman and J. E. Bertram 


Session V - Automatic Flight Control 


Papi ers Otic ONLLTOIMADSLLACt) a) eterna mracke es sls Fla kd Be Salgon a aoe heue Slane wel O. H. Schuck 
Electronic Solid-State Automatic Flight Control Systems, 

finecocuction tomPapers A,B -and.G) i sc eats so ele sc +e 0 0 we See Oe) See a 
Electronic Gain Control in Automatic Flight Control 


SU Stemen Paper eA bgt bile. de eet eNotes) ioe William Henn and E. L. Boronow 
Electronic Memory in Automatic Flight Control 

BUSteIMEM Papel sts) twit Stary inde ct. ses se ey sce dcaue ee a aber D. H. Blauvelt and A. S. Robinson 
Pulse Controlled Integration in Automatic Flight Control 

ey eer Ae 1 6G ie earn Poe ao a geen ohs. yh bc nao rs eye! tecgal Gppente cs SiN eae aneetens A. S. Robinson 
Reaction Wheel Attitude Control for Space Vehicles ...... R. W. Froelich and Harry Patapoff 


Session VI - Control System Design Techniques 


D-Decomposition Analysis of Automatic Control Systems ....R.W. Lanzkron and T. J. Higgins 
Optimization of the Adaptive Function by the Z-Transform 

SCA LIIGS (GSN STS TENA RS ners "or af Ro a ee ane ran ME one eo. Ss. S. L. Chang 
Application of Pole-Zero Concepts to Design of Sampled-Data Systems....... D. P. Lindorff 
Synthesis of Feedback Systems with Specified Open- Loop and 

Cig ed LOOU POles ONOEZ CLOG: 12,4 Gintms «os ahi caleias ose een heh a ean W. E. Carpenter 
Calculating Zeroes of Functions Arising in Various Control 

Systemmeroplens (Abstract)... dreieiceicaciivson wiaeticodie atenten Ass scl. W. R. Evans 


Session VII - Random Processes in Control Systems 


Random Sampling: Its Effect on Spectral Density (Abstract) ............... A. R. Bergen 
Spectral Characterization of Control System Nonlinearities............... R. B. McGhee 
Techniques for the Optimum Synthesis of Multipole Control Systems 

with Random Processes as Inputs...............02005 H. C. Hsieh and C. T. Leondes 
Predictor-Relay Servos with Random Inputs . 4... 0. he ai oe ee ee T. R. Benedict 


Page 


108 
109 
110 
111 


112 


113 
114 
116 
128 


133 
139 


150 


172 
173 


185 


197 


198 
199 


212 
232 


FUNDAMENTAL THEORY OF 
AUTOMATIC LINEAR FEEDBACK CONTROL SYSTEMS 


Isaac M. Horowitz 


Research Laboratories, Hughes Aircraft Co. , Culver City, California 


SUMMARY 


The reasons for using feedback are re- 
viewed. The beneficial aspects of feedback are 
quantitatively expressed in sensitivity functions 
and noise transmission functions. The physical 
constraints on the controlled process (or plant) 
determine the maximum number of independent 
functions realizable. Any configuration with the 
same number of degrees of freedom may be used. 
With this approach the study of conditional feed- 
back, model feedback, combined positive and 
negative feedback, etc. is of secondary interest. 
The benefits of feedback are paid for in gain- 
bandwidth of active elements over and above 
what is needed to physically do the job. The 
minimum price that must be paid is independent 
of configuration. 


The system with two degrees of freedom is 
studied in detail. Two methods are presented 
for the precise design of a system that will be as 
insensitive as may be desired to large parameter 
variations. One method uses root-locus tech- 
niques and is suitable for systems with a small 
number of dominant poles and zeros. The second 
method is based on frequency response and can 
be used for systems of any complexity. Numer- 
ical examples are given. 


Reasons for Using Feedback 
What ure the reasons for applying feedback 


to a control system and thereby greatly increas- 
ing its complexity, cost, and the design effort ? 
The answers are given by most textbooks on the 
subject: 

"in the presence of disturbing signals, (feedback) 
tends to reduce the difference between the actual 
state and an arbitrarily varied desired state."' 
Also, "'...very close tolerances in manufacture 
and constancy of controller characteristics with 
time are required to obtain high performance of 
an open-!7-n system" (whereas) "with the use of 
lower precision components or ones subject to 
wider variation under use, it is still possible to 
maintain high-precision feedback control 
performance. '! 


Some authors suggest that another principal 
reason for using feedback is that it makes a 
system respond faster or at least that this is one 
of the advantages of a feedback system. ~*~ It 
has been pointed out by Truxal, that if there is a 
desire to speed up a system, it can be done with 
a suitable prefilter in cascade with the plant, 
much more cheaply and with considerably less 
design effort than by means of feedback. The 


term plant, symbol P, is used in this paper to 
designate the fundamental portion of the control 
system that is fixed, such as the power amplifier, 
servomotor and load, the chemical process, etc. 
The important point here is that in control 
systems, feedback is not used as a synthesis tool, 
(although feedback is used as such in other situa- 
tions, e.g., active RC synthesis) to attaina 
desired system transfer function, T, because 
openloop synthesis is easier and cheaper. In 
regard to the subject, it is suggested that the 
term optimum feedback systems should not be 
used for studies of optimum system response. 
The response of a plant with a fixed capacity and 
characteristics is an important problem but it is 
not at all a feedback problem. Whatever response 
function the plant may be capable of and which is 
considered optimum for a particular situation, 
can always be realized by an open-loop configura- 


tion. 
Canonic Structures 


Accordingly, the two fundamental reasons 
for using feedback, despite its greater complex- 
ity and cost, are, 


1. the improvement in the rejection of corrupt- 
ing signals; the improvement in the system 
linearity may be included under this 

2. the decrease in the sensitivity of the system 
to variations in the plant. 


It is therefore only natural that a feedback system 
should be evaluated by determining how well it 
accomplishes these objectives. For this purpose 
it is imperative that canonic configurations be 

set up and studied in a fundamental manner. In 
this connection, automatic control theory can 
benefit from modern network synthesis theory. 
For example, once the Foster and Cauer canonic 
configurations for realizing an LC immitance 
became available, there was no need to study the 
practically infinite configurations which are com- 
binations of the four canonic structures. How- 
ever, in feedback control theory, in the absence 
of canonic structures associated with studies of 
their fundamental properties, every new config- 
uration merits special study. This is so despite 
the fact that writers?~8have drawn attention to the 
common basic properties of the various configura- 
tions, The reason for the confusion is probably 
due to the fact that the central and significant 
importance of the sensitivity function, defined 
below, has for the most part been neglected? in 
the literature. 


De : At 
The sensitivity function S,, denoting the 
sensitivity of the system transfer function to the 
variations in the plant P, is usually defined g as) 


cee ce WIN (1) 
P  dP/P 

and is thus the relative change in the system 
transfer function T, divided by the relative change 
in the plant P, for infinitesimally small changes. 
It is the logical quantitative measure of those two 
properties of feedback because of which feedback 
is used. 


Consider a control system with the follow- 
ing constraints: a single system input and out- 
put; no signals can be directed to the output ex- 
cept through the plant; the plant has a single input 
and output, the plant is fixed, and there is no 
access to it by the designer except at its input 
and output. Such a system has only three 
essential variables: r — the independent input, 

c — the output, and p—the input to the plant. More 
variables can be invented, but they can always be 
eliminated, except for the above three, with no 
adverse effect on the items of interest: the system 
response, the sensitivity to plant variations, and 
the response of the system to noise entering any- 
where along the plant. The system is therefore 
described by no more than six independent trans- 
Mise loss r tOme,.c toe, 1 tO peep tour. p.to.c,and 
c to p. The first of these is not allowed, and 
therefore Fig. 1 is a general block diagram repre- 
sentation of the system under discussion. P = 
P,P, is shown split up, to indicate that noise 
entering at various points in the plant is included 
in the study of the system, Interest in the system 
is concentrated on the transfer function. 


C 
CO ss we (2) 


gt defined in (1), and the noise transmissions. 
From Fig. l, 


G] Ie GP 
(te ee eS 3 
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Equation (3) defines G and L. Also, 
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Note that because of the system constraints, Tay 


Th 9? and Le are completely determined by S. 


The latter must therefore be chosen to satisfy 
the noise specifications as well as those due to 
plant parameter varations. It is seen that the 
individual specification of G),G2, etc. is not nec- 
essary. If the system has the constraints pre ~ 
viously listed and if the interest is only in system 
response, sensitivity to plant, and response to 
noise entering in the plant (which includes load), 
then two and only two independent transmissions 
(L and G) are all that are needed or even useful. 
There is no need to clutter the system with any 
additional blocks. For such a system with its 
constraints, any structure with two degrees of 
freedom may be used. 


More complicated systems do not result in 
more than two degrees of freedom, unless some 
of the constraints are lifted, e.g., in Fig. l, if 
the designer has physical access to point X,qthere 
is more freedom and three quantities, T, Spb 
and oe can be independently controlled. In 
genenalsift P= P|P,- Sic 
terminals, of which all but the first have only 
output, signals available, then n + 1 functions, 

(uy SP Sis: etc. ) may be independently real 
ized by means of a feedback structure with n + 1 
degrees of freedom. A first step in any system 
design is the determination of the constraints and 
the number of degrees of freedom. These in turn 
determine the number of functions which may be 
independently controlled. The minimum number 
of compensating transmissions is then precisely 
determined. In general, the price paid for the 
benefits of feedback is in the large gain-band- 
width required of the compensating transmissions. 
But as soon as the designer has decided how much 
of the benefits he wants, the compensating trans- 
fer functions and their gain-bandwidth products 
are precisely determined. Therefore, as far as 
the sensitivities to plant and transmissions of 
noise entering into the plant are concerned, it 
doesn't matter at all what kind of system 
structure is used, so long as it contains the 
minimum number of independent transfer func- 
tions. In short, it is argued that this is a fund- 
amental approach in that it points out the second- 
ary role of the structure and the canonical role of 
the plant and its constraints. For example, the 
plant type previously described (Fig. 1, etc.) had 
only two degrees of freedom, which permits 
independent realization of T and S... Two inde- 
pendent functions are required. They are, from 
(3) through (7), 


Po with n + 1 accessible 


T 
G= “yay 2 (8) 
(OS Beeb (9) 


Any of a very large variety of structures may be 
used, such as that shown in Fig. 2. Some of these 


configurations have appeared in articles that 
claim their superiority to the more conventional 


configurations. In Fig. 2a, 
G, = (10) 
H = oP G z ) erat id 
In Fig. 2b, 
G) =—s- (12) 


1 1 
nee ($1) -G).- (13) 


Bigee 2c i? the conditional feedback system of Ham 
and Lang~ with 

dp 
a? 


1 1 
ee a(t). (15) 


If the system shown in Fig. 2c does have any 
advantage, it is in the additional freedom 
provided by using three fuctions so that in (15) 
only the product is specified. But this freedom 
is achieved at the price of considerably greater 
complexity and can be obtained with simpler 
structures. Fig. 2d is a member of the minor 
positive feedback loop family, for which extrav- 
agant claims have been made and continue to be 
made. In Fig. 2d, 


A 


(14) 


{i =), (16) 


(17) 


Some comments will now be made on the 
use of minor positive feedback loops to achieve 
what are usally claimea as spectacular and 
superior results. Whatever these results may be 
it must be possible to express them quantitatively 
in the specification of S. So the question really is 
whether it is easier to synthesize the resulting 
compensating transmissions by means of positive 
feedback amplifiers than with ordinary amplifiers. 
This important point is emphasized. The sens- 
tivity function S represents the quantitative 
desired benefits of feedback. Since S =(1 + L)”™ 
the loop transmission function L is rigidly fixed 
by S and is available as a rational function in the 
complex variable s. The additional specification 
of the system transfer function T definitely fixes 
the other degree of freedom, Gin(8). The 
problem is therefore completely one of network 
synthesis, i.e., one of realizing functions with 
specified poles, zeros and gainconstants. It is 
difficult to generalize on optimum methods of 


1 


transfer function realization. The science of 
network synthesis has in fact not been developed 
to the point where many definite statements can 
be made on optimum methods. Furthermore it 
depends a great deal on ones' definition of 
optimum. However, it may sometimes be 
possible to achieve a particular relation of gain 
versus frequency more conveniently by means of 
positive feedback. Thus, a vacuum tube has a 
fixed gain-bandwidth product g_/C, but to 
achieve a gain factor greater than the amplifica- 
tion factor yp, it may be more convenient to use 
positive feedback than transformers. This is 
also the case if sensitivity zeros at + jw, (i.e., at 
a real frequency) are desired. Why one should 
want such zeros is explained later in the discus- 
sion and by (27) and (28). The zeros of S are the 
poles of L from (4), and transfer poles at real 
frequencies can be realized only by means of 
positive feedback. This important point should 
be emphasized. If there is any real need of minor 
positive feedback loops in a system, this need 
becomes apparent from the specification of S. 
Consequently it is established that there is little 
point in searching for new and exotic feedback 
configurations. Instead, one should adopt a syn- 
thesis approach, establish the constraints, the 
degrees of freedom in the system, the desiderata, 
and how much of the latter is obtainable on the 
light of the constraints. From such considerations 
the T, T,'s(noise transmissions) and S functions 
are specified. If positive feedback or fancy 
configurations are needed at all, the designer 
will be forced to use them. Usually, from a 
practical standpoint, the simplest and least 
exotic configurations are the best just because of 
their simplicity. 


There is one qualification that should be 
made. Attention has been concentrated on the 
sensitivity of the system to the plant and on 
noise entering anywhere inthe plant. But there 
are secondary considerations, such as the sensi- 
tivity of T to the compensating networks and the 
effect of noise entering into the system through 
them. Usually the compensation blocks are ata 
much lower power level and can be well designed 
at reasonable cost. However, in these matters 
and in the matter of nonlinearities, one particular 
structure may be better than another. 


The Poor Sensitivity of Designs Based on T Alone 


It can easily be shown that in the usual, 
straightforward, textbook design of a feedback- 
control system, whether by frequency-response, 
root-locus, or s-plane methods, there results a 
T function which is extremely sensitive to plant 
variations in a very critical part of the frequency 
band. An example to illustrate this point follows. 


Des ign Example : 


The nominal plant transfer function is 


12) a ee ; the desired value of Ky is 10 


s(s + 1)(s + 2) 


and the margin is to be not less than 30°. Fig. 3 
presents a typical design using lag compensation. 
The results are: 


Spies 
eG 
2 s(s + 0.0044)(s + 1)(s + 2) (18) 
(s + 0.08\(s + 2.38)(s*+ 0.54s + 0.49) 
iS 1.25(s + 0.0704) te 
s(s + 0.0044)(s + 1s + 2) 
E 1. 25(s + 0. 0704) (20) 


oe ie eo 38K so 0. 54 6 2/0. 49) 


S is sketchedin Fig. 4. The effect of substantial 
plant variations is desired. For this purpose 
the incremental sensitivity function defined by(1) 
is not satisfactory and a function that gives the 
effect of gross variations is wanted. Let Ty, Ip, 
and S, be the transfer, loop, and sensitivity func- 
tions, respectively, when the plant has its nomi- 
nal value of Pp; let T, L, and S be the corre- 
sponding functions at the new plant value, P. 
Also, let 

[\ IP Bl? o eee 


Meee bool 6: 


(21) 
(22) 


By straightforward substitution into (3) and some 
manipulation it is found that 


AT/T 1 
- aS 23 
APA e Ole Wd lig os 
he ee (24) 

Fo 

Spi 

Ais Pp fo) 
2 = —___ (25) 
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Equations (23) through (25) are extremely 
useful because they enable simple exact calcu- 
lation of the effect of gross plant variations from 
the original sensitivity function, or the original 
loop transmission. In the above example, if the 
gain constant of P decreases by 20 percent 
AP/P = 0.25. Atw=0.7 rps, S(AP/P)= 1.9/44° 
(0.25) = 0.475 /44° and from (24), T,/T= 1.38 
/14°_, a significant change. If the gain constant 
of P increases by 1/3, A P/P = -0.25 and at w = 
Oeieups,als/ i = 0.73/ -27°. Atw= 1.0 rps, 


Sol AP/P) = -0, 40/8°° and T/T = 0.6/5.4. 5 

The frequencies chosen are at the edge of the 
useful transmission band. In general, the 
system overshoot is very sensitive to the behav- 
ior of T at the band edge, and precisely in this 
frequency range, (w~0.7 rps), the sensitivity of 
T to P(see Fig. 4) is almost two in magnitude. 
Despite the use of feedback with all its vaunted 
advantages, the system response in an important 
frequency range is more sensitive to plant varia- 
tions than it would be if there were no feedback at 
all. A 20-percent change in gain magnitude leads 
to almost 40-percent overshoot in place of the 
design value of 25-percent overshoot. While the 
above represents a typical textbook example of 
frequency response design methods, the same 
poor sensitivity results in designs carried out by 
root-locus or Guillemin synthesis techniques, 
whether by lag or lead compensation. 


The reason for the poor performance of 
designs such as the above is that only one degree 
of freedom has been used to secure (by means of 
gain, phase margins, and bandwidth), basically 
a satisfactory T function. No attention has been 
paid to the S function. The fact that in an impor- 
tant frequency range there is positive feedback 
rather than negative feedback is not too surprising. 
As Bode !! demonstrated long ago, the integral 
of the log of S over frequency is zero, (if L goes 
to zero at infinity at more than 6 db per octave). 
and therefore in a practical feedback systemthere 
is as much positive feedback as there is negative 
feedback. The designer, by suitably specifying 
S, is in control of the situation and obtains the 
negative feedback where he wants it. 


Constraints on Sensitivity Function 


Are there any constraints on S, or may it 
be specified completely at the whim of the 
designer? From (9), the loop transmission 
function L, which is a physical transfer function, 
is L=S"°-l. Now L explicitly contains the 
plant=transfex function#P, t..e., letely = Px, ik 
P goes to zero at infinity at the rate of 6n db per 
octave, i.e., if P has n more poles than zeros, 
then L must have at least n more poles than zeros 
because X is a physical transfer function. 
Actually X, being a physical transfer function, 
must also go to zero at infinity at the rate, say, 
of 6m db per octave. Therefore, L must have m 
+ n more poles than zeros. But L =1/S-1 


=dgrng/ng, where 


See 


(26) 
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If L is to have m + n more poles than zeros, it is 
necessary that the first m + n coefficients of the 
numerator and denominator of S should respect- 
ively equal each other. Thus, ifm + n= 5, the 
designer must specify S such that the first five 


coefficients of its numerator are respectively 
equal to the first five coefficients of its denomi- 
nator. Furthermore, to be of any use, S must 

of course have the desired behaviour over the 
finite, important T frequency range. For m+n 
= 5, S may perhaps have to be of tenth degree 

in order to do both the above. Specifying the 
correct S is what is known in network synthesis 
as an approximation problem, and it is in general 
a difficult problem. It is in the specification of 

S and T that the challenge exists of satisfying the 
specifications with a minimum of gain-bandwidth 
cost. Fortunately, in practical designs it is 
possible to use the loop transmission function L 
in place of S. Two methods for finding an appro- 
priate L function are given in this paper. The 
first method uses root locus notions and is prac- 
tical when the system is characterized by a small 
number of dominant poles and zeros. The second 
method uses the frequency response approach and 
can be applied to systems of any complexity. In 
each case an appropriate L is found froma state- 
ment of the maximum plant variations and the 
desired tolerances on T, in the light of these 
variations. 


Before proceeding with the two methods, 
more may be said about the S function. The re- 
quired properties of S (whether they are obtained 
later by working with L rather than with S is 
immaterial) form an important part of the design 
of a feedback control system. S should be spec- 
ified by simultaneous consideration of the nature 
of the input, the system, the disturbances, and 
the desired output. For example, if the input is 
characterized by step functions and if the steady- 
state output is to be independent of plant varia- 
tions, the sensitivity functions must have a zero 
at the pole of the input, i.e., at the origin. In 
general,“ if the characteristic input function has 
simple poles at s = sj, s>... and double poles at 
S = Sa, Sp... and if the forced components of the 
output are to be independent of plant variations, 
it is necessary that S have simple zeros at s},5s2 
--.and double zeros ats, 3}....- This is seen as 
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If the steady-state or forced components are to be 
independent of P, it is necessary that 
dT(s_) i dT(s;) 
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sary that a have double zeros at s;. These re- 
quirements lead naturally to the definition of the 
error coefficients. An attempt!3 has also been 
made to define S by considering the statistical 
properties of the input functions. 


S-PLANE DESIGN TECHNIQUE 


A procedure for controlling the movement of 
the dominant T poles in the face of large plant 
variations is now presented by means of a numer- 
ical example. 


The plant transfer function is, 


k 5 (29) 
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with k varying from 1 to 4 and Ep: os are such 


that the complex pole pair of P may be anywhere 
in the rectangles ABCD, ABCD in Fig. 5. T is 
desired with a dominant pole pair inside a circle 
of radius 1.2 centered at -10 + jl0(R,Rin Fig. 5). 
Note that in this example the variations of the 
plant in the important frequency range are fantas- 
tically large. It is realized that T must have 
more (far-off) poles, and it is specified that they 
must always be to the left of the line MNN'M! in 
Fig. 5, (given by x = -40). One may argue over 
the specific location and shape of MNN'M', but 
the important point here is that such a choice must 
be made if one is to work with dominant poles and 
zeros. The example demonstrates how to pro- 
ceed after the choice has been made. 


The following is the design philosophy. Loop 
transmission zeros near the desired dominant T 
poles (Fig. 6), in conjunction with large loop gain, 
ensure closed loop poles near the zeros, irrespec- 
tive of the plant-pole locations. The device 
supplying the zeros must have at least two finite 
poles. These must be located sufficiently far 
away to ensure that the specifications with respect 
to the far-off poles are not violated. Suppose they 
are located as shown in Fig. 6 at Y,Y. The 
danger is that the large loop gains needed to keep 
the dominant poles relatively stationary will cause 
the roots along the loci F, F to cross the MNN'M'! 
line. To prevent this, the poles at Y, Y must be 
sufficiently far off to the left. Here is seen the 
price required for keeping T so insensitive over 
the significant frequency range to such large 
plant variations. First, a large loop gain is 
needed and secondly, the large loop gain causes 
the need for compensating networks with large 


bandwidths. The analogue of the equality of 
positive and negative feedback areas is that the 
large loop gain, which ensures small movement 
of one set of poles, causes very large movements 
in another set, the far-off poles. 


A design procedure is now developed for 
finding the minimum gain-bandwidth required to 
satisfy the specifications for the simplest type of 
compensation, i.e., one consisting of a pair of 
zeros and poles. Consider first the effect of 
variations, in the gain of L alone, ona pole of T 
located at R. The pole at R is.a root of 1 + L= 0. 
The nominal gain is 

™(p.R) t( pole vectors of L to R) 
Sr = 


(30) 
Tr( eB) 


m( zero vectors of L to R) 


When K varies in value, the root of 1 + L = 0, 
originally at R, moves to a new point R', such 
that 

™(p:R) 

a (31) 


In the present case the root at R is not allowed to 
drift very much and therefore each p,.R' = p,R and 


each z.R' = z.R, except for the zero z near R: 
Therefore, 
m(p.R) 
ec ee Se (32) 
(eae IED) a ieae dS 
LotiFles 
From (30) and (32), 
zR K 
=—. (33) 
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With this type of approximation it is possible to 
find relatively quickly the movement of R due to 
the variations in P , 


The nominal value of the plant poles is taken 
as -6 + jl0 and the nominal value of k_ of (29) is 
taken as,unity. The effect of the motion of the 
poles of P along ADCBA is found by finding the 
drift at the corners DCB. If the plant poles have 
moved to + jl0, from previous approximation 
method it follows that 

zR! Ko 


(p'R)\(p p'R) 


eee ere (34) 
zR K  (pR)(pR) 
with pR = -4, pR = -4 + j20, p'R = -10, and 
p'R = -10 + j20. Accordingly, 
Fagus K a 
Eerie b (1b (35) 
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R and z may be located at any two points; their 
relative location determines only the scale of the 
diagram and its orientation. Once located, how- 
ever, the point R' is fixed. In Fig. 7, M corre- 
sponds to R' of (31) at K = K_ and M' is R' for K 

4K . The straight line RM is taken as the 
ee locus of R! as the plant-pole pair 
moves along AD, AD. An intermediate point or 
two may be checked if desired; the straight line 
approximation is good enough. 


The value of R' for the plant poles at C, C 
is likewise found: 
van! K ; , K 
ri o (-10 + j8\-10 + jl2) oe euAe cigs 
K (-4)(-4 + j20) K (36) 
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In big. ¢, J is the correct R' for |(32)i stor ho 7K 
and J' for K = 4K _. Similarly for the plant poles 
at Bb, Bea domin&nt system pole is at N for K = Ko 
and Ni tor Ke= 4K | . The magnitude of zR is now 
available. The déminant T poles lie inside the 
region XM'MJNN'X in Fig. 7. (X corresponds to 

K =4K_, p!' =p.) But from the specifications, 

this region must be inside a circle of radius 1. 2, 
which determines the scale to be assigned to 

Fig. 7. The result is that [zR| £1. 


To locate the zeros of L precisely, it is 
noted that at the nominal R, R (-10 +jl0), the net 
angle of the he from the poles and zeros of 
L must be 180°. The far-off poles of L are not 
known as yet, so one may wait until they are 
known or may anticipate that their contribution is 


negligible and calculate (Fig. 8), 


180° = /pR+ /pR - /2R - /2zR + /OR . (37) 
Since /zR~90°, (37) leads 22 /zR=146° , which 


locates the zeros at -9.17 +j9.45. Actually the 
exact location is not critical and the numbers 
may be rounded off. 


Location of the Far-off L Poles 


The boundary of the permissible region .is 
the line x = -40 in Fig. 9. At K = 4K, a zero of 
1+ L lies on this boundary, say at the point 
W = -40 x j200 in Fig. 9. AtW, the totality of 
the poles and zeros near the origin appears as a 
single pole, located, for practical purposes, at 
the origin: At W, the phasor from the pole at the 
origin has the angle 101. 3 The other two far- 
off poles of L must therefore contribute the bal- 
ance of 180-101. 3 = 7857 The locus of pole 
positions contributing 78. 7° at W isa segment of 
a circle passing through W. Three other points 
on the circle are quickly located: the coincident 
pair on the real axis which contributes 78, 7°/2 
each; the other two points are on the horizontal 
lines through W, W. The first one has zero angle.. 
The second one must therefore have an angle of 


fo) 
78.7 at W, and the point is thus easily located. 
The circle can now be drawn. 


Suppose now that the two far-off poles are 
located at M, M (Fig. 9) onthe circle. The 
value of K = 4K_ which results in a root of 1 + L 
= 0 at W = -40 + j200 is calculated, (equal to 
| (Mw \(Mwyow)}), giving K_ = (3.3)10°. This 
value of K. must also give rise to a root of 1 + L 


= 0 at R = -10 + jl0 and the required value of 
(pR)(pR OR) i ; 
ae =|TaR zr) | * |(MRMMR)} >(3. 3)10 


(see Figs. 8 and 9). Therefore M, M are not 
correct locations for the far-off poles. Other 
point-pairs onthe circle are tried until a pair is 
found which gives K, for the root at R and 4K 
for the root at W. S 


The resulting value of K is not necessarily 
the lowest and the far-off L poles are therefore 
not the best in the sense of the smallest band- 
width. A new point on the boundary is attempted, 
the appropriate circle is drawn, and the process 
is repeated until the smallest K_ (which corré- 
sponds also to the smallest bandwidth) is found. 
In this particular example, it is approximately K 
=3( 3.28) 10— with 
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At K = 4K), the far-off poles are at -40 + j180. 
The root loci of the far-off poles are sketched in 
Fig 10. At K =K _, the far-off poles are at -80 
+j44. They are practically unaffected by the 
variation of the plant poles. If the structure 
shown in Fig. 2a is used, 


(3. g)10° (s* + 18s +171) 


(s + 240s + 290) ° (39) 
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G, is taken as an amplifier whose bandwidth is 
considerably larger than 300 rps. If the structure 
if Fig. 4b is uged, G, has the same value as 
before and H = - G,. In order that the posi- 
tion constant, K’, be fnfinite,-T(O) =1, which 
requires that H(6) = 0. Therefore, 


6 
G, = 9350 and H = (s + 240)(s + 290) 


(40) 
Needless to say, none of the above values need be 
precisely realized. 


The advantage that is usually cited for work- 
ing in the s plane is that correlation with the 
transient response of the system is better than 
with the frequency response. This is true only so 
long as there are a small number of dominant 
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poles and zeros and then one may design in the 
above manner to control the movement of the 
system poles. Actually, greater economy ingain- 
bandwidth is achieved by using more complicated 
compensation networks. In any case, when the 
plant is so complex that it is impossible to char- 
acterize the system by a small number of domi- 
nant poles and zeros, one must resort to the fre- 
quency response method. A frequency response 
method for designing a system for a desired T 
and for specific tolerances on T in the face of 
large plant variations is now presented, 


FREQUENCY RESPONSE METHOD 


To keep track of T in the face of gross plant 
variations, one may work with (25). It is best to 
work with L rather than S, because of the difficult 
approximation problem involved in the latter 
when the plant goes to zero at infinity at more than 
12 db per octave. 
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procedure is to make a polar sketch of 


Monrsexample, 1s a= 
s(s + a) 
respectively, may vary from 1 to 40 and 1 to 4, 
satis (s + 4) 
40 5(sieen) 


locus is a semicircle (Fig. 11). Suppose -L_ has 
the polar locus shown in Fig. 1l. If A and B are 
points on -L_ and *o for the same frequency ws 


(ed ftom (25 ora sat So aise how eyntiee 
sis purposes, the extreme loci of P /P are 
ascertained and the requirements of L_ become 
clear. In special cases it is possible £o adjust 
the locus of Lo so that over the significant fre- 
quency range, heer = 1 with numerically small 
Lo. However, the phase of T,/T is then large. 
The net effect on the transient response is what 
really counts. More study of the net effect of 
small change in | T | and large change in 7 on its 
time behavior is required. While in most cases 
the aboyecan be executed for a specific change in 
the plant, when the entire range of possible plant 
variations is considered, it fs no longer feasible. 


then an extreme value of wos il whose 


P. 


The procedure is best presented by means 
of a numerical example. The design problem 
concerns the same plant previously considered 
(Fig. 5), but the design specifications (not all the 
same as before) must now be given in terms of 
frequency response. Suppose the specifications 
are that in spite of the plant variations, T( jw) | 
is not to vary by more than ten percent from 
dc. up to 15 rps, 30 percent from 15 to 30 rps, 
100 percent from 30 to 50, etc. One may argue 
about the merit of the specifications, but the 


purpose here is to present a procedure for satis- 
fying fairly rigorous tolerances. 


One might begin with a Bode sketch of the 
nominal loop transmission, |Lo(jw)|. The 
plant poles are poles of L_ andtherefore L is 
very large for small frequencies and decreases 
with frequency. The shape of L, in the interme- 
diate frequency range is the real design problem. 
In order to economize on L, gain-bandwidth, it 
should be decreased as fast as possible, but then 
there is the stability problem. Ordinarily, the 
ideal fastest rate at which L, can be reduced for 
a specific gain and phase margin is given by the 
ideal Bode cutoff characteristic. The latter is 
a good general guide, but the problem is some- 
what different here. Here there is a certain area 
of variation of P and there are tolerances on 
| T(jo)| in the intermediate frequency range. The 
shape of Lo must be drawn with these matters in 
mind. For this purpose the exact expression 
Ta eg. aco wisuused, i.e. ; 
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Polar sketches of aay (jw) for typical frequen- 
cies in the lower frequency range are made in 
Fig. 12. Normally, the information on the plant 
variations is available in terms of frequency be- 
havior, but in this particular problem it must be 
obtained from the s-plane data. As the poles of 
P take on the infinite values of the region bounded 
by ABCDA in Fig. 5, P,/P (jw) is mapped on to a 
closed region which is defined by mapping the 
boundary. To map the latter, values for the four 
points of the rectangle ABCD are found and are 
joined by straight lines. When it is felt necessary, 
additional points are calculated. It is a good idea 
to sketch the boundary of P,/P for a few points 
near the band edge of T, (such as 5, 10, 15 rps in 
Fig. 12) in order to be able to satisfy the spec- 
ifications with |Lo] as small as possible. In Fig. 
12, the P,/P polar loci are sketched only for 

K = Ko in order not to clutter the diagram. It is 
obvious what area is covered, as K assumes 
values up to 4K... Inthe intermediate frequency 
range, Fig. 13, (approximately 50 to 500 rps), 
near the point where L, crosses the zero-db line, 
there is the danger of instability, and the proxim- 
ity of the -Lo polar locus to the P,/P locus must 
be carefully checked. For the latter frequency 
range, one point need be calculated because at 
ea ea |Po/P| = 1, This is apparent from Fig. 
13, which contains the polar loci for several 
values of frequency in the intermediate range. 
For example, at s = j100, P,/P (jl00) may be any- 
where in the region MNPQ in Fig. 13. 


With these two separate polar loci sketches, 
it is possible to select JLo | as small as possible 


to satisfy the specifications. At 15 rps, [LI =7 
is satisfactory if its phase is between 120° and 
160°. Taking |L,|as 17 db at 15 rps, it should be 
brought down as fast as possible (to conserve 
gain-bandwidth ) and yet satisfy the specifications. 
A certain amount of trial and error is inevitable 
at this point because -Lo must be tested on the 
polar plot while compatible gain and phase for-Lo 
are obtained from a Bode plot. One might begin 
with the simplest type of L, 17 db at 15 rps, 
decreasing at 6 db per octave and finally at 18 db 
per octave at a sufficiently high corner frequency. 
For such a simple L,, if coincident real axis poles 
at -a are used, the corner frequency, a, must 

be approximately at 300 rps to satisfy the speci- 
fications. The maximum change in|T|is 27 dbat 
about 260 rps. Ifa is chosen at 200 rps, the 
system is unstable at a value of P within its region 
of variation. With a =300, 
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this is sketched in Fig. 13. Some economy in 
gain-bandwidth is obtained by staggering the 
corner frequencies, e. 95, 
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(42) 


Considerable improvement is effected by using a 
more complicated loop transmission, 


(3. 5)10%s + 100)° 
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which is sketched in Fig. 13. Bode sketches of 


A bi eer eaavel ily, are shown in Fig. 14. 
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Root locivorLl kL, = 0 are sketched in Fig. 15. 
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If the structure in Fig. 2a is used, 
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Note that the complex plant poles do not ap- 
pear in Lo. They must appear as zeros of Gj 
(unless To has them as poles), and it looks as if 
this is a case of cancellation compensation with 
the attendant worry about the dipoles that result. 
There is an important difference here. The 
loop transmission and therefore the sensitivity 
have been chosen to satisfy the specifications for 
the system frequency response. The combination 
of system poles and zeros that exists as the plant 
parameters drift and age need not concern us be- 
cause its net effect on the frequency axis is under 
control. The important thing is to be careful with 
the original statement of the plant variations and 
to be sure that an Lo has been chosen to handle 
them. What about inexact realization of the com- 
pensation networks ? Clearly, if Lo is not off by 
an unreasonable amount, the effect is unimpor- 
tant. It means only that a somewhat different Lo 
and a somewhat different T, have been realized. 
There is nothing critical about Lo and To that 
requires any special attention in the realization 
of the compensating networks. 


The frequency response method has definite 
advantages over the root locus method. It can be 
used with plants whose frequency response is 
available graphically only and which may be very 
complex. It permits experimentation with com- 
plicated loop transmissions in order to economize 
on the gain-bandwidth product of the compensating 
networks. Formally, it may be used for any 
plant, no matter how large and fantastic its pa- 
rameter variations, so long as these variations 
are slow in comparison with the system response 
time. Ignorance of the system can be included. 
The greater the ignorance, the larger is the 
equivalent area of parameter variation. Of 
course, in extreme cases, inordinately large 
gain-bandwidth is required from the compensating 
networks. At this point, one may turn to an adap- 
tive or computer-controlled system. The latter 
may be thought of as a system which periodically 
measures the plant and readjusts LandG. It is 
certain that ordinary feedback to handle the 
problem requires a tremendous gain-bandwidth 
product, however, against this requirement 
should be set the cost of the computer and the 
complex associated equipment for measuring the 
plant transfer function. Before any claim as to 
the advantages of the adaptive system may be 
made, it is necessary to formulate the problem 
quantitatively by clarifying the plant variations or 
the designer's ignorance of what these variations 
may be. It should then be possible to compare 
the merits of an adaptive design and the design 
procedure presented here. With regard to the 
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latter, in very difficult design problems requir- 
ing enormous gain-bandwidth products, it is 
always possible to simplify the problem by means 
of minor feedback loops. The idea is to reduce 
the area of plant parameter variation by applying 
at the very outset feedback loops around various 
portions of the plant. The procedure outlined in 
this paper may then be applied to the modified 
plant whose area of variation is now more limited. 


CONCLUSIONS 


It has been suggested that a synthesis 
approach be adopted in the linear design of auto- 
matic feedback control systems. The basic 
ingredients in such an approach are the plant 
constraints which determine the maximum number 
(n) of independent system functions which can be 
realized. These system functions, such as plant 


sensitivity (st ) noise transmissions, etc, incor- 
porate the beneficial aspects of feedback and are 
the quantitative measure of the reasons for which 
feedback is used. Any configuration with n 
degrees of freedom may be used in the actual 
synthesis. Such an approach removes the cus- : 
tomary emphasis on stability and configuration and 
places it where it belongs—on consideration of the 
inherent system capabilities and their quantitative 
formulation. Should an unusual configuration be 
needed, the designer will be forced to use it. 
Therefore, the pursuit of exotic configurations, 
such as conditional feedback, model feedback etc. , 
is unnecessary. The case for n = 2 has been 
treated in detail. 
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Fig. 1. General configuration for 2-degree system. 
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Fig. 2. Some sturctures with 2 degrees of freedom. 
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GENERAL APPROACH TO CONTROL THEORY BASED ON 
THE METHODS OF LYAPUNOV 


R. E. Kalman 
RIAS, Inc. 
Baltimore, Md. 
and 
J. E. Bertram 
I.B.M. Research Center 
Yorktown Heights, N. Y. 


Abstract 


This discussion is an introduction to the second method of 
Lyapunov in determining the stability of linear and nonlinear con- 
trol systems. Although almost universally referred to in Russia 
and although it is becoming an increasingly important concept, 
this method has not been used in English-speaking countries be- 
cause of the lack of suitable translations. This introduction to the 
method will not be published because it is essentially a condensa- 
tion and introduction of the authors’ paper given in Session IV. 


20 


THE IMPACT OF INFORMATION CONVERSION ON CONTROL 


Harold Chestnut and Walter Mikelson 
General Electric Company 
Schenectady, New York 


The rapid expansion of components and 
techniques for information conversion during 
recent years has provided control systems 
engineers with new tools for developing new 
kinds of systems. Nine basic functional tools 
have been identified which describe the complete 
information conversion process - sensing, 
converting, storing, communicating, computing, 
programming, regulating, actuating, and present- 
ing. Information conversion is forming an 
important part of broader automatic control 
systems and an example is cited from the electric 
utility field. 


Introduction 


During the past several years the equipment 
and functions performed by control systems have 
expanded to include such additional services, ag h 
programming, data processing, and computing. ’~? 
More emphasis is being placed on the handling of 
information, data, and commands by such systems 
in addition to the important function of 
controlling power and energy. Whereas previously 
control systems were used primarily as regulators 
to maintain constant some desired quantity, now 
flexible programs of instructions are used to 
direct control systems to turn out intricate but 
precisely controlled parts. In addition to 
regulating and controlling power processes, 
control systems are being used to provide 
printed, tape, and/or punched card records of 
the quality of performance of various controlled 
or uncontrolled parameters of the process. 

The expansion of the work of control 
systems has broadened the concepts of what 
constitutes such a system and has pointed toward 
the need for additions to our vocabulary to 
describe what is currently taking place. Further 
the introduction of new equipment making possible 
new systems has brought about the need for 
examining the relationships which exist among a 
number of our newer and older technologies, as 
for example,.,automatic computing, instrumentation, 
and control, 

A study has been made by the authors and 
some of their associates of the fundamental means 
by which sources of information are sensed and 
converted into data, operated on, and finally 
brought into a form where they may be used 
effectively. The nine basic functional tools 
identified which describe the complete infor- 
mation conversion process are sensing, con- 
verting, storing, communicating, computing, 
programming, regulating, actuating, and present- 
ing. Definitions of these basic functional 
tools and examples of their use in control and 
information handling systems are presented in 


21 


in this paper. 

In addition this paper will describe the 
subject of information conversion systems so 
that technically oriented people can further 
discuss the ideas to be found in some systems 
currently being built as well as those projected 
into the future. The influence of the new 
devices and equipments providing information 
conversion functions on the stability, accuracy 
and reliability of the systems in which they 
occur will be mentioned, It is hoped that 
through a better understanding of the information 
conversion process, there will be a broader 
acceptance and more widespread use of advanced 
ideas in automatic control systems. 


Major Categories of Manufactured Products 


In contrast with the familiar customer 
oriented description of manufactured products 
in such terms as utility, industrial, consumer, 
or military, it is possible to divide manu- 
factured products broadly into three primary 
functional categories that describe the job 
these products perform, These categories - 
energy conversion, information conversion, and 
materials conversion - reflect the common 
technological ties to be found in each of these 
areas. 


ae. Energy conversion relates to the 


generation, transmission, and 
distribution of energy and its 
conversion from one form to another. 


2. information conversion pertains to 
the generation of signals and infor- 
mation which can be used to control 
energy conversion or materials 
processes as well as for the pre- 
sentation of data or entertainment. 


3. Materials conversion covers the manu- 
facture of substances having such 
chemical, electrical, mechanical and 
other properties as to make possible 
improved products and equipment for 
use in further manufacturing processes. 


In the fashion of a homely simile, the 
materials function may be likened to the body of 
man, the energy conversion function to his 
muscle power, and the information conversion 
function to that of his senses and intelligence. 

Each of these three primary functions may 
be present in varying amounts in any particular 
product or equipment. In some complicated 
systems, there may be a number of different parts, 


some of which are principally in one category, 

and the remainder of which are definitely in other 
categories. As shown in figure 1, the whole 
manufacturing business can be considered to be 
made up of these three parts. 

As shown in figure 2, information conversion 
equipment can be used to provide controlled inputs 
to the energy conversion or materials conversion 
portions of a system so that the actual output is 
held closer to the value desired for it. Although 
in many cases the influence of information and 
energy conversion functions on each other is of 
great importance from a performance point of view, 
there is also much to be gained by studying the 
characteristics of each separately. In the 
material that follows, particular attention is 
paid to the information conversion function. 


Information Conversion Definitions 


Although the concept of information conver- 
sion is not one that is characterized by hard 
and fast definitions, there is merit in setting 
up general descriptions which help to establish 
a flavor for the intent of the various terms 
involved. Despite the fact that some of these 
definitions may not be adhered to rigorously in 
all of the material that follows, the basic ideas 
associated with these terms are as indicated 
below. 


Information - That which conveys meaning such as 
data, ideas or concepts, narratives, 
commands or emotions, Although the 
broad meaning of information also 
covers the subjective values listed, 
the emphasis contained in this paper 
will be on the objective (data) 
aspects, 


Conversion - The process of obtaining data from 
a system being observed or 
controlled and translating or 
modifying it in various ways into 
information that is useful for 
control or display. In addition 
to being applicable to the overall 
process of information conversion, 
the term "conversion" is also used 
to express a particular part of 
this overall process as described 
in Table I, 


Data - Results of observations or logical 
operations performed on other data, 
As such, data can consist of out- 
puts of measuring or sensing 
devices or of a number of other 
devices where the data are purely 
symbolic or numeric, Data can be 
either analog or digital in form, 


Analog Data - Have continuously 
varying values. Examples of 
analog data are mechanical 
positions, electrical voltages, 
temperature indicators or curve 
traces, 


Digital Data - Have discrete values 
that may change in a dis- 
continuous fashion. Examples 
of digital data are numbers, 
letters, words, punched holes, 
magnetic poles stored on tape, 
drum, or cores. 


In addition to the broad definitions given 
above, table I has been prepared which lists the 
nine functional elements of the information 
conversion process. A simple definition or 
explanation of each of these functions is given. 
In the examples given later for purposes of 
illustrating typical equipment for performing 
these functions, the terminal equipment 
associated with each function is considered to be 
part of this function. 

It is interesting to note that these 
definitions are not in all cases unique and that 
some of the devices performing one function may 
in fact incorporate elements that are of another 
function, For example, the function of 
programming will, in general, require that data 
be stored within the programmer. Likewise, the 
function of regulating may require that sensing 
and actuating functions also be performed. The 
selection of these functional elements has been 
made with the thought that, to a large extent, it 
should be possible to describe with a number of 
these terms, equipment assemblies which perform 
more than one function. 

The criterion that should be applied in using 
these functional definitions is "what is the 
principal function that the equipment performs for 
the user", In this way, the user can more easily 
identify different devices for the same function 
and compare them for their relative effectiveness 
in performing his job. Although occasionally 
there may be some ambiguity in using these 
functional definitions, the terms tend to line up 
with many existing equipments. In addition the 
use of these relatively few functionally 
descriptive terms obviates the need for using 
numerous other words and trade names which fail to 
convey a clear understanding of their function to 
the user. Perhaps by using even fewer functions, 
the same objectives could be met. By using nine, 
however, it is possible to provide finer shades 
of meaning than could be realized with a smaller 
number, 


information Conversion Block Diagram 


A general form of the information conversion 
process may be represented schematically as a 
block diagram as is shown in figure 3. As 
shown at the bottom of the figure, primary 
information enters the system principally through 
the vehicle of sensors, after which intermediate 
information or data in the form of digital or 
analog representation is obtained, At the top of 
the diagram actuators or presentors are shown to 
take the information and convert it into useful 
form, These functions - the sensing, the 
actuating, and the presenting areas are where the 
information conversion equipment touches 


intimately the remainder of the system. It is 


important, therefore, that these areas be 
flexible and adaptable to the needs of the 
process in the case of sensors, and the need of 
the user in the case of actuators or presentors, 
Because of the large number of quantities to be 
sensed and their varied characteristics, the 
number of instruments for performing the sensing 
tends to be lerge and ever-increasing. 

The intermediate functions of information 
conversion are ones which to a large extent are 
not ones that act directly upon the user's 
equipment, The interconnections may be made 
between any of a number of functions and are 
made with primary regard to the requirement of 
the system and its internal design needs rather 
than with the direct customer specifications as 
a reference, These functions are the result of 
a selection of material or equipment which may 
be fashioned in such a way as to be most con- 
venient for the designers of this equipment and 
the designers of the system, 

Although the nature of the conversion 
process is materially affected by the character 
of its inputs and outputs, a certain degree of 
broad standardization may be possible in this 
area, 
and time of the engineering design to inter- 
connect most efficiently these various inter- 
mediate function equipments may exceed the 
savings in materiel costs involved in using 


standard units, the possibility of using standard 


building blocks for those intermediate functions 
of the overall system appears to have sufficient 
merit to warrant further investigation. The 
block diagram approach does serve to place 
emphasis on the systems interconnection problem 
inherent in the information conversion process 
rather than stressing the custom nature of the 
design which might otherwise receive major 
attention. 


Information Conversion Functional Tools 


The material that follows describes what is 


meant by the different functional categories of 


information conversion and gives illustrations of 


specific equipments which are included in the 
different areas. The illustrations are merely 


indicative of the sort of equipment involved and 
are not meant to exclude other possible equipment. 


As a general rule, the equipment is identified 
with the function it performs for the user and 
not on the technique employed to achieve the 
result. In many cases, the same technology and 
engineering principles may be employed in a 
number of different functional tools. However, 
it is the use of the equipment that establishes 
the principal basis for the category in which it 
is placed, 

The terminal equipment, such as an input 
converter or/and output display unit that is 


attached to an equipment, is generally considered 
to be part of the major equipment to which it is 
The same converter or display unit by 


appended. 
itself would be considered as a converter or 
presentor respectively, 

An effort has been made not to include the 


Because in many cases the costs in dollars 


elemental components such as tubes, transistors, 
resistors, and capacitors, as functional tools. 
Rather the emphasis has been placed on considering 
as the functional tools the more comprehensive 
assemblies, as for example, servo amplifiers, 
starting relay panels, and supervisory telemetry, 
relating to the users functional needs. 


1. Sensors - Employ physical effects and 
principles to generate data. 
Quantities measured: 

Mechanical--position, length, velocity, 
acceleration, weight, temperature, 
pressure, flow, force. 

Electrical--voltage, current, power, 
flux, density, torque. 

Chemical--density, composition, 
acidity. 

Optical--intensity, color, wave length. 

Symbols--numbers, letters, words. 

Examples: 
Gyroscope, tachometer, x-ray gage. 
Note: Excluded from sensors are simple 
presentors as, for example, voltmeters 
and ammeters that are used primarily 
for display purposes for most sensing 
devices. 


2. Converters - Change form of data to facilitate 
their transmission, storage, or manip- 
ulation without altering their absolute 
value, 

Types of Conversions: 
Mechanical--punched cards to punched 
tape or electrical signals 
Electrical--electrical voltages to 
magnetism on tapes, electrical 
voltage to pulse time modulation. 
Optical--mechanical photographic code 
wheels, optical-electrical 
voltage conversions, 
Examples: 

Digital-to-analog converters, analog- 
to-digital converters, shaft 
encoders and decoders, and code 
translators, 

Excluded from converters are the 
terminal equipment performing this 
function as a part of other equipment 
as for transmitting and. receiving or 
presenting, 


Note: 


3. Storage Devices - Means for memorizing for 
short or long periods of time, data 
instructions, or programs, 

Examples: 
echanical--cards, punched paper tape, 
program wheels. 

Electrical--magnetic tape, magnetic 
drum, core memory, electrostatic 
storage, relay matrix, 

Optical--film storage, color filter 
storage, 

Storage devices may include means for 
reading information into and out of 
memory where these are essentially 
part of same overall equipment. 


Note: 
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Communicating - Send and receive data from 


one place to another. 
Examples: 

Blectrical--Radio and TV transmitters 
and receivers, telemetering 
equipment, microwave links, 
automatic dispatching, super- 
visory control, carrier current. 

Optical--Projectors, cameras, light 
receivers. 


Computers - Perform basic and more involved 
mathematical processes of comparing, sorting, 
adding, subtracting, multiplying, dividing, 
integrating, etc. 

Examples: 

Navigation computers, fire control 
computers, static switching 
equipments, general and/or special 
purpose computers. 

Analog and/or digital means may be 
employed, Internal storage as well 
as intimately associated input and 
output equipment is generally 
considered all part of the computer. 


Note: 


Programmers - Schedule and direct an operation 
automatically in accord with an overall plan. 
Programmers initiate, adjust, sequence, and/ 
or stop a process usually as a function of 
some prearranged time schedule, or process 
schedule. 

Examples: 

Machine tool contouring programmer, 
radio station programmers, cam 
timer programs, multiplexers, 
scanners, and distributors. 

Programmers differ from regulators 
and actuators which are the sub- 
sequent elements that perform the 
energy or power control. 


Note: 


Regulators - Operate on a process to maintain 
its controlled variable in accord with a 
reference quantity. 

Regulated Quantities--the mechanical, 
electrical, chemical, optical and other 
quantities that can be measured (as 
mentioned under sensing) can be 


regulated, 
Examples: 


Power supplies, speed variators, 
amplifiers, position regulators, 
voltage regulators, and torque 
controllers, 

In case of manually set regulators, 
the initiation, adjustment, and 
stopping equipment associated are 
considered part of the regulator, 


Note: 


Presentors - Display data in a form useful 
for human intelligence. 
Quantities Presented: 

Visual - Pictures, signs, words, 
numbers, symbols, meters, dials, 
colors 

Aural - Music, alarms 

Touch - Pressures 
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Examples: Voltmeters, indicators, display 
consoles, radio and TV sets, data 
printers, chart recorders. 

9, Actuators - Initiate, interrupt, or vary the 
transmission of power for purposes of 
controlling energy conversion or materials 
processes. 

Quantities Actuated: 

Mechanical--position, speed, torque, 
pressure, tension, force. 

Electrical--voltage, current, charge, 
flux. 

Hydraulic--flow, pressure. 

Examples: 

Circuit breakers, motor starter panels, 
generator field controls, power 
drives, valves, hydraulic power 
actuators. 


Information Conversion as Part of Broader 
Automatic Control Systems 


The examples of information conversion 
functional tools mentioned in the previous 
section contained many terms that would be some- 
what foreign to the control system engineer of 
10 years ago. However, today more and more 
comprehensive control systems are being designed 
and built embracing many of these information 
conversion devices, 

Figure ); illustrates in an elementary form 
how the conventional feedback control system, 
shown by solid lines, can be incorporated into a 
larger automatic control system which may include 
as supplemental features a programmer, a computer, 
and a data logger shown in dotted lines. In the 
physical embodiment of such a system, the various 
functions of programming, computing, and data 
processing may all take place in one or more 
equipments. As indicated in figure ), the more 
comprehensive system from information reference 
to information controlled variable may form an 
open-loop automatic control system. Although for 
some systems the outer loop may be closed, the 
analysis of such a system is generally much the 
same, 

It is comprehensive systems such as these 
where product quality, plant efficiency, or 
maximum yield are the true variables being 
controlled that the newer control system theories 
and application may be increasingly valuable. 
These new and challenging problems are ones to 
which control systems engineers can contribute 
effectively as they have in the past in the 
simpler feedback control loops. The character- 
istics of speed, flexibility, and precision 
possible with many of the newer components 
provide today's control system engineer with the 
possibility of developing and using new control 
concepts and techniques that have not been 
employed to any extent with previous conventional 
methods, Extremum and other self-optimizing 
ideas are particularly attractive for such 
applications, Adaptive and self-organizing 
methods likewise are most promising. 

Because the equipment for performing the 
programming, computing, and/or data processing 


may embody many of the same functional devices, 
these three equipments may actually be incor- 
porated into one which is frequently called by 
the generic term "computer." Figure 5 shows the 
familiar block diagram of such a system which is 
often referred to as a "computer-controlled" 
system, To the extent that continuous analog 
data are used throughout, this system is 
analogous to the feedback control systems of the 
past in the means for analyzing it and predicting 
its performance. To the extent that digital data 
are used with time sharing of the computer's 
function, quantized and sampled data techniques 
are required to perform the system's analysis. 
The increasing trend in information conversion 
equipments of late has been to stress the 
importance of the digital methods as the 
programming and data processing functions have 
been combined with the computer. 

The simple diagram of figure 5, by failing 
to show the many instruments that perform the 
input-output functions of sensing, presenting, 
actuating and communicating, tends to create a 
distorted picture of the combined control system, 
As shown in figure 6, where these functions are 
indicated, the size, cost, performance, and 
number of these devices may exceed those oz the 
regulating and computing equipment required for 
the job. Since such practical factors as those 
listed above have a direct bearing on whether an 
instrumentation or a computer oriented individ- 
ual or firm may be called upon to do this work, 
it is important that the alternate approaches 
and relative effectiveness of the different 
equipments be considered and understood. It is 
apparent that the modern control engineer has to 
have command of many more subjects and data than 
the traditional ongs of stability and accuracy 
of linear systems. 

One other factor of vital importance in 
large scale automatic control systems is the 
subject of reliability. Systems of the sort 
being considered here are costly, and their use 
is justified only on systems and processes that 
are comparably expensive or even more costly. 

To justify such systems economically, it is 
essential that they operate and that they "fail- 
safe." Therefore, it is essential that the 
reliability of these automatic control systems 
be very high and that the trouble-shooting and 
maintenance time be held to a minimum, The 
demands for reliability will in the future have 
an increasingly important effect on control 
systems design and manufacture in all aspects. 


Example of Information Conversion Processes 
Applied to the Electric Utility Field 


An application of the information conversion 
functions to an integrated system is illustrated 
by the Electric Utility system shown in figure 7. 
Starting with the fuel into a given boiler- 
turbine-generator combination, the regulators 
and actuators of the individual energy conversion 
devices are indicated as well as the tie-in of 
the data from these energy conversion elements 
to a central storage, programming, computer, and 
presenting system labelled Power Generation 
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Control, Presentors may also be used in con- 
junction with the individual energy conversion 
equipments, Controls to the transformers and 
switchgear equipment and the associated presen- 
tation equipment including alarms are also 
affected by the central power generation control 
system. In addition, automatic start-up and 
shut-down routines can be programmed into the 
power generation control. 

Additional power generation capacity in the 
same station will be handled through a more 
comprehensive power generation control means 
that programs the elements of each of the individ- 
ual power generation units to optimize station 
performance through the use of computing and 
storage. The individual power generating 
stations making up the overall Electric Utility 
System will in turn be programmed and actuated 
from a central control system which directs the 
dispatching of power in response to the demands 
of the power loads of the remainder of the 
system, Stored information on such factors as 
fuel costs, transmission loss characteristics, 
and availability of various power units will all 
be taken into account in arriving at the 
optimum performance for the overall system of 
many stations, Data presentation in the form 
of printed records are available for use by 
engineering, financial, operating, and 
management people. 

The extension of the present feedback 
control activities into the Electric Utility 
Field is evident in the above illustration, 
which indicates an expansion of the control 
concept to include the broad field of infor- 
mation conversion as well as energy conversion, 
The above example is merely one application of 
many that might be chosen to illustrate the 
combination of energy conversion and control 
with the newer concepts of information conversion, 
Other examples in the industrial processing 
fields, the manufacture of chemicals, the making 
and shaping of metals, the refining and 
processing of petroleum, and the preparation of 
plastics and paper readily come to mind. 


Conclusion 


The rapid expansion of components and 
techniques for information conversion during 
recent years has provided control systems 
engineers with new tools for developing new 
kinds of systems, In addition to controlling 
energy processes, designers are placing 
increasing emphasis on controlling information 
and information conversion systems separately or 
in conjunction with energy or material process 
systems, 

It is hoped that the suggested definitions 
of information conversion functional terms and 
the examples of the functional tools will be of 
help to control systems engineers in describing 
their systems to ultimate users and in including 
the dynamic effects of all the system parts. 
Through the use of these terms a better under- 
standing and a more ready acceptance of the 
salient features of new control systems may be 
obtained, The use of more uniform terminology 


should help point the way to greater standard- 
izing of equipment functions, as well as input- 
output characteristics, to achieve improved 
simplicity, interchangeability and reliability 
of the overall systems. These systems in many 
cases are ones which will do better than systems 
employing traditional control techniques or will 
do things previously not considered possible. 
The purpose of this paper will be served 
if action is taken by individuals and by the 
interested technical organizations to expedite 
the interconnection of information conversion 
devices and equipments into more comprehensive 
information conversion and control systems. in 
this way, the broader use and acceptance of 
automatic control systems will be facilitated, 
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TABLE I 


Table of Definitions of Information Conversion 
Functional Terms with Respect to 


Equipment Applications 


FUNCTION DEFINITION OR EXPLANATION 


Sensing Generates primary data which 
describes phenomenon or things 
Converting Changes data from one form to 
another to facilitate its trans- 
mission, storage or manipulation 
Storing Memorizes for short or long 
periods of time data, instructions, 
or programs 


Transmits and receives data from 
one place to another 


Communicating 


Performs basic and more involved 
mathematical processes of 
comparing, adding, subtracting, 
multiplying, dividing, inte- 
grating, etc. 


Computing 


Programming Schedules and directs an operation 


in accord with an overall plan 
Regulating Gperates on final control elements 
of a process to maintain its 
controlled variable in accord 
with a reference quantity 
Actuating Initiates, interrupts, or varies 
the transmission of power for 
purposes of controlling "energy 
conversion" or "materials" 
conversion processes 
Presenting Displays data in a form useful 
for human intelligence 


PRIMARY FUNCTIONAL DIVISION OF 
MANUFACTURED PRODUCTS 


_ ENERGY MATERIALS 
CONVERSION | CONVERSION 


INFORMATION 
CONVERSION 


Fig. 1. 
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eas > 9-0 = Rie * 
INFORMATION Bdalh ea 
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Fig. 4 
Fig. 2. 
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COMPUTER-CONTROLLED SYSTEM SHOWING ALSO THE 
FUNCTIONS OF SENSING, COMMUNICATING, AND PROGRAMING 


THE CONCEPT OF CONVENTIONAL CLOSED-LOOP FEEDBACK CONTROL 
WIFH AN OUTSIDE COMPUTING, PROGRAMING LOOP IS ILLUSTRATED 


STORING AND 
PRESENTING 


PROCESS (DATA 
PROCESSING) 


CONVERTING 7 
ACONVERTING | ¢ "J/REGULATING PROGRAMING [\_ COMPUTING 
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CONTROLLED PROPULSION 


by 


Konrad K. Dannenberg 
Army Ballistic Missile Agency 
Redstone Arsenel, Alabama 


(A Special Session, "Control Problems of the 
Space Age" was held on Wednesday, November 4, at 
the Control Conference under the direction of 
John M. Salzer of Ramo-Wooldridge. The topics in- 
cluded "Controlled Propulsion” by K. K. Dannenberg 
of the Army Ballistic Agency, “Attitude Control of 
Space Vehicles" by Dr. C. R. Gates of the Jet 
Propulsion Laboratory, "Tracking and Path Control" 
by Dr. R. C. Booton, Jr., of Space Technology 
Laboratories, Inc., and "Control of -the Human 
Environment" by Dr. Paul Webb, Consultant. Although 
the authors had not originally planned to publish 
their papers, Dr. Konrad K. Dannenberg, Director 
of the Jupiter Project at the Army Ballistic 
Missile Agency, was able to submit a copy of his 
paper. Dr. Dannenberg stresses the importance of 
control and control reliability in the development 
of missile propulsion systems. His message, timely 
and important, should be of interest to all control 
engineers. 


A multiplicity of applications, reaching all 
the way from new copter propulsion to deep space 
probes, results in a bewildering variety of pro- 
pulsion system designs. A brief review cannot 
exhaustively cover such a huge area of endeavors; 
therefore, I shall restrict this presentation to 
rocket propulsion by large liquid propellant 
boosters. 


This Limitation to booster engines does not 
require me to discuss re-ignition and the many 
other special features we find today on most 
small-size special purpose engines. In conform- 
ance with current trends, I will also restrict my 
discussion to conventional fuels, such as liquid 
oxygen, and kerosene. JI shall exclude solids, 
exotic propellants and nuclear propulsion. This 
approach may sound very unsophisticated to an 
audience such as you; but on the one hand, the 
"conventional" chemical engines will still be 
used in big boosters for a long time to come; and 
on the other hand, the control engineer has still 
to contribute a number of major advances in order 
to get our big missiles safely, reliably, and with 
clock-work dependability in the air. 


For these reasons, I believe it is certainly 
worth the control engineer's effort to look deeper 
into this "old fashioned" field of conventionally 
propelled liquid engines. Today, I want to weigh 
current design trends in our spacecraft propulsion 
systems azainst the past history starting with the 
V-2 ballistic missile, and going past the "Old 
Reliable" REDSTONE rocket! I intend very specific- 
ally to include the REDSTONE, because it will be 
the first rocket engine to propel man into space 
during early "MERCURY" flights. 


30. 


In order to meet the unprecedented require- 
ments of this venture, the ABMA propulsion engi- 
neers have still a rigid and thorough reliability 
program under way, in spite of the proverbial 
REDSTONE reliability rating. ABMA's philosophies 
and presently planned measures are reflected all 
through this presentation, as it is believed that 
this trend will soon apply to many more of our 
present and future projects to be employed for 
manned space flight. 


All engines operate in accordance with the 
same basic control scheme; they require 


1. Start-up, to include ignition. 

2. Steady-state operation, oftentimes 
with special control features added. 

3. Cut-off. 


Let us discuss these three distinct phases 
of control requirements separately: 


Phase 1 


During early development work, it had been 
considered mandatory to start large liquid 
engines very slowly and a variety of sequences 
had been worked up for the V-2 power plant. It 
was deemed necessary to operate the engine for a 
brief period of time at a "pre-stage level" be- 
fore the main thrust of the engine could be 
turned on. Only three methods of pre-stage 
operation were carried into the test phase. Two 
of them, which called for pre-stage operation by 
having combustion in only one of the eighteen 
combustion elements of the V~2 thrust chamber, 
were discarded pretty soon because tremendous 
problems developed in the non-burning elements of 
the thrust chamber. The final version of the 
start-up sequence provided pre-stage operation by 
throttling the fuel valve opening to a very small 
gap for fuel passage to all eighteen combustion 
elements. The liquid oxygen flow was controlled 
by means of a separate LOX-pre-stage valve which 
was inserted into the poppet of the LOX main 
valve. Both designs resulted in a number of pro- 


-pblem areas: It was difficult to maintain the 


close tolerances which were required for the 
opening of the main fuel valve in order to have 
accurate flow rates during pre-stage. The com- 
pletely inclosed LOX pre-stage valve malfunc- 
tioned often and could only be repaired after 
disassembly of the LOX duct. For this reason, 
a butterfly-type design was employed for the 
REDSTONE engine, opening in two steps. Later 
development tests established that an engine the 
size of the REDSTONE can be ignited without any 
distinct pre-stage operation if the start-up 


is conducted under closely controlled conditions. 
This redesign reduced the number of control com- 
ponents considerably as show in Table I. 


The propulsion engineers were told to 
simplify the logistics of propellant supply for 
large missiles by deletion of the peroxide system; 
the ATLAS, THOR, and JUPITER engines replaced the 
peroxide steam plant, therefore, by a LOX-kerosene 
gas generator. During main stage, the operation 
is very simple. However, the start-up is a tricky 
problem. The propellant feed cannot take place in 
the normal way because the pump is not yet operat- 
ing to yield the necessary feed pressure. This 
Situation requires the introduction of start tanks 
which can either be located on ground, thereby 
creating separation problems; or they can be 
carried along in the missile for the full duration 
of the flight, thus adding to missile dead weight 
and consuming the expensive hardware during each 
and every firing. 


The JUPITER S-3D engine selected the ground 
start system while other engines carry the tanks 
along for the flight. Both methods require many 
additional components for the gas generator con- 
trols. It was, therefore, obvious that an 
advanced design, such as the H-1 engine, for the 
SATURN vehicle should simplify the start-up pro- 
cedure. Existing proposals are to use a solid 
propellant charge to supply the initial turbo- 
pump power. This will simplify the start-up 
system drastically. 


The start-up phase has always posed the main 
problem of liquid engine design. For that reason, 
considerable changes have taken place in this area, 
Only a few of the many different control schemes 
and control components have been discussed here. 


Phase 2 


In contrast, the steady-state operation of 
the engine has not experienced too many changes. 
Designs were under test to provide simultaneous 
thrust control and mixture ratio control for the 
V-2. However, the rigid requirements for accuracy 
and reliability of such a system prevented it from 
becoming a production item. Therefore, all engine 
adjustments for main thrust level were made solely 
during ground testing. Elaborate procedures had 
been worked out where testing of individual compo- 
nents would yield enough data to graphically com- 
pute adjustment orifices for installation in the 
propellant lines. This method never yielded 
really accurate data and mixture ratio and thrust 
level were, in most instances, adjusted during 
cold calibration water tests. With this method, 
the accuracy could be almost tripled, but it still 
was way below accuracy data which could be obtained 
in a "hot" static firing. Mixture ratio and 
thrust level adjustment posed a big problem for 
the wartime mass production of V-2's, with the 
prevailing alcohol shortage, but it never has 
become an issue for the relatively small produc- 
tion of REDSTONE, IRBM, or ICBM engines. It has 
never been seriously considered in this country to 
replace the final engine acceptance run by cold 
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tests or by component checks only. I believe 
that this trend will continue at least for early 
flights during the large booster development. 
This situation could drastically change, though, 
onee accurate, lightweight and completely reli- 
able control systems become available to do this 
job satisfactorily during flight by means of 
automatically computed adjustments. The hardware 
cost is of only minor importance, as the savings 
would be tremendous which can be obtained by 
deletion of the engine and missile acceptance run. 
I am afraid, however, that the cost of the 
required development program will put any such 
system in the far, far distant future. 


For similar reasons, propellant utilization 
systems had never been installed in production 
missiles although components have been test flown. 
The small gain in range for just a very few maxi- 
mum range firings was never considered to be 
important enough to warrant the installation, 
into all the missiles, of an expensive, heavy, 
and possibly unreliable propellant utilization 
system. The value of thrust control has been 
disputed often, but it is generally agreed that 
for first stage boosters it does not enhance 
greatly the overall performance of the system. 
For that reason, it is not intended at this time 
to use a thrust control system for the SATURN 
booster in order to gain reliability by the 
simplification of the overall engine system. 


To permit flight without propellant utiliza- 
tion controls, special attention should be given 
to propellant loading. A system has been designed 
which yields a fill weight accuracy of +0.10 per 
cent. The system changes in fuel density that 
occur during standby and makes the necessary 
corrections in the LOX to fuel weight ratio. 

LOX weight is determined by measuring the LOX 
head pressure and using the LOX density derived 
from the LOX temperature, similar to the system 
of the JUPITER missile. 


Phase 3 


The cut-off portion of the control system has 
never posed a severe problem. In order to allow 
the guidance system more time to compute the 
accurate cut-off velocity and to follow up with 
the shut-down signal, the V-2 design introduced 
an eight-ton step (about a third of the main 
thrust value). The complicated steam supply 
system to the turbine combined with this eight- 
ton step created considerable problems due to 
functional unreliability. 


In order to avoid this complication in the 
REDSTONE missile, it was decided to terminate 
the engine operation directly from main thrust 
level. Deviations in total impulse obtained 
during this period will be compensated by a 
terminal guidance system which is part of the 
REDSTONE accuracy scheme. For the JUPITER 
missile, a solid propellant vernier engine has 
been introduced which compensates for deviations 
during the thrust decay. This arrangement avoids 
complications of the main engine. Cut-off 


accuracy is not required for booster engines, and 
therefore, the H-1 (SATURN) engine will use the 
same simple cut-off as the JUPITER engine. 


The SATURN Booster 


At this time, I want to give you a few 
SATURN facts of interest to the control engineer. 


As a historical introduction, I would like 
to mention that ABMA was among early groups to 
consider payload capabilities of 10,000 pounds 
for escape missions and several times this pay- 
load weight for orbiting satellites. Initial 
studies showed that thrust ratings of around 1.5 
million pounds would be required for these space 
missions, 


The present SATURN configuration, as originated 
by ARPA, was selected, based upon available 
engine hardware, ABMA's favorable experience 
with these engines in the JUPITER missile and 
the availability of many required tools and fix- 
tures for booster construction and assembly and 
resulted in ARPAts decision to sponsor SATURN 
work. ‘The TITAN and CENTAUR upper stages will be 
employed in conventional tandem arrangement. 


The design intent of the SATURN program is to 
provide a space vehicle with a high payload capa- 
bility at the earliest possible date at low cost. 
Existing and proven hardware will be employed 
whenever possible to meet this objective, but 
advancements will be incorporated if they do not 
adversely affect reliability, cost and/or 
schedule. This led to the selection of the H-1 
engine over its S-3D predecessor, 


The structural booster design was studied 
with particular thoroughness. The nine-tank 
arrangement--eight smaller tanks mounted around 
a larger central tank--was selected to take 
advantage of existing conditions. 


The selection of a clustered engine arrange- 
ment for the SATURN booster requires a few 
explanations because the cluster concept appears 
to be a major contribution to the solution of the 
reliability problem, especially in consideration 
of manned space flight. The SATURN booster was 
designed with a "one-engine-out" capability. The 
advantage of such redundancy is demonstrated in 
Table II. The second column in this table shows 
that clustering will normally result in a lower 
reliability of the cluster design without an 
"engine-out" capability. The third column demon- 
strates that a “one-engine-out" capability 
improves the reliability of the cluster unless 
the reliability of the individual engine drops 
below 95 percent. Further improvements are 
possible for a “two-engine-out" capability, as 
shown in the fourth column of Table II. Because 
this arrangement would involve additional com- 
plications and losses in payload capability, it 
was decided not to employ this system for the 
SATURN booster. It must be realized that this 
table is purely a mathematical exercise and does 
not indicate the effect of clustering on the 
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individual engine reliability rating. It may be 
that the new environment deteriorates the relia- 
bility. 


It may well be, though, that the reliability 
of the individual engine in the cluster improves 
because not all components and/or systems need 
to be multiplied and certain redundancies are 
possible. A study of these effects is under way 
at ABMA. Results are not yet available. 


Another major reliability improvement can be 
obtained by the application of principally new 
designs. For example, a new pressure switch has 
been Selected for the SATURN cluster which has 
shown in component tests that its reliability is 
superior to any previously tested designs. This 
pressure switch consists of a Bourdon tube pres- 
sure sensing element, an inductance pick-off and 
a solid-state trigger and switch circuit. The 
helically twisted Bourdon tube is the only moving 
part in the pressure switch, and its use results 
in high sensitivity to pressure changes, but in- 
sensitivity to acceleration, shock, and vibratim. 
Although the addition of the electronic circnit 
increased the number of parts considerably, the 
overall reliability meets the very high require- 
ments of the SATURN system. The entire engine 
operation is based on the proper performance of 
this pressure switch. It monitors proper func- 
tioning of the engine prior to take-off and 
signals engine failure to shut off any improperly 
operating engine for the "one-engine-out" opera- 
tion. Because eight of these switches are 
needed, this new construction element requires 
the utmost performance in reliability. Conven- 
tional pressure switches could not meet the 
established operational specifications. 


The selection of a clustered engine arrange- 
ment for the SATURN booster was principally made 
on the following reasons: 


1. The immediate availability was the main 
consideration for the selection of the cluster 
design. It is estimated that three to five 
years of development time can be gained. More- 
over, the cluster is likely to stay ahead of the 
single engine as to its "state of the art" for 
many more years, 


2. The development cost will be much lower 
than that for developing single chambers of the 
same output, as development problems may be 
encountered demanding additional funds to over- 
come unforeseen obstacles for single-engine 
development. 


3. The manufacturing cost is likely to be 
lower, at least initially, because assembly-line 
production techniques can be employed to produce 
the larger number of smaller engines. The main- 
tenance cost, especially for planned recovery 
operations, will be lower because smaller sub- 
systems are less costly to replace. 


4, The "one-engine+out" capability increases 
the reliability performance of the booster vehicle. 


5. The cluster engine is shorter, and addi- 
tional design effort would be required for the 
single engine to compete in this respect with the 
cluster version. 


All these advantageous features should not 
erroneously imply that large-size single chambers 
are of no value. On the contrary, sufficient 
development time and funding can overcome the 
disadvantages of clusters: 


A. Ground checkout of the clustered engines 
prior to launching and for all static firing 
operations will require more personnel and pre- 
‘paration time. 


B. The cluster weight will always be higher 
than a competitive and properly designed single- 
engine version. For missions requiring maximum 
performance, single engines would thus be pre- 
ferred. 


C. Clustering for more powerful boosters 
would be difficult. 


For these reasons, an early development of 
reliable single-chamber engines of more than one 
million pounds thrust output is considered vital 
for the very large space probes planned for the 
1970's. 


The control engineer needs to contribute to 
cluster and large single-engine developments in 
the following four areas: 


Regulators 

Relief Valves 

Solenoid Valves 
Pressure Switches 

Check Valves 

Test Connections (Valve) 
Pneumatic Filter 


1953 REDSTONE 
Engine 


1. Creation of new design ideas for break- 
through in dependability of components and systems. 


2. Measurable increase of reliability per- 
formance by thorough test-to-failure and environ- 
mental testing prior to production, but maintained 
during production as a “quality assurance" type 
program. 


3. Sizable improvements in manufacturing 
techniques and quality control procedures to aug- 
ment the reliability program just mentioned. 


4, Miniaturization of components without 
loss of reliability performance in order to permit 
redundancies to-a greater extent than has been 
possible up to now. 


Summarizing, I would like to stress also that 
space flight demands are oftentimes different from 
any of our ballistic missile needs, Although the 
precision and accuracy requirements are comparable 
in nature, the reliability will have to be stepped 
up by an order of magnitude if manned space flight 
is to be included. The demands for range and 
operating time are oftentimes in entirely dif- 
ferent categories than they were during the missile 
era. 


The Russian lead in this field makes it 
mandatory that we go to work quickly. The tre- 
mendous cost of the new ventures necessitates 
that we do the job right and with utmost effi- 
ciency. A good share of the task is yours! 


1959 REDSTONE 
Engine 


Table I 


Estimated Reliability 
of each 
Engine Cluster 


All 8 Engines 


Probability That 


Function Properly 


Probability That 
6, 7 or 8 Engines 
Function Properly 


Probability That 
7 or & Engines 
Function Properly 


89.7% 


Table II - Theoretical Cluster Reliability Comparison 


ATTITUDE CONTROL OF SPACE VEHICLES 


Dr. C. R. Gates 
Chief of Guidance Systems Analysis 
Jet Propulsion Laboratory 
Pasadena, Calif. 


Abstract 


The problem of sensing and controlling the angular orientation 
of a space vehicle is discussed. Optical, radio, and inertial meth- 
ods of angle-sensing are described, and application of control 
torques by reaction jets, flywheels, radiation pressure, and grav- 
itational gradient are compared. Requirements for angular ac- 
curacy likely to be imposed by maneuvering, performing measure- 
ments for navigation, making scientific measurements, radio 
communication, and solar cell orientation are described. Attitude 
control requirements and techniques for earth satellites and deep- 
Space probes are compared. 

This discussion will not be published. 
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CONTROL OF THE HUMAN ENVIRONMENT 


Dr. Paul Webb, Consultant 
Yellow Springs, Ohio 


Abstract 


The human environment in space is controlled within fairly 
narrow limits, the range between the limits representing man’s 
ability to adjust without serious strain. Broadly defined, environ- 
ment includes the makeup of the gaseous artificial atmosphere, 
gas temperature, movement and humidity, the thermal radiation 
level, the mechanical force field, and the level of ionizing radiation. 
From the control standpoint, there is not much to be done about g- 
forces and radiation. The gaseous atmosphere and the thermal en- 
vironment offer more opportunity to the control engineer. Biologi- 
cally speaking, the controllable environment serves two major body 
functions, respiration and thermoregulation. In the isolated arti- 
ficial atmosphere of a space cabin the environmental variables 
which affect these functions are closely interwoven. For example, 
water vapor pressure and gas movement are involved in both re- 
spiratory balance and heat balance. Various approaches to con- 
trol of the human environment in space will be described. Simple 
automatic controls in present systems will be discussed. More 
complex control needs will be suggested for the future systems 
designed to carry man ever farther into space. 

No plans have been made to publish this discussion. 
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SIGNAL STABILIZATION OF SELF-OSCILLATING SYSTEMS 


R. Oldenburger 
Purdue University 
and 
T. Nakada 
Tokyo Istitute of Technology 


Abstract 


The hunt (self-oscillations) of a physical system may often be 
removed by the introduction of an appropriate stabilizing signal 
which changes the open loop gain of a closed loop system in a non- 
linear manner. The theory of stabilization developed in this paper 
explains experimental results reported by R. Oldenburger in 1957. 
With the aid of Fourier series the designer can determine the pe- 
riodic signal to be inserted at one point in a loop to yield a desired 
stabilizing input to a nonlinear element in the loop. This is illus- 
trated by sinusoidal and triangular inputs to a nonlinear element. 
An example where a limiter is the only nonlinearity, is employed 
to illustrate the theory. The input-output characteristics of non- 
linear elements are in practice always modified by the presence 
of extra signals such as “noise.” Further, nonlinearities are al- 
ways present in physical systems. The effect of extra signals on 
nonlinearities and system performance is thus of concern in the 
general study of physical systems, regardless of whether or not 
the problem of stability is involved. The results of this paper for 
the problem of stability extend readily to the problem of system 
performance for arbitrary disturbances, 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications, in 


1960. 
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A ROOT-LOCUS METHOD FOR THE 
ANALYSIS OF NONLINEAR SERVOMECHANISMS 


Malcolm J. Abzug 
Douglas Aircraft Company, Inc., 
El Segundo, Calif. 


Summary 


A root-locus method for the analysis of 
nonlinear servomechanisms is developed, using 
the complex convolution theorem of the Laplace 
transformation. The nonlinear servomechanisms 
that can be treated by this method are systems 
that contain nonlinear elements whose input- 
output relationships can be expressed in the 
form of power series. With some approximation 
this includes systems containing ideal relays 
and linear gains with dead zone. 


Transfer functions are developed for odd- 
power and odd-root nonlinear elements. These 
transfer functions are valid only for sinusoidal 
inputs and are functions of the frequency as 
well as the Laplace Transform variable s. The 
method is illustrated by a root-locus analysis 
on a system that includes an ideal relay. Com- 
parison with existing methods using the Kochen- 
burger describing function and with transient 
solutions shows that the new method is reason- 
ably accurate. The usual root-locus synthesis 
techniques may be applied to improve nonlinear 
system performance. 


Introduction 


Analytical techniques suitable for the 
analysis and synthesis of nonlinear servomecha- 
nisms are not only scarce, but are also incapa- 
ble of treating all cases of interest. This 
situation represents an obstacle to the orderly 
development of the servomechanism field. Non- 
linear servomechanisms offer important develop- 
ment possibilities. However, optimum designs 
will not be produced by cut-and-try methods but 
will require powerful synthesis techniques. 


The present paper is a brief outline of a 
new analysis method for a class of nonlinear 
servomechanisms. The nonlinear servomechanisms 
considered are characterized by elements whose 
input-output relationships may be expressed by 
power series. 


The approach used in this paper originated 
in a presentation! by Ernst Weber at the Brook- 
lyn Polytechnic Institute's 1956 Symposium on 
Nonlinear Circuit Analysis. Weber presented a 
method for the transient analysis of nonlinear 
systems of the same type analyzed here by a root- 
locus method. 


Variable-Gain Elements 


There are variable-gain servomechanism elements 
whose input-output relationships can be expres- 
sed in terms of the following power series: 


Xo = 8) X4 + ax} ae asx? Fee ee: 
1/3 a 
> 48 4/3 x7 +8 4/5 ale #-<.(2) 


Typical variable-gain elements described by Eq. 
(1) are shown in Figure 1. Approximations to an 
ideal relay and to a linear gain with dead zone 
are shown. H. D. Grief“ has derived Kochenburger 
describing functions for simple variable-gain 
elements of this type. These describing func- 
tions give the element's output-to-input ampli- 
tude ratio in terms of the amplitude of the 
sinusoidal input. The describing function for 
variable-gain elements has no phase shift. 


Transfer Function 
For Odd-Power Variable-Gain Elements 


The Kochenburger describing function pro- 
vides an approximation only to the frequency 
response of nonlinear elements. An actual trans- 
fer function of the Laplace Transform variable 
s may also be obtained for odd-power variable- 
gain elements, by complex convolution?. Thus, 
if 


"OG eee odd (2) 


and the input is sinusoidal, i.e., x,=X; sin wt, 


_ %o (s, w) S A Axi sin” wtb 
et, Fo) X; w/(s* + w) 


power 


G*(s, ©) 


x “1 gut 
(s? + 9 w°)(s*+25 m2). (s?+n@w2) 
(3) 
This transfer function has the following proper- 


ties that distinguish it from the usual linear 
transfer function of s: 


1. The function G* is valid only for sin- 
usoidal inputs. The usual linear transfer func- 
tion of s is independent of the input wave 
form. 


2. The function G* assumes various values 
depending upon the input frequency. The usual 
linear transfer function of s is independent 
of input frequency. 


Transfer Function 
For Odd-Root Variable-Gain Elements 


The transfer functions of variable-gain 
elements in which the cube root, fifth root, or 
other odd root of the input is taken cannot be 
obtained directly by complex convolution. Thus, 
ee 


x C4"), aa’ (4) 


the Laplace transform of Sint? ®t cannot be 
obtained by complex convolution of the trans- 
forms of known functions of time. However, the 
required transfer function may be obtained from 
the preceding results by adding in series a 
1/n-power variable-gain element to the output of 
an n-power variable-gain element. The final 
output must be identical to the initial input. 
The required transfer function must therefore be 
the inverse of Eq. (3) or 


[c*(s,w)] = s°+9 w2) 2) tein? we) 


s24+25 ‘ 
odd root xen nt opt 


(5) 


Transfer Functions 
For Arbitrary Variable-Gain Elements 


The input-output relationship of an odd- 
root variable-gain element is approximately that 
of an ideal relay. This approximation becomes 
increasingly better for smaller and smaller val- 
ues of the fraction. Other nonlinear-control- 
system elements may be approximated by combina- 
tions of odd-power and odd-root variable-gain 
elements with other forms. 


As an example, the combination of a linear 
gain with a cube-root variable gain produces a 
fair approximation to a linear gain with dead 
zone, as can be seen in Figure 1. The G trans- 
fer function for this combination, calculated 
from Eq. (5), is 


87490 
6x? we 


Cee 
linear gain 
plus dead zone 
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The development of transfer functions for 
arbitrary variable-gain elements requires only 
that suitable analytical power series with fin- 
ite numbers of terms be available to describe 
the input-output relationships of the elements 
involved. 


Comparison of Transfer and Describing Functions 
For Variable-Gain Elements 


The frequency-response amplitude ratios 
appropriate to the previously-derived transfer 
functions for variable-gain elements are obtain— 
ed in the usual manner by the substitution of 
JO for s. This step permits a direct compari- 
son to be made between the exact frequency- 
response amplitude ratios and those provided by 
the Kochenburger describing function. In Table 
I-and in Figure 2, this comparison is made for 
four simple variable-gain elements. Results of 
the comparison may be summarized as follows: 


1. The describing function and the G” 
transfer function are in exact agreement for the 
third- and fifth-power variable-gain elements. 


2. The describing function underestimates 
the frequency-response amplitude ratio|G*(jw)| 
for values of input amplitude less than about 1.0 
and overestimates it for values of input ampli- 
tude greater than about 1.0, for cube-root and 
fifth-root variable-gain elements. 


Root Locus For System With Variable-Gain Elements 


The development of transfer functions in 
which nonlinear-control-system elements are 
represented by pole-zero distributions suggests 
that the root-locus method of control-system 
analysis may be applied. Thus, from Equation 
(5), a cube-root variable-gain element is seen 
to contribute an infinite series of zeros on the 
imaginary axis, located at s = +t 3 jw. At con- 
stant values of frequency only one pair of zeros 
is involved, and a normal root locus may be con- 
structed using these zeros and the poles and 
zeros for the remainder of the system. 


The use of root-locus analysis on a system 
thet includes an ideal relay in the forward path 
is illustrated in Figure 3. The relay is repre- 
sented by the G* transfer function for a cube- 
root variable-gain element. The open-loop trans- 
fer function for the entire system is 


* _ K(s+3j5)(s-35® ) 
6E* w@s(s+1)(s+4) 


kG (7) 


Equation (7) contains the following: 


1. Gain inversely proportional to the 
square of the system oscillation frequency. 


2. Three conventional first-order poles. 

3. An infinite set of second-order zeros, 
located on the imaginary axis at distances from 
the origin equal to plus and minus three times 
the system oscillation frequency. 


For large values of frequency, such as 10, 
the imaginary-axis zeros are far from the origin 
and the root locus is similar to the locus for 
a linear system, except for the gain values. 

For small values of frequency the root locus 
remains close to the asymptote required by the 
three-pole, two-zero configuration. Instability 
is indicated in either case for sufficiently 
large values of the gain-error parameter K/E 5 


Comparison Of Root-Locus, Describing- 
Function, and Transient-Response Results 


Typical transient responses to step inputs 
for the system including an ideal relay in the 
forward path are shown as the solid curves in 
Figure 4. To facilitate comparison with the 
root-locus method of this paper, the ideal relay 
is represented by a cube-root variable-gain 
element in these results. Stable limit cycles 
at a frequency of 2.0 radians per second with a 
gain-error-parameter value K/Ee/ = 17.5 may be 
predicted for this system by a Nyquist diagram 
using the Kochenburger describing function. 
Stable limit cycles are likewise predicted by 
the root loci of Figure 3 over a range of fre- 
quencies and values of K/E - A comparison of 
the root-locus, describing-function, and tran- 
sient-response results for this system (Figure 
shows that reasonably accurate results are ob- 
tained with the new method. 


5) 


Effect of Compensation on 


Nonlinear-System Performance 


Compensation to improve the performance of 
the previously discussed system including an 
ideal relay evidently involves the addition of 
poles and zeros to shift the loci of Figure 3 
to the left. In particular, it is desired to 
move those loci at frequencies of 1.0 and above, 
that cross over into the right half-plane for 
gain-error-parameter K/Ee values of about 15. 
This compensation was chosen as 

(1.85 s+1)/(0.185°s+1) (8) 

The compensated root loci are shown in 
Figure 6. Comparison with the original loci of 
Figure 3 shows that improved performance is ob- 
tained. As an example, for a frequency of 1.0, 
all closed-loop roots are in the left half-plane 
for the compensated system, as compared with all 
closed-loop roots in the right half-plane for 
we original system for values of Kis above 
24.0. 
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The effects of the compensation, which had 
been selected on a root-locus basis, on system 
transient behavior are illustrated as the dotted 
Curves in Figure 4. Stable limit-cycle behavior 
is obtained again, but the oscillation amplitude 
is greatly reduced and the oscillation frequency 
is higher. 


The analysis method introduced in this 
paper, which uses the G* transfer function in 
@ root locus, presents the characteristics of a 
nonlinear system as a set of conventional root 
loci. This approach permits the body of existing 
experience on the compensation of root loci to 
be applied. 


Conclusions 


The following conclusions may be drawn 
regarding the root-locus method for the analysis 
of nonlinear servomechanisms presented in this 
paper: 


1. Variable-gain elements, which appear in 
some nonlinear servomechanisms, have exact trans- 
fer functions of the Laplace Transformation var- 
jable s, for sinusoidal inputs. 


2. Transfer functions of the above type, 
called G* transfer functions, exist for ele- 
ments whose input-output relationship may be 
expressed in a power series. With some approx- 
imation, this includes ideal relays and linear 
gains with dead zone. 


3. The frequency response provided by the 
Kochenburger describing function is exact for 
odd-power variable-gain elements but is only 
approximately correct for odd-root variable-gain 
elements. 


4. Root-locus analysis employing the ae 
transfer function provides a reasonably good 
prediction of system transient response. Syn- 
thesis of compensating networks is facilitated, 
since the characteristics of the composite non- 
linear system are presented as a set of conven- 
tional root loci. 
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TABLE I 
DESCRIBING FUNCTIONS, FREQUENCY-RESPONSE 
AMPLITUDE RATIOS AND TRANSFER FUNCTIONS 
FOR SIMPLE VARTABLE-GAIN ELEMENTS 
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ANALYTIC VARIABLE-GAIN ELEMENTS 
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4 
*i\ bees 
FIFTH ROOT APPROXIMATE LINEAR 
(APPROXIMATE IDEAL RELAY) PLUS DEAD ZONE 


Fig. 1. 


EXACT AND APPROXIMATED FREQUENCY RESPONSES 
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EFFECT OF GAIN ON ERROR RESPONSE 
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MEASURED AND PREDICTED LIMIT CYCLES 
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SOME NONLINEAR CONTROL TECHNIQUES NOVEL TO 
CONTROL ENGINEERS EMPLOYED BY A BIOLOGICAL 
CONTROL SYSTEM 


M. Clynes 
Rockland State Hospital 
Orangeburg, N. Y. 


Abstract 


The nervous control of heart rate in man was studied through 
dynamic analysis of experimental results and computer simula- 
tion. The heart rate changes caused by respiration were found to 
be accurately analyzable and predictable, as related by a fifth- 
order nonlinear differential equation which proved to have specific 
physiological meaning. The nonlinear characteristics of the equa- 
tions are interesting in that they also show how neural controls 
can produce certain dynamic characteristics not normally encount- 
ered in control engineering practice. 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 
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ON THE ANALYSIS OF BI-STABLE CONTROL SYSTEMS 


B.S. Amsler and R.E. Gorozdos 
Johns Hopkins University, Applied Physics Laboratory 
Silver Spring, Maryland 


Summary 


The basic theory of bi-stable oscillating 
loop control is first summarized using standard 
describing function concepts. The effective 
transfer characteristic of the bi-stable switch 
is defined in terms of the ratio of both ampli- 
tude and frequency of the control error signal 
to amplitude and frequency of the loop oscilla- 
tion signal. The effect of variation in loop 
oscillation amplitude with low frequency control 
error amplitude is considered. The relationship 
between switch gain at control frequencies and 
switch gain at oscillation frequency is noted. 
The inherent insensitivity of the bi-stable 
oscillating system to variations in linear loop 
parameters is discussed. The effect of variation 
in loop gain of the bi-stable system is compared 
with the effect of equal variations in a similar 
linear system. 


The possibility of bi-stable loop oscilla- 
tion at more than one frequency is considered. 
The conditions are defined which insure oscilla- 
tion at the intended oscillation frequency. 
Analog simulation tests used to verify these loop 
oscillation criteria are outlined, 


Basic Theory of Bi-Stable Operation 


A bi-stable system is simply the familiar 
"“bang-bang" control system in which the overall 
loop oscillates about the desired value of the 
output. Control is achieved by a switching 
action which applies full control first in one 
direction and then in the other. The perforn-. 
ance of such a system may be defined by spec- 
ifying a pseudo-linear equivalent gain for the 
bi-stable element. The magnitude of this low 
frequency equivalent gain is dependent upon the 
amplitude of the high frequency loop oscillation 
signal as it appears at the input to the bi- 
stable element. In the case of a control system 
where the loop gain is greatly attenuated at 
frequencies above the oscillation frequency, the 
higher order harmonics contained in the oscilla- 
tion signal are negligible and the oscillation 
signal may be taken as sinusoidal at the input 
to the bi-stable switch. The addition of a low 
frequency control signal then acts to vary the 
time proportioning of the switching action. This 
in turn results in a corresponding variation in 
the output. The basic characteristics of such a 
system have already been treated in considerable 
detail so that_only a brief summary will be in- 
cluded herein,1-2 
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A simple bi-stable control system is shown 
in Fig. 1. For purposes of discussion the 
system error signal E(t) will be separated into 
two components A(t) and B(t) such that A(t) is 
the error component due to loop oscillation and 
B(t) is the additional component due to intro- 
duction of a system input signal R(t). The 
bi-stable switch is indicated by element N. The 
magnitude of the switch output is L; the sign of 
the output is the sign of E(t). For the case 
shown loop oscillation frequency is 

@ s us 
(o) Cie? 
the frequency at which overall loop phase is 2 
radians. 


Consider first the case where R(t) = 0, 
B(t) = 0, The amplitude of the fundamental 
component of switch output is - Thus the 
amplitude of the oscillating input to the switch 
is given by: 


[ale |e 


3(ts + 1)" 


(1) 
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For constant amplitude oscillation the effective 
loop gain at oscillation frequency must be unity. 
Thus (assuming stable oscillation does occur) the 
effective gain of the switching element must vary 
with the linear system parameters in order to 
maintain exactly unity loop gain atw =o,. This 
effective gain at oscillation frequency is in 
general given by 
1 


[eC3#5)] 


where G(jo,) is the gain of the linear loop 
elements at a2 


Ko * (2) 


oe 


Now consider the case where R(t) #0. The 
significant signal waveforms are show in Fig. 2. 
For the moment consider only the case where all 
significant components of R(t) occur at d.c. The 
resultant d.c. signal component at the input to 
the switch is B(t); the total input to the switch 
is thus A(t) + R(t). It is seen that the combi- 
nation A(t) + B(t) acts to provide dwell time 
modulation of the square wave C(t) and thus a 
change in the d.c. system output C(t). From 
Fig. 2 it is evident that the rate of change of 
C(t) is a function of the relative amplitude of 
A(t) and B(t). A decrease in A(t) will result in 
an increase in the value of C(t) and vice versa. 
Working directly from Fig. 2 it can be shown that 


«oe Pt 4 1, 8B 
C= L— sin (—~) (3) 
where ¢ is the amplitude of the d.c. (signal) 
component of C(t). The non-dimensionalized plot 
of C versus B/A as defined by Eq. 3 is given as 
the "d.c." case in Fig. 3. 


The d.c. equivalent switch gain as defined 
by Eqe (3) is seen to vary with both the d.c. 
error signal amplitude and amplitude of the funda- 
mental component of loop oscillation signal. If 
the oscillation amplitude A is constant then the 
gain is specified directly as a function of input 
error signal amplitude B. However, in any oscil- 
lating loop system the amplitude A of the funda- 
mental component of the oscillating switch input 
signal also varies as a function of the control 
error signal amplitude B,. Thus the effect of 
variation of amplitude A with B must also be 
considered. ’ 


Referring again to Fig. 2, the amplitude of 
the fundamental component of switch output 
oscillation frequency is given by: 


jy 2 Main CE 20 0 


sh 4s} 


and since AT = —_ sin se 


Gq = Aisin +: sin?* -} se cos [ sin ] 
LL 


Now taking C10 = [ Op, fod = it is seen that 


¢ -1 B 
a = cos [sin rl 
10 
However A is proportional to Cz and defining 


A, = A when B = 0 


A 


= * cos (ein? 2} 
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from which may be obtained 


sin? Pp sin’ * as 
i ay To 


Thus, substituting in Eq. (3) the following 
relationship is obtained: 


j= Le sin” *_28 (u) 
C “ry: sin 7 
and - 
BBs: Cc sk L =1—28 
Ky oR: nB sin Ay (5) 
where Kye is the effective value of d.c. switch 


gain for an oscillating loop system and Ay is the 
amplitude of oscillation input to the switch when 
the low frequency control error signal amplitude 
B s 0. <a 
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Thus far in the analysis it has been assumed 
that significant variations in amplitude, B, of 
the control error component of switch input occur 
only over many cycles of loop oscillation fre- 
quency. However, the analysis has also been ex- 
tended to cover the case when 


A(t) = A sinw,t 

B(t) = B sin (wt + @) 
with 

o, * Pw 
where p and q are such that p >q, insuring that 
®, > @, . The analytical work involved is quite 
lengthy; a summary of this work has been in- 
cluded in the Appendix. However, the results may 
be simply stated as follows: 
For small amplitudes of control error come 


ponent of switch input the effective gain of the 
switch at the control error frequency is given by 


Ky = 2b (6) 
N —— : 
for all valves of p and q such that p >q. Note 


that this is precisely the result obtained by 
taking B/A, small in Eq. 5. For larger values 

of B/A, the equivalent gain is a function of p 
and qe A normalized plot of the effective cont- 
rol output versus B/A for various values of p and 
q is given in Fig. 3. The curves shown for p = 3, 
q = 1 and p = 2, q = 1 represent the upper and 
lower limits for all p and q. Furthermore, only 
slight phase shift is introduced into the control 
signal component by the switching operation even 
for small values of the ratio p/q. For example 
with B/A = .5 a phase shift of at most 7 degrees 
is introduced by the switching operating for 

p/q = 3. For all other p/q smaller control signal 
phase shift is obtained. (See Table I, Appendix). 
The simple gain value defined by Eq. 6 is of 
course satisfactory for use in any perturbation 
study. The curves given in Fig. 3 also indicate 
that the value of Ky given in Eq. 6 may be used 
in almost any analysis study in which values of 
switch input B >A,/2 need not be considered. 


On the other hand, it should be noted that 
values of effective gain Ky are not even defined 
by Eq. 5 for B>A,/2. This results from the 
fact that stable loop oscillation can not exist 
for B>Ao/2. In particular if B is raised to 
and held at value slightly above A,/2 the loop 
oscillation will die out. Thus the value of low 
frequency output C will change from L/2, the value 
obtained for B = Ao/2, to L, the value obtained 
with no loop oscillation. Furthermore, loop 
oscillation can not be reinitiated until the low 
frequency error B is reduced to near zero. Ina 
practical case the particular combination of error 
amplitude for B > Ao/2 together with error fre- 
quency will determine whether or not the loop 
oscillation amplitude will be further modulated 


by this phenomenon. In the limit a special low 
frequency loop oscillation characterized by a 
variation in amplitude of the loop oscillation 
can result. 


Now consider the relationship between the 
gain of the bi-stable element loop oscillation 


frequency, Ko, and the gain, Ky, obtained for 
small B. 


Combining Eqs. 2 and 6, we obtain 


Ko x 1 x Tho 
Xe s sai paClneclin | aaaetie 


But from Eq. 1 
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for B->0O,. Thus, 
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Thus the gain of the switch element at os- 
cillation frequency is always just twice the 
effective low frequency gain, for small amplitudes 
of control error signal. 2 


This relationship may be used to analyze the 
performance characteristics of such a system for 
the smaller amplitudes of control error. Consider 
the example defined by Fig. 1. Based on previous 
analysis, it is known that for stable oscillation 
and small B 


Ky |G(jap)| = 2 


/G(jo,) = 280° 


where Ky is the equivalent linear gain of the 
switch element at oscillation frequency, Thus 
the loop conditions at stable oscillation fre- 
quency ®, are defined by the point -180° and 

0 db on a Nichols plot of the open loop trans- 
fer. However, by Eq. 7, the effective low fre- 
quency gain of the switch element is one-half the 
oscillation value. The overall equivalent linear 
open loop Nichols plot may always be constructed 
by starting at the frequency_ @, with a gain of 
-6 db and a phase of -1800, 1 


Insensitivity of the System to Variations in Loop 
arameters 


From Eqs. 5 and 6 it is seen that the effec- 
tive low frequency forward loop gain varies in- 
versely as the amplitude A of the oscillation 
signal at the input to the bi-stable element. 
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If the value of the linear gain K, in Fig. 1, were 
changed, the amplitude of the input to the switch, 
A, would also change. This would result in an 
exactly compensating change in Ky the equivalent 
gain of the switching element. Such a systen 
would be quite insensitive to variations in linear 
system parameters, since the change in Ky exactly 
compensates for the change in K. The loop per- 
formance would not be affected by variations in 
the linear loop gain (assuming of course that the 
system exhibited negligible dead space and satu- 
ration effects over the operating range being 
considered). 


The inherent insensitivity of the bi-stable 
oscillating system to variation in linear loop 
parameters can be assessed by considering the 
effect of some possible variations. For example, 
addition of an extraneous linear lag in the region 
@ * 2, would have little effect on the gain 
curve for »<,. However, significant increase 
in phase lag for >«)/3 would be obtained. In the 
case of a linear servo, such an increase in lag 
would certainly result in a modified response 
characteristic and could lead to catastropic in- 
stability. However, in this non-linear case a new 
oscillation frequency ©,' is established at 
®o'< @) « The linear loop gain at this lower 
frequency is greater than that obtained at © =®); 
the oscillation signal at the switching element 
input is thus increased resulting in a decrease in 
equivalent low frequency loop gain Ky. Thus the 
effective response characteristics are little 
changed except for the ultimate reduction in 
system bandwidth obtained with reduced oscillation 
frequency. In general it is seen that such a 
system is also relatively insensitive to signifi- 
cant variations in loop phase as well as changes 
in loop gain. It thus exhibits some of the 
characteristics of parameter adaptive control 
while considerable less attention to individual 
parameter tolerances is required in the design of 
a practical system of this type. 


The inherent insensitivity to loop gain 
variations is demonstrated in Fig. 4. A simple 
third order system was simulated on an analog 
computer. A system having an identical linear 
loop transfer was also simulated with a constant 
gain in place of the bi-stable switch element. 
The open loop linear gain of both simulations was 
varied as show. The resultant response to step 
input is reproduced in Fig. 4. The complete in- 
sensitivity of the bi-stable system to these 
variations in linear loop gain is clearly evident. 


Multiple Oscillation Modes in a Bi-Stable System 
—— ea ee ey svem 


In the design of a practical system of this 
type there exists a special fimdamental problem 
which must be considered. In particular, it is 
required that the intended oscillation frequency 
be maintained even in the presence of other 
extraneous loop oscillation modes. It is some- 
times found that the -180° loop phase condition 
occurs at more than one frequency. For example, 
in an electro-mechanical control system this 


condition would occur at normal loop crossover; it 
might also occur at the mechanical resonant fre- 
quency of the output member. Conversely, in a 
conditionally stable system containing an inher- 
ently un-stable element to be controlled, loop 
oscillation may develop near the low frequency 
pole associated with the unstable element, 


Thus it is necessary to determine: 


(a) which of the possible loop singulari- 
ties (-180° phase condition) represent 
stable (constant amplitude and fre- 
quenty) modes and which are the m- 
stable modes at which a particular 
frequency and amplitude of oscillation 
cannot be maintained. 

(b) the criteria for insuring that a 

particular desired mode is maintained 

so that the operating point does not 
shift to some undesired mode. 


The general principles will be illustrated by 
means of a specific example. 


The block diagram for a simple system having 
more than one possible oscillation mode is shown 
in Fig. 5. Note that this system is the same as 
that of Fig. 1 except that there are two feedback 
paths. It will be assumed that Teo<Tl, K2<K1 
and 9<<1.0. The resultant linear loop Bode plot 
is shown in Fig. 6 for a case where K2 = K/16, 
To = 1/8, %= .Ol. The three possible oscilla- 
tion conditions (phase = -180°) are circled. The 
linear loop gain level Kj, was arbitrarily chosen 
as show. This, together with the limit level, 
determines the oscillation amplitude. 


For the type of system herein considered it 
can be shown that the oscillation mode is stable 
if, at the condition of loop phase = -180°, the 
phase lag is increasing with increasing frequency 
Conversely, decreasing lag with si hse fre- 
quency defines an unstable system mode.” Thus 
stable oscillation is, in general, possible at 
the points = 1.16/T] , and at » = 8.0/f . On 
the other hand, the point at ©= 3.4/T is an 
unstable point. This point therefore represents 
a boundary condition betwem the two possible 
stable states. Assuming that certain additional 
requirements discussed below are satisfied, then 
the frequency will always return to the lower 
value for an initial condition of energy less than 
that defined by the unstable point. For an initia 
energy higher than the value defined by the un- 
stable point, the oscillation will stabilize at 
the higher frequency condition. Note that the 
conditions are altemately stable, unstable, etc. 
This is in accordance with a general principle of 
mechanics which requires that for any system, two 
like (stable or unstable) singularities are always 
separated by a singularity of the opposite kind. 


In a practical control application we would, 
in general, want only a particular mode to be 
excited. For example, bi-stable oscillation at a 
structural resonance mode of a control output 
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member could be catastropic. However, it is 
entirely possible that some large system tran- 
sient or noise signal would momentarily drive the 
system to energy levels beyond that defined by the 
unstable singularity. This could result in a 
shift in mode even though this mode was not nor- 
mally excited. Thus we must define the criterion 
which insure that oscillation will not occur at 
some undesired operating mode. 


To define this criterion, let us initially 
assume that a system of the form being considered 
is oscillating at the higher frequency mode. The 
overall "low frequency" pseudo-linear Nichols plot 
can then be drawn by starting with the point -6 db; 
-180° at oscillation frequency. The typical plot 
for this particular case is sketched in Fig. 7 as 
the solid curve. For this particular plot the 
parameters of Fig. 6 are assumed with the exceptim 
of Yowhich is raised to 0.05. On a pseudo- 
linear basis the system is now mstable at the 
lower frequency point @ = 1.16/T1 rad/sec. Os- 
cillation will build up at this frequency and take 
over control of the system. A new pseudo-linear 
plot results (shown dotted in Fig. 7). Thus in 
general it is seen that if the linear loop gain at 
the lower oscillation frequency exceeds that at tie 
higher frequency by more than a factor of two, 
stable oscillation at the higher frequency is not 
possible, 


The corresponding conditions for insuring 
that loop oscillation will occur at only the 
higher of the two frequencies must also be estab- 
lished. Again the criterion is best defined by 
first assuming oscillation at the lower frequency 
and then determining the loop conditions which 
will isure a shift to the higher frequency os- 
cillation mode. We will consider a case wherein 
the higher oscillation frequency is near to but 
not exactly an odd harmonic of the lower fre- 
quency. Let w be the lower (assumed) oscilla- 
tion frequency and®2 be the possible higher 
frequency mode of oscillation where N is an odd 
integar. The harmonic of © near © = 2 is 
N®] . Note that N can only be odd in the absence 
of a steady state loop error component. 


Normal describing function theory assumes 
that only the fundamental component of switch 
output is important in determination of the loop 
operating point. However, if this were true a 
shift to the higher frequency operating point 
could not occur, and the higher frequency com- 
ponents of switch output must also be taken into 
account. Under conditions of a steady state loop 
oscillation the total switch output signal is 


given by 
, 


a(t) = LiL 
Ns 1,3,5-- 


Thus the switch input is given by 


D> AE |o(ane )| sin (Moye + By) 
N® 1,3,5-= 


A(t) = 


where G(jNo,) is the linear loop transfer for each 
of the various harmonic components of the square 
wave switch output. In a majority of practical 
cases only the fundamental plus the signal com- 
ponent which is near the higher oscillation mode 
frequency are of significant amplitude. In order 
to facilitate the analysis this assumption will 
be made. Thus the switch input is given by 


a(t) = 2 [ |o(jap| sine t + 4) 
‘ a UL sin (Nat + dy) | (8) 


where $1] and fy are the loop phase shift at 

® =o, and ® = Nw], The switch output ami two 
possible input signal conditions for a case 
where N = 7 are show in Fig. 8. Note that with 
the switch input as shown in Fig. 8 oscillation 
will be maintained at the lower frequency mode. 
That is, no further increase in the amplitude of 
the seventh harmonic signal at switch input can 
occur in the absence of an extraneous input 
signal since switching frequency is®1]1. On the 
other hand if the input amplitude at © = No] 
were sufficiently increased an additional switch 
reversal could be made to occur. Note that a 
further increase in amplitude of the seventh 
harmonic of switch input would then be obtained 
as a result of the additional switch reversals. 
Thus a further increase of high frequency switch 
input component would result and the oscillation 
would build up at the upper frequency N®}. 


It is seen that in general a shift of 
oscillation to the higher mode can occur in the 
absence of external forcing signal only if 


A(t) <0 foro<t< 


The actual conditions for oscillation mode 
shift for the general case of non-periodically 
related modes may be defined as follows. A 
possible linear loop transfer function was shown 
in Fig. 6- Let us designate the lower possible 
oscillation frequency as ©) and the higher as . 
For purposes of this discussion assume that a 
particular odd harmonic of w 1, the lower oscilla- 
tion frequency, occurs at © = N®,, which is near 
to but below the frequency of the higher mode. 
The conditions for switch reversal are given by 
setting A(t) in Eq (8) equal to zero. It was 
assumed that ~n< 180°. Thus Eq.(8) can only be 
satisfied if f, > 180°. 


Thus the oscillation frequency is 
"pulled" toward a higher frequency, that is toward 
wo/N . Conversely, if Nw, > ®2the frequency 
would be lowered by any increase in amplitude of 
switch output at © = No, 


The conditions at steady state oscillation 
with w = 3 are defined by setting A(t) in Eq.8 
equal to zero forw jt = 0. Thus 


ee yb . . singh 
[N]e(jo1)| sin Dy uA 


In any particular case the resultant value of 
steady state oscillation frequency together with 
appropriate gain and phase values can be deter- 
mined directly using Eq. 9 together with the 
overall gain and phase characteristics of the 
system. In this general case where ff] and 

are not equal to 180° the condition for unforced 
shift of oscillation to the higher mode will 
occur very near to Nwyt + Oy = 3n/2. Substitu- 
ting this value into Eq. 8 the following gain and 
phase conditions are defined in order that mode 
shift can occur. 


les) | > [o(se)} w in@t- N+ gh) (20) 


Eqs. 9 and 10 may be employed together with the 
loop phase and gain characteristics to determine 
whether or not an undriven mode shift from lower 
to higher frequency will occur, 


One important point should be noted. In 
many, if not most, of the practical cases an un- 
driven shift from the lower to higher mode may 
be achieved by a simple increase in gain at the 
upper critical frequency. For example, in the 
case defined by Fig. 5 with parameters as defined 
by Fig. 6 a reduction in the value of the quad- 
ratic damping coefficient Zo will always cause 
mode shift. On the other hand, a different 
selection in the value of the ratio )/7t2 will 
result in a case where undriven shift will not 
occur for any value of 2. Whether or not the 
shift will occur may of course be determined from 
Eqse 9 and 10. 


In order to check the validity of the con- 
clusions outlined above a system similar to that 
shown in Fig. 5 was simulated on the analog 
computer. Various values of t)/t2, Kl and K2 
were set into the simulation. The value of 
which resulted in shift of oscillation mode was 
noted. Excellent correlation was obtained 
between measured and predicted values over a 
rather wide range of parameter variations. 


Conclusions 


The salient results of the work described 
above may be summarized as follows: 


1. The effective transfer characteristic 
of the bi-stable switch is a function 
of the ratio of control error to loop 
oscillation signal amplitude. The 
effective transfer is also a function 
of the ratio of control error to loop 
oscillation signal frequency. However 
for switch input signal amplitudes less 
than about one quarter of the quiescent 
loop oscillation signal amplitude, the 
transfer characteristic may be taken as 
inversely proportional to the loop 
oscillation signal amplitude. Further- 
more, in this case only negligible 
phase shift of the control error signal 
is produced by the switching action. 


2. The oscillating loop type of system is 
inherently insensitive to variations of 
linear loop gain, This insensitivity is 
a direct consequence of the relationship 
between loop oscillation signal ampli- 
tude and effective switch transfer 
characteristics as noted above. 


In the case of a control system having more than 
one possible oscillation mode it has been show 
that 


3. Stable oscillation will only occur at 
the lower of two possible Loop oscilla- 
tion frequencies when 


e(Je,) |>2  |G(5o2) | 


where ©] is the lower and 2 the higher 
loop oscillation frequency. 
kh. Stable loop oscillation may occur at 
either of the two frequencies when 


|o(goy)| <2 |e(joo)| . 


Whether or not stable oscillation will 
occur at only the upper of the two 
frequencies may be determined by apply- 
ing Eqs. 9 and 10. 
5. In those cases where both oscillation 
modes are stable, selection of the 
particular oscillation mode is deter- 
mined by the system input signal or 
initial conditions. 


Appendix 
The d.c. equivalent switch gain has been 
determined for the case where 9 >>®s and is 
given in Eq. 4. The equivalent switch gain will 
now be determined for ws = q/p ©, where p> q. 


In the system shown in Fig. lletE=A+B 


where A is the error component due to loop oscill=~ 


tion and B is the additional component due to the 
signal Re Assume A(t) A sin@,t + 6) and 

B(t) B sin q/pw,t. It can be shown that the 
equivalent switch gain is a continuous monotonic 
function of k = B/A and a discontinuous but 
bounded function of 3. It will be assumed that 
A(t) is not a function of B(t). The error intro- 
duced by this approximation will be discussed 


subsequently. 


If p/q is a rational number, C(t) will, be 
periodic, If q/p is not a rational number, C(t) 
will not be periodic. These two cases will be 
considered separately. 


A. Non-Periodic Case 


The method used here dep d used by Bennett? 
and later by Bennett and Kalb? in analyzing 
modulation products. The output of the switch 
can be expanded as follows: 
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G(t) = (x,y) = D> >) x 


m=0 n=*0 


+ Bin sin(mx + ny) 


mm coS(mx # ny) 


where x = pt and y = qt, 


The coefficients are given by 


nt 
1 e 
A OG eSh, 
mo = taf C(x,y)cos(m + ny) dx dy 


—1 =n 
Bnn * = eve C(x,y)cos(mx + ny) dx dy 


- =a = 
Since C(t) is not periodic, there is no loss in 
generality in assuming © to be zero. 


C(x,y) = +L if sinx +k siny>0 
= -Lif sinx +k siny<0O 


Since C(x,y) is an odd function, Amn will 
be zero. The equivalent switch gain can be deter- 
mined from Bo]. By changing variables and insert- 
ing the value of C(x,y) 


ht n @ 
i I cos y dx dy 

2 Gi Sa 

where © = cos-1(-k cos y) 


Bol * 


Tt 


Lk 1 = cos* 
Polscoaered 5 
fo) 


\/ 1 - k2 cos#y x 


This can be expressed in terms of complete elliptic 
integrals of the first and second kind. 


Boy = oe [BE -(2 - &*)K] 


where K and E are the complete elliptic integrals 
of the first and second kind, 


The equivalent switch gain is defined as 
the ratio of Boj to B, 


a bola Sir By 
K'y Pao terporys [z - (2 - 2K] 


By expanding E and K into a power series in k 
pearas De racial Weenie 
K'y part og +a * * soar Ca ee 
(11) 
Be 


Periodic Case 


In this case, the function C(t) can be 
expanded as follows: 


C(t) = >, An cos nt + >» By sin nt 


n=O n=l 


First assume 8 = 0. The 


harmonic of interest is Bge 


Then Ay = 0. 


2 E Gtt)eeintat (12) 
Meret opal 

The pulse width modulated signal C(t) can 
be resolved into two components. 


G(t) = Gs(t) + Cr(t) 


G g(t) is the square wave which is obtained when 
Ke = 0. will not be a function of Cs(t). 

CI(t) contains the necessary information to com- 
pute Bq. It will consist of a series of pulses 
of width %, and amplitude +2L. There will be 
exactly p values of 4% in the interval from 0 to 
k. Call these values Gy, r = 1,2,3 ooo Deo 
These values of 4, can be obtained from 


r 
sin p( = + a,) + k sin q( ate a,) =0 
Integrating Eq. (12) 

aS 
By eaan an (+1)? [eos(a + q a,) = cos a| 
grn 
Pp 
The equivalent switch gain is defined as the ratio 


of Bg to B. p 
(13) 


where a= 


Eq. 13 can be expanded into a power series in k 
by first expending it into a power series in ¢y. 
ry is then expanded into a power series in k. 
“5 constant term in the series expansion of %p 
is zero; therefore, only each coefficient of the 
series expansion of KN will be the sum of a 

finite number of terms. 
DS oy 


uL 
nA nel 


K'y = (1) 


The coefficients Cn can be evaluated for various 
values of p and q. Substituting these values in 
Eq. 14 

ewe 1 3 


Kty = & if P= 2 


2 we ktin oi Tut +...) 
1f7=P 


eres 


K'y = 2L (1 + 
TA 


wear? - ge + But + oe.) itE=5 


If p> 8, the power series approaches that given 
by Eq. ll. 
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Ce 


Periodic Case 6 # 0 


If 6 # 0, the same analysis can be applied. 
C(t) will no longer be an odd function; therefore 
both and must be evaluated. The equiv- 
alent switch gain can be given by 


K'y *K'wp + J K'na 
If 6 = O K'ng = 0 and no phase shift is obtained. 


K'np and K'ya can be expressed as a power series 
for arbitrary 9. 


K'yB = =. je Cane. (15) 
P n=0 


where C, = 1 for all p and q 


Cy = 0 for all E# 3 
1 

Ci = cos 3 © for _P_ = 3 
leg q 


Cp =e for P_ #2 


sir 20 for - = 2 


Co * = 


C3 = Obfor = pee 3,55 


=> 


C3 letigeeetie 
K'yy = 2b. >> an 
Tt 


n#0O 


(16) 


where d, = 0 for all p andq 


d, = 0 for -E. # 3 
= ae 
dy “Tot aa 3 


PAP OCIA ag 


‘he 1 j = 
do ap sin 48 for = 2 
d3= 0 for —. E 355 


Zs x = 
d3 ere he 5 
From Eqs. 15 and 16 it can be seen that there is 
some phase shift introduced by the switch for 
frequencies near ©»), The maximum phase shift 
introduced is a function of p,q and k, Table I 
lists the absolute value of the maximum phase 
shift for various p and q 


TABLE I 
Pp, um se 
3 tan-l k/k 
2 tan-1 &/8 
5 tan-l k/6h 


D. Change in A due to B 


It has been assumed that the amplitude of the 
loop oscillation frequency is not a function of 
the signal component B. The error introduced by 
this assumption will be considered here. 

Let Cl be the amplitude of the fimdamental 
component of the output of the switch. Using the 
techniques of the previous analysis, the following 
is obtained. 


a -ts for 4. irrational and p >q 


where E is the complete elliptic integral of the 
second kind. Expanding E 


& =f -p2 ~ alt= sea ~ ave | 


The value of Cy can also be determined for speci- 
fic values of p and qe 


Gy = 2 - =~ x | for = = 2 


Ba 22-ge- 2] 


a3 


~C, = 


for — 
er 


If k = .5, the decrease in Cj is about seven 
percent. For values of k less than .25, the 
decrease in amplitude reduces to approximately 
one percent. 
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Figure |. Simple Bi-stable Control System 
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Figure 2. Typical Signals for Oscillating 
Bi-stable Control System 


ey is amplitude of output signal 
component of w=w, 


Figure 3. Normalized Output 
of Bi-stable Switch Versus 
Ratio of Signal to 
Oscillation Amplitude 
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Nominal Gain 


Linear System 
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Figure 4. Performance of Bi-stable and 
Linear Systems with Various 
Values of Loop Gain. 


Figure 5. Bi-stable System Having 
Two Possible Oscillation Modes. 
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Figure 6. Linear Loop 
Transfer Function for 
System Shown in Figure 5. 
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Loop Phase Lag in Degrees 


/ 


ri w= &/, (Solid Curve) 


w= "6/, (Dashed Curve) 
Loop Phase 


Figure 7. Nichols Plot Illustrating 
Conditions Required for Shift 
of Oscillation from Higher 
to Lower Frequency. 
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Figure 8. Switching Signals for Bi-—stable 
System with Large Value of Loop 
Gain at Seventh Harmonic of 
Switching Frequency. 
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EFFECT OF POWER SOURCE REGULATION ON THE 
RESPONSE OF A CONTROL SYSTEM AMPLIFIER 


Ralph J. Kochenburger 
University of Connecticut 


Abstract 


Many feedback control systems employ amplifiers that incident- 
ly convert energy from one physical form to another. Amplifica- 
tion is accomplished by variation of a parameter that changes such 
conversion properties. Among a number of examples are variable- 
displacement hydraulic pumps and “Ward-Leonard” systems of 
motor control. Conventional linear response analyses usually are 
based upon the assumption of an “ideal” input energy source. Act- 
ual practice displays many instances when such an assumption is 
not valid. The load imposed on the controlled output may have a 
significant effect on the input power source. The method present - 
ed here takes such non-ideal characteristics into account. 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 
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PENDULOUS VELOCITY METER 
CONTROL SYNTHESTS 


S. G Shutt & S. A. White 
Autonetics 
North American Aviation, Inc. 
Downey, Calif. 


Summary 


An acceleration sensing instrument is essen-=- 
tial to an automatic inertial navigation system. 
A velocity meter (VM) is a singly-integrating, 
acceleration-sensing instrument which has become 
important in providing precise, continuous velocity 
information for navigation of a wide variety of 
vehicles, from submarines to ballistic missiles. 


The increased autonavigator accuracy achieve- 
ments and objectives have placed greater emphasis 
on instrument and associated instrument electronics 
error sources and their design to minimize these 
errors. This paper is primarily concerned with 
error sources which are affected by the design of 
the VM servo control amplifier. The environmental 
conditions, the pendulous nature of the VM, and the 
accuracy specifications are analyzed to provide 
requirements for synthesis of a VM servo control 
amplifier to achieve the desired system operation. 


Introduction 


Automatic inertial navigation is a form of 
dead reckoning which has been gaining importance 
in the past ten years. Several desirable charac- 
teristics of this type of system account for its 
increased use. Among the most significant advan- 
tages are high accuracy, fast time response and 
being completely self-contained independent of 
external interference. This type of system is 
used in a wide range of applications; from sub- 
marine to ballistic missile guidance. 


A typical inertial navigation system has a 
‘gyro-stabilized platform with an orthogonal coordi- 
nate system fixed to the platform of known orienta- 
tion. A gimballing structure supports the platform 
to the vehicle providing complete maneuverability 
of the vehicle. On the platform are mounted accel- 
eration sensing instruments with sensitive axes co- 
linear with the platform coordinate axes. In some 
systems the acceleration sensing instruments are of 
the singly-integrating type or velocity meters. 

The pendulous velocity meter (VM) is of particular 
interest and is to be discussed in this paper. 


The concept of applying Newton's second law 
of motion to navigation is not new, however, the 
application of many specialties and new techniques 
have been required to achieve a functional system 
of useful accuracy operating in a realistic envi- 
ronment. Navigstional instrument design has 
reached a very high level in the art and science of 
force balance. Many error sources of a pendulous 
velocity meter must be considered in producing a 


successful velocity meter system. Some of these 
errors can not be changed by the control amplifier. 
Those which can be influenced by the control ampli- 
fier design are analyzed in this paper to establish 
the requirements of the VM control amplifier. 

From the error considerations, the control ampli- 
fier design is synthesized. 


Description of Pendulous Velocity Meter Operation 


Operation is based on the principle of sens- 
ing deflections of the pendulous element from null 
under the action of acceleration, and applying a 
torque back to the pendulum to restore null via 
some form of rotary coupling characterized by 
generating a torque which is a linear function of 
rotational velocity. The coupling, which is a 
differentiating device, may be visualized as a 
liquid-shear coupling or as a magnet-and-conductor 
arrangement as in an automobile speedometer. The 
relationship is expressed in Ea. (1). 


Pe =Do ee 


where 


‘uU 
i} 


pendulosity or pendulum unbalance 
6 = input acceleration 


D = torque applied to pendulum proportional 
to motor angular velocity 


o= angular velocity of motor shaft 


If the torque balance stated in Eq. (1) is main- 
tained, the velocity at any time, assuming zero 
initial conditions, is given in Eq. (2) by inte- 
gration of both sides of Eq. (1). 


Phd, =D "do 


Spat Ea 
Ca pies 


(2) 


The motor shaft angle, 0~, is then a continuous 
measure of input velocity, e - 


Function of Control Amplifier 


It is the function of the control amplifier 
to maintain the torque balance expressed in 
Eq. (1). An input acceleration acting on the pen- 
dulum unbalance will cause the pendulum to rotate 
on an ultra low friction bearing. An angular 
pickoff will detect the pendulum angle and provide 
an electrical input signal to the control amplifier 
proportional to the pendulum angle. The control 
amplifier will amplify, compensate, and provide 


power back to the VM motor to rotate the torque 
motor at the proper speed to hold the pendulum 
(via the coupler) at near null position and main- 
tain the desired torque balance. The primary 
question, so far as this paper is concerned, is; 
how small a null is required for a given accuracy 
operating in a known environment? 


Nomenclature 

Da = damping coefficient between pendulum and 
torque motor shaft about the y axis 

D, = damping coefficient between pendulum and 
VM case about the y axis 

E = torque motor applied voltage 

Es = toraue motor starting voltage 

£ = frequency 

F(o) = zero frequency control amplifier gain 


F(s) = control amplifier transfer function 


G = 1/H 
H = stiffness, defined as the ratio of torque 
applied to the pendulum to the resulting 
pendulum angle 
HZ = zero frequency stiffness 
I = moment of inertia of pendulum 
za ea ka 
: a Ty? aio principie moments of 
inertia with respect to xyz coordinate 
system . ; 
Ixy? I? etc. = products of inertia. 
The pendulum coordinate system is ori- 
ented so that these terms are zero 
J = Polar moment of inertia as seen at motor 
shaft 
K = open loop gain 
tres % K/D,, 
Kn = motor velocity constant 
K = spring constant between pendulum and VM 
P case about the y axis 
Ky = motor torque constant 


x = motor back emf constant 


Ky = pendulum pickoff relating pendulum angle 
to voltage 

M = angular momentum of pendulum as defined 
in Eq. (5) 


= mass of pendulum 
m™p 


P = pendulosity of pendulum. P =P=r =m 
Zz cg Pp 
a= s Pes 
Xe ey, 
2 
PaaS peak motor I, R losses 
P4Z = ae pole, zero of F(s) 


q S yok 


ne = motor armature resistance 
Ryy = cross-correlation function 
r = distance between origin of xyz and center 
cg 
of mass of the pendulum 
s = Laplace transform operator 


S(f) = Spectral density 


t = time 

it = total torque applied to pendulum 

Te = motor time constant 

é = mechanical viscous friction as seen at 


motor shaft (contains Dy) 


) = absolute pendulum angle, angle of xyz 
coordinate system with respect to XYZ 

@, = 7 - B, = pendulum angle with respect to 
VM case about the y axis 

ps = pendulum angle to start torque motor rota- 
tion 

eC = distance separating the origins of xyz and 
XYZ 

(ay = absolute angle of torque motor shaft 

g = absolute VM case angle, angle of x,y,24 
coordinate system with respect to 

y = stiffness phase angle 

2 ae 1/T,, 


i,j,k, unit vectors along the coordinate axes of 
xyz 

Subscripts x, y, z identify the parameter to a 
specific axis; such as, Ot, is the acceleration 


of VM case along the X axis. 
Derivation of VM Transfer Function 


A three dimensional analysis of the pendu- 
lum is performed, from which a block diagram is 
constructed and several error sources made appar- 
ent. 


Figure 1 indicates the general VM configura- 
tion with coordinate axes shown. Three orthogonal 
coordinate systems are used; X, Y, Z is an iner- 
tial reference, x, y, 2 is placed in the VM pendu- 
lum, and x,» yj, 2, is placed in the VM case and 
torque motor but not rotating with the motor. 


A summation of applied torques acting on the 
pendulum will yield the desired relationships; 
this is expressed as a vector equation 


T = co +OxM+ ere (3) 


If the origin of the pendulum coordinate system 
were placed at the pendulum cg then Eq. (3) would 
reduce to the more common form of Euler's equation. 
It is convenient, however, to avoid the relative 
translational motion between the origin of xyz and 
X19 24 by placing xyz at the pendulum pivot. 


Equation (3) can be expanded into three com- 
ponents of torque about each pendulum axis in the 
following matrix: 


Get 21 a) ijk wey k 
Here ay ees We 
ed bol eg Coe Gul eat G09 (Om bee -Piap- 1p 
yx YY V4 vy BS EY ee 2. ve igre 
Tox ly Ton “ i M. re Oxy fe) 
(4) 
and 
Tx lay To x 
qeaetin ft ° 
2X ZY 22 Z 


Of primary importance is the torque acting 
about the y axis; this is given in Eq. (6) with 
the cross products of pendulum inertia and Le and 
Py equal to zero. 


ecm st o+6 6 (1 =i) eer 
ZZ 


y Vy. I Z @x (6) 


The input axes of the platform system are 
with respect to the VM case, so that the input 
acceleration 2) and input rotations @ and @ 


must be broken Pato components referred to = 
“a oh a ee 


Ox = Oxq 098 (0, ee + @,, sin (0, - g,) (7) 
which reduces, for a small difference angle, to 
Cx Ou * Px Ce 4 td “ak P21 % (8) 


Also, the angular rates, 0. and @ 2 are transformed 
to the VM case axes 


4a i (9) 
a = 2,0, (10) 
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From Fig. 1 it is observed that the applied 


torque to the pendulum about the y axis, Lys is 
given by Eq. (11). 

=e): (Oo) eRe (Os nu 
ta ar ysh cir (12) 


el ates 
Das One 

Combining Eqs. (6), (8), (9), (10) and (11), 
taking the Laplace transform with zero initial 


conditions and rearranging 


[hy + (D, + D 4) s +k al a) 6s) 
2 2 
+ (pe Ty) [88,2 -©,(8)°) 
ae ae 
SONS a, (8) x [8 i K] #,(s) 
+ DED (s) + PO a(s) + PE 1 (s)0, (s)(12) 


A second equation can be considered as a two 
dimensional problem and is the transfer function 
of a motor with voltage input and shaft-angle out- 
put, as expressed in Eq. (13) 


Gy (s) _ Ss 1 
Seep eee 3 
5 aR aT ae (13) 


Equations (12) and (13) are used to constrict 
the block diagram representing the VM servo, see 
Fig. 2. The block diagram is then a representa- 
tion of the VM servo loop which is to be stabili- 
zed by the control amplifier, F(s). 


VM Servo System Requirements 


Requirements of the control amplifier, to 
stabilize the servo system represented in Fig. 2 
so that Eq. (1) is approximated within specified 
accuracy, are considered next. Several properties 
of the system must be determined to establish 
design parameters of the control amplifier. The 
amplifier design characteristics are determined by 
investigating error sources and establishing para- 
meters and gains so that the errors associated 
with the controller are acceptable compared with 
performance specifications. Specifications gener- 
ally call out 


1. threshold acceleration, ©, 
2. threshold velocity, Cat 


3. maximum allowable acceleration error, 
Cem 
. maximum allowable velocity error, Com 


5. maximum input acceleration, Cxam 


6. maximum cross axis acceleration Cain 


7. spectral density of noise environment 


Stiffness 


It is convenient to relate all error sources 
and gains required to meet the accuracy specifi- 
cation in terms of stiffness as a function of fre- 
quency. Stiffness is defined, here, as the ratio 
of applied torque acting on the pendulum to the 
resulting pendulum angle. All error sources are 
then related to the same plot, Fig. l}. Amplifier 
requirements can then be established so that all 
errors related to amplifier design are within the 
allowable values. 


Consider the VM servo loop as 


Ty 


on a 
P 


ug 
(s) 
=n,s Gs + + 2 


These variables are usually represented on a 
stiffness chart as shown below 


Pe Dp Im 


Ip 
represents the ratio of polynomials in 


where ie 


s determined by the motor break frequency, _ and 


F+vge+h 


the equalizer F(s) = where 2 is 


s s 

+1 +1 
: (Sy + 155 +2) 
set about = and oO, is the open loop crossover 
frequency. 


The system can be designed on the stiffness 
chart. For general design purposes the compen- 
sation break frequencies, maximum and minimum 
stiffness values should be set and indicated on 
the stiffness chart. 


It is convenient to normalize stiffness. 
Consider the system without compensation for a 
moment as shown below. 
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The uncompensated system may lie anywhere in the 
shaded area, If K, is normalized about D_, the 
ordinate becomes tHe loop gain K. If the? fre- 
quency is normalized about the motor break fre- 
quency, the plot becomes: 

An K 


KMAx 


Kmin 


And Ton 


Minimum Stiffness Requirements 


There are errors which can be decreased with 
increasing stiffness. These error sources are 
analyzed separately, but added together to arrive 
at a minimum stiffness curve above which the VM 
servo loop must operate, as indicated in Fig. h. 
The first six effects are all low frequency con- 
siderations which establish zero frequency stiff- 
ness; the seventh is primarily a mid-frequency 
effect which determines the minimum stiffness. 


Cross-axis coupling. The pendulous nature 
of the VM makes it sensitive to the linear accel- 
eration along the axis orthogonal to the input and 
pivot axes. This is observed from Eq. (8); the 


input acceleration, Cx? is in error by 


OPP E CLO (1h) 

e P is the input torque to the pendulum which 
mistube balanced by the feedback torque, but to 
get a feedback torque there must be an angle 9. 
The stiffness is then P 


@_,P 
ee (15) 
(e) 
p 
Combining (14) and (15) 
Crim Cxim 
Hy = Samy ore P (16) 


All accelerations of Eq. (16) are known from the 
system specification. P is also known for a given 
VM. 


Velocity threshold. A starting voltage is 
required at the torque motor to start rotation as 
indicated in Fig. (5a). There must be rotation, 
G~_» before a torque can be applied back to the 
pendulum to counter an input acceleration. During 
the time the motor voltage is below the motor start- 
ing voltage, there can be an input acceleration, 
but there will be no output indication; this gives 
rise to a velocity threshold which is a function 
of the low frequency servo gain. 


At low frequency the pendulum transfer func- 
tion reduces to 


2 Leap a eG 
PCy (D, ce 


for no rotation of the VM case g = O and negli- 
gible spring constant K_. No feedback torque is 
applied since the motor’is not rotating; the servo 
is open loop. By integration of (17) 


et PS 
dem =.(D + raf 


(17) 


ig de. 
Pp 


° (18) 
e Cet —~ (D, - Dy) Cos 
where @__ is the pendulum angle required to pro-= 


duce motor starting voltage and related to motor 
starting voltage by 


5 K,F(o) = E, (19) 
The zero frequency stiffness, from Fig. 2, is 
Ho = Ky F(o) IS Ds (20) 
Combining Eqs. (18), (19), and (20), 
1 Ne IBY GD. a 10) 
Epes en! nC ( p @ (21) 


SC en omens 
Cet 
Again all quantities of (21) are known from the 
specification or from the VM. 


Amplifier null drift. The required stiff- 


ness to take care of an amplifier drift, referred 
to the output, is the same as given by Eq. (21) 
with Es replaced by Ey and Cot replaced by Com 


(22) 


where Eq is maximum allowable amplifier null drift 
voltage referred to the amplifier output. 


Velocity error. The maximum low, frequency 
torque applied to the pendulum is P @. which 
generates a pendulum angle 9 5 the stiffness is 
then se 


xim 
ee (23) 
° om . 
Combining Eq. (23) and (18) with 9 and 
replaced by Com and Com ps Cot 
C (D. +D,) 
xim 
Hot : ; “ (2h) 
Cem 


Acceleration error. A pendulum spring con- 
stant, K_, will give rise to an acceleration 
error for a non-null pendulum angle. The spring 
torque is interpreted as an input acceleration 
and given by 


e, EVE (25) 
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Combining Eq. (25) and (23) 
en 
g Cem P 
This acceleration error can be considered as part 
of the VM scale factor, but then K_ and the con- 
trol amplifier gain must not changé a specified 
amount. It is more desirable to reduce this error 
as expressed in Eq. (26). 


(26) 


Acceleration threshold. Acceleration thres- 
hold does not change the scale factor in a linear 
fashion and must be made small, The torque bal- 
ance between allowable acceleration threshold and 
spring torque is given by 


ae K oC Le (27) 
Combining Eqs. (19), (20), and (27) 
Kemer Dhue 
(28) 


Ho = po 
Cet 
Periodic cross-axis acceleration effects. 
The pendulous type velocity meter is susceptable 
to errors introduced by translational input com- 
ponents along the cross-axis when they are corre- 


lated with the pendulum deflection as a function 
of time. 


If an acceleration exists simultaneously 
along input and cross-axis, the total resultant 
torque about the pendulum pivot axis may be seen 
to be 


T(t) =P Cr (t) +P 6, on (t) (29) 
The first term of Eq. (29) is the component of 
acceleration which is meant to be sensed, the 
second term being an error. The resulting error 


torque is 
Ta (tama P 6. (t) © 23 (t) (30) 
The average error torque and the corresponding 
acceleration error are 
T=P 0,(+) C 14 {*) (31) 
= P Rg, G21) (32) 
Diy “tulguptiey hO) 3 
Cen %e, @z1 (33) 


The acceleration error may be related to the spec- 
trol density by 


. at 
Cents Hou esi tttace (3h) 
which may be shown to be equal to 
se all 
Cem = te) Be Cxl C zl (f) Ge (32m f) df (35) 
@ (s) 
(36) 


where G (s) ” Sats) 


Spectral density is a convenient criterion to 
employ since data are usually available. However, 
cross-spectral density data are normally not tabu- 
lated. <A simplified and probably more realistic 
approach to the noise problem is to assume that 
the noise on the input and cross-axis is actually 
components of a single signal applied in the plane 
defined by the two axes under consideration, at an 
angle “from the input axis. This insures a worst 
possible case consideration. 


ae _ Sin 24 
Cen — ses fs 


Now, G(s) = 


pendulum stiffness, or 


en f) af 


_ (£) GRC; (37) 
Cn 


iy 
Hits) where H(s) is defined as the 


B(s) . 

da ay. 

H(s) = ay (jo) = |x| (38) 

Let us now further assume that A= 5° maximizing 
ca yielding: 


S 55 (f) 
2a ae (39) 
o S =. (f) 
-3{ : ere) a ue) 
ras 56 (f) cos 4 
“5 a (42) 
Assuming a worst minimum value for \H to be 


essentially constant and a worst possiBte value of 
cosy 


ao 
=P P [ 
= S ~~ (f) af 

Cem TF in Pee 
Now this can be examined in two ways. We may con- 
sider S¢ée to be composed of band limited white 
noise of amplitude h up to some frequency, fn, or 
as a sum of sinusoidal signals, aj; sin 27 fj t, 


near the resonant frequency of the stiffness curve, 
Assuming the sum of the two, D 


Dee n?m+ Dab = |P 


Cem ~ Tas 


The minimum allowable stiffness, determined by 
this criteria, is given by Eq. (hk). 


(2) 


(43) 
(44) 


It is sometimes found that the vibration and 
allowable acceleration error specifications 
require the stiffness, as determined by Eq. (hh), 
to be higher than is desirable. In this case 
cross-axis acceleration effect is analyzed after 
the system parameter gains have been established 
by using Eq. (1) which includes the phase angle, 


yY 
Minimum gain to avoid servo saturation. 


Multiply the to anticipa input amplitude 
spectrum S( Gq ) consisting of noise plus signal 
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by where 0 

D, pmax pmax 
ment which causes servo saturation, This is the 
translated input amplitude spectrum curve which is 
plotted on the normalized stiffness chart. To 
avoid amplifier saturation, the normalized stiff- 
ness curve must lie above the translated input - 
amplitude spectrum curve as shown in Fig. h. 


is the pendulum displace- 


Compensation 


A later section will show that we wish to 
restrict the compensation to the form 


s s 
F(s) = ———————"—_ where P,7 2,7 2.7 p (45) 
(Sah Sa Ce ena ad 
a Po 
and higher frequency noise - attenuating lags are 
introduced. Now, on the normalized stiffness plot 
Pi» P and z, as a function of loop gain may 
‘ Ge tieatr ate Me phase Bee may be expressed 
oe’ 3/h 
PM = 2 tan! ay + 36° ea. (2 y REE: (46) 
e 


, is ates graphically. Let —e#= a Th 
2 m 
compensation loci as the gain is varied is plotted 


on Fig. 3 and indicated again on Fig. h. 
Maximum Gain Determination 

Excessive gain causes hot spots in the 
instrument due to copper losses in the motor which 


should be held to a minimum. Motor acceleration 
is related to the copper losses by: 


K . 
= —% max s 
eC Ra att 


For frequencies sufficiently far belowW ps 


(47) 


(48) 


For the moment, consider H = Ky 


(SF +2) 
(49) 


(50) 


wo 
Oy +1)(=s +1) (52) 


e 


Pmax 
a 


where K' = 3 finax 


Sketching on a standard stiffness chart for fre- 
quencies up to QO oe 


K’Kn 


Kh 


K'@ se haan Ege 
(oe) é ES ea oe 
Be Ate ee Sos Ds 2 (52) 
2 Dae 
Z 
K, <D a oo = 22 Kt Dd [Pmax’ (3) 
PoP Tt. ar Py Tdmax \ Ra 


For sufficiently large values of loop gain, one may 
show that for optimum phase-margin setting 


Zz 
on K 
Py” . 200, (5h) 
Then > 
ee t Dd 
aa (Fg) sO p, (55) 


which may be applied to the normalized chart. 
If K is between its maximum and minimum 


allowable values as established in previous sec- 
tions, then it follows that:- 


(56) 


Non-linearities 


The VM poses some interesting problems in 
equalization in that the open-loop cross over fre- 
quency must be better than two orders of magnitude 
less than the open-loop gain using an RC network 
with small valued components, The most obvious 
approach would be to use a filter whose profile is 
shown as Fig. 5d giving rise to a system whose 
Nyquist diagram is indicated in Fig. 5c. 


The small deadband in the motor as shown in 
Fig. 5a causes a limit cycle at point B and system 
and environmental noise tend to cause a limit cycle 
to exist at point A, as the conventional describ- 
ing-function technique will bear out. One is 
entirely limited to a network of the form Fy (s) as 
shown in Fig. 5d with higher frequency lags’ for 
noise attenuation. 


Effects of Case Rotations 
As the reader has seen earlier, rotation of 


the VM case also applies a torque to the pendulum 
and affects the output. However, we will show that 
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the effects are negligible. The variables fg, B, 
xs 

and g, represent changes in the inertially 

stable platform angular attitude. Assume the 


following: 
6, = 6. s eengin (Qt +A) (57) 
Pa dees BE OSD GSAT AD) (58) 
6, = b Rayan C@ 3¢ +f) (59) 


Examining first the torques developed by 6. and 6, 
en 9 tte 

[ae * Lal | 08, ig ,. ac B, 0) (60) 

al B mare oma” o, cos (W, t +A) cos (Wt +§) 


2 2 2 
z 9, Bary’ ne P03 @,t ues PomaxS? cos” (2,t ‘) 


The maximum average or bias torque is sensed when 
men, Asé 


Ay 
Goer 


2 
—— or 2 
Tq iy ah. g, max G), 


@xz max 


Q.2 
=f e, (a. x max Q, Fanax93?)| 


2] 
ae 
Bele iraas Lee Oras (61) 


In practice, this bias torque is far too small to 
be even sensed by the system, The effect of J on 
@. may be shown as follows: Assume that the pendu 
iim angle resulting from B, is less thane , 

Then: Hy 


2 
e or Te Wie OS + D4s (es 
y i + - * Ds + K, 
The equivalent disturbing torque is 
Tag = , ee s + D4) (63) 
Ts, bot) (6) 


Nonsinusoidal values of Bs @,and#Z, i.e. 


transients, are of such amplitude and duration 
that their effects are negligible. 


Conclusion 


A study was conducted to determine the source 
and magnitude of the errors which are inherent in 
a pendulous type velocity meter. Of the errors 
examined, the effects of those which could be 
minimized by the controller were discussed in this 
paper. Controller requirements were established 
which would minimize these errors. Non-linear 
properties of the VM servo loop imposed require- 
ments on the design of the VM control amplifier; 
these were also considered. The results of the 
error analysis and the controller requirements 


were presented graphically on a stiffness chart 
which clearly indicated the permissible region in 
which the controller must operate. 
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LOCI OF Z2 , P} AND Py AS A 
FUNCTION OF GAIN 
FOR SELECTED VALUES OF PHASE 
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Summary 


The subject of this paper is the analysis of 
periodically switched electric networks. A meth- 
od for determining a sampled-data system which is 
equivalent to a given member of a class of peri- 
odically switched electric networks is first pre- 
sented. A technique for determining the response 
of the system to a given input function is then 
discussed in detail. 

Next it is shown that it is possible to 
identify a time-invariant electric network with 
the same response to a step-function input as the 
envelope of the response of the switched network 
exhibits when the input to the switched network 
is a suddenly applied constant—amplitude sinusoid 
at the switching frequency. This "equivalent" 
d-c network can be utilized to advantage in the 
design of carrier systems in which periodically 
switched electric networks are employed as com 
pensators. 

Examples are then presented to illustrate 
the application of the theory, and the results 
obtained by this method are compared with those 
obtained by a different method, proposed earlier. 

Finally, it is pointed out that the response 
calculated by the use of the method presented in 
this paper is theoretically exact and that the 
technique can be extended to encompass a wide 
class of periodically switched linear systems. 


introduction 


For various reasons, the use of synchronous 
switches or choppers in feedback control systems 
is becoming ever more common. The networks in- 
corporating the choppers cannot be analyzed sim 
ply by the well know techniques for the analysis 
of linear networks with constant parameters be- 
cause the effect of the switching is to alter 
network parameters periodically. It is natural, 
therefore, to attempt to apply in the analysis of 
such networks some technique which has satisfac- 
torily been employed in the analysis of systems 
with time-varying parameters. The use of one 
such technique, based on the z—transformation, 
is presented in this paper. 


Representation of a Periodically Switched 
Passive Network as a Sampled-Data System 


The widespread use of synchronous vibrators 
(or "choppers") in electric networks has given 
rise to a need for a convenient method for an- 
alyzing periodically switched electric networks 
of the type illustrated in Fig. 1. If the form 
and the values of the components of the output 
network in such a system are known, then the out- 
put, e,, of the complete system is determined by 
the patie of e, at the instants the switch arm-~ 
ture leaves the left-hand contact. Since these 
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discrete values of e, occur periodically, it fol- 
lows that the switching operation may be regarded 
as conventional sampling, and that the network 
illustrated in Fig. 1 is equivalent to a conven- 
tional sampled-data system. 

The method used to obtain a sampled-data 
system which is equivalent to a given network of 
the general type illustrated in Fig. 1 is pre- 
sented below. For illustrative purposes special 
forms of the general network are chosen. One 
particular network, shown in Fig. 2, is of prac- 
tical interest and has been studied by Bolie~ for 
R2 = 00 and e;(t) an amplitude-modulated sinusoid 
with carrier eae equal to the switching 
frequency. 

The switch in the circuit illustrated in 
Fig. 2 is actuated at a constant rate of 1/T 
times per second. Ideally, the effect of the 
switch is to complete the circuit between ter- 
minals 1 and 2 for 


KT < toca (ka8) Tos kes tc, ee, (1) 


(2) 


where 7 
O15 655.5, 


is the dwell time of the contacts, and to com- 
plete the circuit between terminals 2 and 3 for 


(B42 gt< (eS) a Hin k=O0,1,2,006. (3) 


In so doing, it has the effect of closing the 
left-hand loop (thus impressing e,(t) upon the 
series RC Circuit) for kT <¢ t < (k+8)T and open~- 
ing the left-hand loop for (k+8)T < +t < (k+1)T. 
Furthermore, it has the additional effect of 
sampling the output of the low-pass network com 
prised of Ry and C at the instants 

(4) 


t= (k+8)T, k =0,1,2,... 


and storing a proportional electric charge on the 
capacitor at those instants. Finally, in closing 
the right-hand loop, it permits this stored 
charge to flow through the resistance Ro, with 
the result that the output e3(t) is a train of 
pulses, each of width 6T seconds, with leading 
edges of adjacent pulses separated by T seconds. 

For kT ¢ t < (k+8)T, then eo(t) is identi- 
cal to the voltage which would appear across the 
terminals of the capacitor C if the switch were 
inoperative and in its left-hand position for 
t > 0 provided that 

a e,(t) be replaced by 

e,(t) & 07(t)p(t), (5) 


where 


fee) Z 
p(t) = Ep (tea (t- H1) -w_glt- (e+0)2] } (6) 
where u_,(t) is the unit step function with dis- 


continuity at t = 0 and 
b) the contribution to eo(t) om 


nT < t < (n+ 8)T due to e,(t) for t < nT 
be eliminated 


and 
c) the charge on the capacitor at t = kT be 
made 
a(x?) = Cesl (E54 + 5)1-]. (7) 


Since the system is linear, the complete re- 
sponse can be obtained by superposition. The con= 
tribution to eg(t) due to e,(t) is 


e,(t) = £71e(s)E,(s), (8) 

where < 
G(s) = are (9) 

with A 
T, = RC, (10) 


is the transfer function of the network on the 
left. 

The contributions to eo(t) om nl ¢t <M@ts)T 
due to e,(t) for t < nT and q(kT) for k <n can 
be eliminated by introducing as a second input in 
addition to e,(t) to a uit with transfer function 
G(s) volts per volt a voltage 


og(t) 2 aye 2 onl (xr a)telult—(x+a)m+]. (22) 


Finally, the charge on the capacitor at t = 
kT can then be made to satisfy (7) by introducing 
into the unit with transfer function G(s) volts 
per volt a third input, 


8 S 9 (k=l 
a) Bayalo eg Fos (AG + abe (e-20) 
where q(0-) is the initial charge on the capaci- 


tor (at t = 0-). 
In the special case considered by Bolie, 


R, = ©. (13) 


For this condition, the value of ea[(k+8)T] is 
simply memorized for the following (1-8)T sec- 
onds. (That is, the pulses comprising e3(t) have 
flat tops.) Such an output is readily obtained 
in a block diagram by introducing at the output 
of the block representing a unit with transfer 
function G(s) an ideal sampler that operates at 
t = (k+8)T, k = 0,1,2,... and following this 
sampler with a delay unit with dead time of 
(1- 28)T/2 seconds and then a clamper with trans- 
fer function 
nies eos 

G(s) = +=2—, (14) 
Thus, it is seen that, for Ro = o and q(0-) =0, 
the network illustrated in Fig. 2 can be repre- 
sented by the block diagram shown in Fig. 3(a). 
Finally, it can easily be shown that, insofar as 
the relations between e3(t), e,(t), and e;(t) are 
concerned, the block diagram show in Fig. 3(b) 
is equivalent to that show in Fig. 3(a). For- 
thermore, the operation of sampling at t = (kt8)T, 
k = 0,1,2,..., is equivalent to advancing the 
Signal to be sampled by 8T seconds, sampling at 
t = kT, and retarding the resulting train of im- 
pulses by 8T seconds. 


For the system studied by Bolie, 


e,(t) = e, (t)cos(at+ 9), (15) 
where the carrier frequency is 
Q = an rad/sec. (16) 
It follows that in that systen 
e (t) = e, (t)cos(ar +o)p(t). (17) 
In general, if 
f,(t) = f, (t) cos (at +@)p(t), (18) 


the process of deriving f3(t) from f(t) can be 
represented either as shown in Fig. 4(a) or as 
shown in Fig. 4(b), because of the commtative 
property of the operation of mltiplication. The 
representation in Fig. 4(b) is very convenient 
because of its physical interpretation as the 
modulation of a chopped sinusoid by the input 
function f1(t). Accordingly, it is convenient 
to use the block diagram shown in Fig. 5 to rep- 
resent the network illustrated in Fig. 2 with 
q(O-) = 0, Ro = 00, and e;(t) given by (15). 
Then, by the use of a simple and well known tech- 
nique, the block diagram can be reduced to the 
form shown in Fig. 6. 
The significance of Fig. 6 is as follows: 

(a) there is a closed-loop sampled-data sys- 
tem, in which samples are taken at t = kT, with 
closed-loop transfer fumction 


22) = aaa ; (19) 


where H(z) is the z-transform corresponding to 
oe G(s). 


(b) the Laplace transform of the input to the 
closed-Loop sampled-data system is 


R(s) = e'**G(s) XLe, (+) cos(at + g)p(t)] (20) 
= eas) tle, (t)#,(t)], (21) 

where 
£, (+) 2 cos(at +p) p(t). (22) 


(c) Each of the impulse functions (at t = kT) 
comprising c(t) is delayed by T/2 seconds and 
then clamped for 65T seconds, with the result that 
e3(t) consists of a set of rectangular pulses of 
width 6T seconds, with leading edges at 
t= (AFA, 


Detexymination of the Response of the 
Perjodically Switched Passive Network 
to a Given Input 
It is evident in Fig. 6 that 
R(z) =3Le°**a(s)E,(s)]. (23) 


In general, 
B(s) = Lle,(t)t,(t)] (24) 


m5 l C+ jx 


ah (25) 


B,(p)F,(s - p)dp, 
where Cy < [Re s] is greater than the abscissa of 
absolute convergence of BE, (p) 5 and, in particular, 


if 
e, (+) = Eou_, (t) ; (26) 


then 
-oTs 
BE (s) = E (s cos g-OQsin g)(1-e7"*Scos 0 87) 
m amare = 
(s* + 9°)(1- 0778) 
sin 08T(2 cos +s sin plese os (277) 
(s* + 07)(1- eS) 
If the input to the system illustrated in 


Fig. 6 is a step of voltage of magnitude E , then, 
it follows that : 


Eo es 
teeWt8 2mj Jc - joo 


+05 
° 


b5Tp 


* = ; 
R*(s) (p*+ 0°) (ty pt1)[1-e-Ns-P)] 


{pcos d—Qsin g)[1- eolp cos NS5T]+ el Psin QSTO cos ¢ + psind)} dp 


epi (28) 

(e8*= 1)(e8* - e~2/71) (29) 
where A 
K= 


(t8in(QdT+p) + cos(2T+p) - eu A T1@ 1sin p+ cos @ 
SSS See SS Ns Rs Te "a eR 


ao (30) 
Accordingly, under the conditions stated above, 
2 
KE,2 
R(z) = 2 (31) 


(z-1)(z- 1/71) ; 


The pulse transfer function H(z) in (19) can 
be determined also by contour integration or by 
the use of tables. However, it is often conven- 
ient to use the following alternative method.* 
Expanding H(s) in partial fractions yields 


pipet Mats -(1-8)Ts , -(1-8)Ts , 
8 


st+l/ry 8 st l/r (32) 
Hy 
ca les Tol Z si oe (33) 
H(z) zZe-1 Poet Ze1 or aaa 
-8T/tL -T/71 
= = (34) 
pe ene TL ? 
and 
Clz) = 
Ra} = T= HG) ey 
=a etl (36) 


g- Pa Th 


Substituting the right-hand side of (31) into 
(36) and solving for C(z) then yields 
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2 

KEQ2 
(z-1)(z-e/"1) 
The inverse z—transform of this C(z) is 


C(z) = ‘ (37) 


c(t) = 
KE a = 
1-e75T/T1 k=0 S ( 


Finally, the effect of the delay and the clamping 
action ds to convert this train of impulses to 
the pulse train 
KE 
e,(t) = 2 


Soo B [1- eo (et1)89/73] 
1-e 


k=0 
{u_le- A r]-a_[e- + 0)2)} (39) 


Tms, it is seen that if the input to the network 
illustrated in Pig. 6 is given by (26), then the 
output of the network has the form illustrated in 
Fig. 7. For an input step of given polarity, the 
sign of the output is determined by the carrier 
frequency 9, the time constant 1, the dwell 
time 5T, and the phase angle o. 

The value 9, of » for which the sensitivity 
of the network is maximum can be found by differ~ 
entiating the right-hand side of (30) with res- 
pect to » and equating the result to zero for 
~=@,- Thuis it is found that 

-8T/t1 


x Qt, cos 06T -sin 0 &T = OtVe 
Qn = arctan eee ta : 


Ot, sin 26T+ cos 08T-e 
(40) 


One of the two principal solutions for yields 
a train of positive pulses for e3(%); the other 
yields negative pulses. Except for this differ- 
ence in polarity, the output is independent of 
the choice of the solution to (40). 

The d-c network which responds to a unit step 
as the envelope of the response of the switched 
network under consideration responds to the step 
of carrier impressed upon the input terminals of 
this network is a cascade connection of an ampli- 
fier or an attenuator and the familiar lag net- 
work with a transfer function of 


t1(1- e7T/t1) 
ao = [FE | 


pe lake Sie Sh 
5 s 
ax Ey ed 
6 
This equivalent dec network is illustrated in 
Fige 8. 


41) 


Example 1 
The values of the parameters of the system 
illustrated in Fig. 2 are 
1) T = 1/400 second 
2) 8 = 0.4 
3) 9 = Om 
4) Ry = 106 ohms 
5)C, = 1076 farad. 
Determine the response of this system to the input 
e,(t) = cos(at + 9), (42) 
given that the system is initially quiescent 


(isee, q(0-) = 0). 
Substitution of the given values of T, 5, Ri» 
and C, into the right-hand member of (40) yields 
ais 108° or 288°. 
Choosing 9, = 288° to obtain positive pulses and 
substituting this value along with the given val- 
ues of the other parameters of the system into 
(30) yield 
K = 7.57x10, (44) 


Finally, (39) becomes 
e,(t) = 0.757 s [1 - (0.999)**7} 
3 oie" 40 : 


{u_le- (Ayr) -u_jfe- AA eoyry} , (45) 
re 


T = 0,0025 (46) 
and 8T = 0,001. (47) 


It should be noted that this result can be ob- 
tained mich more readily by replacing the switched 
network with its equivalent d-c network, shown in 
Fig. 8, and determining the response of the d-c 
network to a unit step applied at t = 0. The ac- 
tual output of the switched network can then be 
drawn under the graph of the response of the d=c 
network so as to have the appearance indicated in 
Fige 7e 


whe 


" 


Comparison of Results Obtained 


Bolie has solved the same problem,’ and he 
presents the solution in his (21). However, be- 
cause of a slight error in computation, this solu- 


tion is not quite correct. Since 
Sin O.An _ 
nie Aig (48) 


and not 0.753 as stated by Bolie, his solution is 
correctly given by 


a(t) = B(o)e*/7*9 + o.757vla - eo /79] (49) 
For the case under consideration, 


E(0) =0 (50) 
abe ¥. 5.1. (51) 
Hence, Bolie's solution to this particular problem 
is 
G(t) = 0.757(1-67%/2*5), (52) 


Accordingly, the amplitude of the pulse commenc- 
ing** at t= kT, k= 1,253,000, is 


= 0,757(1 -e Mt/209) 
= 0.757(1 -e 2) (53) 


0.757(1 - 0.999"), (54) 


which is identical to the result obtained in (45) 
by the use of z—transforms. 


Extension to the Case Where R, Is Finite 
If the resistance R, is finite, rather than 


Py 
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infinite as assumed in the analysis presented a= 
bove, the same general approach can be used. How- 
ever, it is then necessary to modify the transfer 
functions of the feedback element and the output 
element in Fig. 6 so as to account for the dis- 
charge of the capacitor during the intervals in 
which terminals 2 and 3 in the circuit diagram in 
Fig. 2 are connected. This has been done, and 
the resulting sampled-data system has been ana=- 
lyzed to determine the response of the corres- 
ponding network to a step input of modulation of 
the carrier. The results are shown in Fig. 9, 
for a network identical to that in the preceding 
example, except that R, = 100,000 ohms. 


Example 2 


The network illustrated in Fig. 1 is some- 
times employed also as a lead compensator in 
carrier control systems. For this purpose the 
input is an ideal modulator, output network #1 
is reduced to a pair of conductors, with a trans- 
fer function of wmity, and output network #2 is 
eliminated entirely, (that is, the output of the 
system is e,). The circuit diagram then has the 
appearance shown in Fig. 10, wherein it is evi- 
dent that the problem of analyzing the network 
under discussion is very closely related to the 
problem of analysis described in detail in Ex- 
ample le 

At any instant at which the circuit illus- 
trated in Fig. 10 is closed, as shown, 


e, (t) = e,(t) - e,(t). (55) 
Since the e,(t) in Fig. 10 is the e,(t) in Fig. 2, 


and since 
e, (+) =0 (56) 


at any instant at which the circuit is open, the 
sampled-data system illustrated in Fig. 11 de=- 
fines a mathematical model of the network under 
discussion, if 


RC 
G, (s) 2 Lore i (57) 
and 
(58) 


A ] 
G(s) = Ros +1" 

It is evident in Fig. 11 that the z—trans- 
form of e,(t) can be determined by simple applica- 
tion of the well defined rules for the analysis 
of sampled-data systems. What is actually de- 
sired, however, is not e,(kt), k = 0,1,2,3,.00, 
but rather either e,(t) itself or at least the 
envelope of e,(t). For this’ reason, the modified 
z—transform is used instead of the ordinary z= 
transform. Thus, it is found that 


on G1G3(z Sots) 
ba 0,8, (2m) ‘Tees a0, Zz , 


e,L (n=<1+ m)T] = 


where (39) 
GE (zm) 2 3 (6, (se (s)], (60) 
anc Sifaiast ta unten ae epee SReat) 

3 8 : 


6TS 


a,(s) 4 °a,(s), (62) 
and 
GG,(zym) = 3 [G,(s)G,(s)]. (63) 
It can be shown that if 
S. e, (+) = e, (t)sin Nt (64) 
e,(t) =B w(t) (65) 
and 
; a= 3, (66) 
hen 
E 


¥ i?) 
E, (z,m) Chaears #1)(z-1)(z-e77/*1°) 


(RCo cos 2nm +R, 0°? sin 2mn) (z = 2a 


~ R00 eMC. + T/AR1S) 
Eke en a 
(Ry°C*0*+1) (z-1)(z-e7 1’) (2-07 fl) 
ogn<h. (67) 


It follows from (67) that, under the specified 
conditions, 


e,[ (n+ m)T] = 
2.2 
RyC Qeos 2mm +R,C Fsin 2m 
Eo _ _ aye : e7mt/R 30 ‘ 
Ry 0202+ 1 l-e ah 


1 R,¢ Q coth Re e7(nt2m) 1/216 


n = 0,1,2,00-, O<m<s- (68) 


Furthermore , 
e,{ (ntm)T] = 0, n= O,1 2,0, acm. (69) 


It can be show that if two such networks are 
connected back-to-back and diode clippers are in- 
troduced so as to eliminate the spikes in the out- 
put waveform the resulting circuit is equivalent 
to the d-c network illustrated in Fig. 12, with 

RC 0 


2 -~ 
K= cos 9+R.CO sin 0- ——Saa re 0 27HC 
Ryomee e/a 


+ coth Re pail ame (70) 
where 
@ 23 - are ten roy) (71) 
and 
R,' F~} 
2K(R 4700" + 1) R, 
OT /2nR1C 
R,CO(cos © +R,CO sin °- Frage e aes 
and 2K(Ry*C70F +1) ey 


a es R,CO(coth ZRAC ent) a 
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and 
Os SeEC'. (74) 


A graph of e tt), plotted from (68) and (69), 
is shown in Fig. $3 for Ry = 3990 ohms, C = 
10-7 farad, and T = 1/400 second. 


Conclusions 


Periodically switched electric networks can 
be analyzed as sampled-data systems. The use of 
the z—transformation to describe the operation of 
such systems yields a convenient, compact, and 
relatively simple solution. When this approach 
is used, it is not necessary to limit considera- 
tion to those systems in which the input e,(t) 
and the output e3(t) are modulated carriers with 
non=necative envelopes, as in Bolie's method. 
Moreover, the solution obtained by the method 
presented in this paper is theoretically exact 
and the technique can be extended to encompass a 
wide class of periodically switched linear sys- 
tems. 

Alternatively, the problem can be solved by 
the use of difference equations. This has been 
done, and the results thus obtained are of course 
identical to those presented in this paper. 


Since the compensation obtained in a carrier 
control ‘system by the use of switched networks of 
the kind discussed in this paper is independent 
of carrier frequency, such compensating networks 
are superior to the more conventional a-c com- 
pensating networks for most applications. 

The analysis of carrier control systems 
which are compensated by a synchronously switched 
network of the kind under discussion can be con- 
siderably simplified by the substitution of an 
"equivalent" d-c network for the switched compen- 
sator and the substitution of an amplifier with 
appropriate gain for the modulator in the block 
diagram of the system. Although the analysis 
then yields only an approximation to the actual 
response of the system, considerable insight into 
the performance of the system can thus be at- 
tained. Accordingly this procedure is of value 
at least in the early stages of design. 
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FOOTNOTES 


*See, for example, Automatic Feedback Control 


System Synthesis, Jom G. Truxal, McGraw-Hill Book 
Company, Inc., New York, 1955, pe 55h. 

* See pe 1438 of reference 1. 

**Tt should be noted that Bolie chose his time 


origin to coincide with t =- 1/2 on the abscissa 
used earlier in this paper. 


Fig. 1. Diagram of a class of periodically switched electric net- 


works. 


Fig. 2. A particular example of the type of network illustrated in 
Fig. 1. 
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MATHEMATICAL MODELS FOR COMPUTER 
CONTROL SYSTEMS 


T. M. Stout 
Thompson-Ramo-Wooldridge Products Company 
Los Angeles, Calif. 


Abstract 


Mathematical models are often needed for design and justifica- 
tion of computer control systems prior to installation. They may 
also become an integral part of the control system itself, provid- 
ing a means for rapid and periodic determination of the best oper - 
ating conditions. Using fundamental physical and chemical princi- 
ples, relationships are written to describe typical process opera- 
tions. Both steady-state and dynamic models are considered. By 
means of “constants” which will be modified by the control com- 
puter, the models can accommodate slow and minor changes 
arising from variables whose effects are poorly understood. Some 
applications of the models are mentioned. 

This paper is to be published in the Proceedings of the First 


IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 
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MULTI-LOOP AUTOMATIC TEMPERATURE CONTROL SYSTEM DESIGN 
FOR FLUID DYNAMICS FACILITY HAVING 
SEVSRAL LONG TRANSPORT DELAYS 


G. J. Fiedler 


J. J. Landy 


Sverdrup & Parcel Engineering Co. 
St. Louis, Missouri 


Summary. This paper describes the systems 
analysis and design of an automatic temperature 
control system in the world's largest fluid dy- 
namics testing complex consuming 470 megawatts 
of drive power. The plant treated in this paper 
can be described mathematically as a 110th order 
system having 130 feedback loops. Facility com- 
ponent characteristics are mostly non-linear, 
with prominent distributed parameters and ten 
long, variable fluid transport delay times. Im- 
portant simplifications introduced to make the 
analysis and design work tractable include: (a) 
Application of the mathematical analogy between 
the theory of electric transmission lines and 
gas flow to validate the Separation of tempera- 
ture and pressure variations, (b) Selection of 
control frequency to permit lumped-parameter 
representation, (c) Design and construction of 
special computer devices and circuitry to simu- 
late transport delays from 0.2 to 141 seconds in 
length. These valid simplifications reduce the 
plant to a 14th order system having about 50 
feedback loops. The simplified system is sim - 
lated on an analog computer for economical syn- 
thesis and design of the controllers. 


Introduction 


The basic purpose of this work is to design 
an effective automatic control system for stagna- 
tion air temperatures in the stilling chamber and 
in the plenum re-entry duct in the wind tunnel 
complex illustrated in Figure 1. It is necessary 
that cooling water flow rate and temperature be 
controlled simultaneously in order to obtain the 
required system responses. Performance criteria 
realized is + 0.5% accuracy in transient and 
steady-state during all disturbances and the con- 
trolled variable overshoot does not exceed the 
specified value of 1.07 when making set-point 
changes over most of the operating range. The 
analysis is complicated by non-linearities in 
system characteristics, apparent interactions of 
pressure and temperature, prominent distributed 
parameters and long transport delays. The work 
is notable for the simplifications developed to 
make the analysis of this complex system both 
technically feasible and economical. These sim- 
plifications include: (1) Disclosure of two modes 
of propagation of temperature variations and 
their subsequent use in separating temperature 
and pressure effects, (2) Selection of control 
frequency to permit lumped parameter representa- 


tion, (3) Development of new analog computer de- 
vices and circuitry for simulation of transport 
delays ranging up to 141 seconds. 


The complex consists of three large inter- 
connected wind tunnels which form a single dy- 
namic unit. This complex forms a major part of 
the USAF Arnold Engineering Development Center, 
Tullahoma, Tennessee, The testing for this par- 
ticular facility is done in the Supersonic Pro- 
pulsion Wind Tunnel 16' x 16' test section which 
is also equipped with a boundary layer flow con- 
trol system. Full scale propulsion engines for 
rockets and missiles are tested under environ- 
mental conditions corresponding to speeds from 
fach 1.5 to 4.5 and at-altitudes from sea level 
to over 120,000 feet. 


The material relating to compressor dynamics 
and the propagation of temperature and pressure 
variations is based in part upon unpublished work 
of R. J. Kochenburger, V. B. Haas, Jr. and V. #, 
Scottron of the University of Connecticut; and 
ASME Transactions Paper No. 56-IRD-21 by T. R. 
Stalzer and G. J. Fiedler. New circuitry for 
transport delay simulation is developed and de- 
signed by R. J. W. Koopman, Head, and L. R. Brown, 
R, Ozment and D. F. Wann of the instructional 
staff, Department of Electrical ‘ngineering, 
Washington University, St. Louis. 


The Systems Analysis 


The physical diagram of the system is shown 
in Figure 1 which illustrates the configuration 
and connection of system components into the inte 
grated complex. An accurate mathematical descrip- 
tion of the various plant components is developed 
using all valid simplifications. 


The mathematical development of system trans- 
fer functions which follows employs the theory of 
small perturbations.~ The linearizing process 
used employs the principle of the total differen- 
tial F = f(x, y, 2), thus: 


dpis: (OF ax += 0R dy 408 dz 
ax ay Zz Ge) 


The linearized variables are transformed using 
the Laplace operator before writing the system 


equations and constructing the system transfer 
diagram. To conserve space these operations are 
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Fig. 1 Plant Schematic Diagram 


not always shown in detail in the material that 
follows. 


This paper involves several branches of en- 
gineering, each having long established upper and 
lower case symbols for the variables treated. 

This precludes strict conformity with the conven- 
tional use of lower and upper case letters for 
variables before and after Laplace transformation. 
Due to the large number of variables used, sym- 
bols are defined with each development for clar- 
ity. 


Component Characteristics 


Compressor Dynamics. The compressor dynam- 
ics are defined by the application of the princi- 


ples of fluid mechanics and turbo-machinery.< The 
energy equation aor gas flow is: 
pv V: 
aL yak ae 1 = 
uy + — +t 
Pees 2g), d “es 
P,V. V Z W 
22 2 2 3 
are elmer aun ey (2) 
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Where: 
7 = Ct (3) 


Assuming an adiabatic compressor process, the 

heat Q=0. Also for this process Z) = Zo. 

Making these deletions and substituting Equation 

(3) into Equation 2) results in: 
- = CT = 


2 a 
dinial. oe. eee 2gd 
The negative sign is used for W, to account for 


the compressor process where work is done on the 
fluid. 


Cpl. + (4) 


Since, 
2 
2g3 P 
2 
Cts + = t (6) 
a PER: Pat eT 


Substituting these expressions into Equation (4) 


results in: 


Ws = ¢ 


- Reh - Ti) (7) 

The adiabatic efficiency or temperature rise 

ratio is: 

E, = Widest - CylTro - Tei) ~ Teo - Tea (a) 
Wactual C,(Tro, - Thy) Toa - Tea 


The use of the isentropic relationship and equa- 
tion of state results in the following: 


Pivi’ = Povy’ (9) 


lL 
(=)’ Vo = TtoPi 
Po Yi polti 
or, s -l 
The oro > *2 a (10) 
Tey PGT Py 
Y 
Combining this with Equation (8) results in: 
y -l 
Pp av 
tae (11) 
t eon ti 
Substituting the isentropic factor Y: 
Yard 
7 ee SE eae é Y 
to ti ° 
Vo = 0 eee -l (12 
Tei 4 ) 
results in: 
Yds 
E A Ga (13) 
Laurea opt 
toa ti 


The modified Euler equation for an axial-flow 
compressor“ is: 
=~ ViVa (tana l- tana 5) 

Jg 
This equation is further modified by m, the so- 
called work-done factor~ as follows: 


(14) 


VV : 
klk 28 (tana, - tana,) (15) 
Jg 
Equating (7) and (15) and substitution of Equa- 
tion (12) and the relation: 


= v R 
Cia zt 
Pp 5 ore ee a | 
gives: 
seeaas eee 
5 Der) RYT, 5 P sv V, (tan a, - tan a») (16) 
he VE 
g 
Let, 
OV, (tana, - tana,) 
ee a 1 2 (17) 
Vy 
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Therefore, Equation (16) now reads: 


vel 
x( ¥ Ry 


V4 7/¢ 


The following three equations together with Equa- 
tions (11) and (18) govern compressor behavior: 


rd (8) 


Compression ratio: 


ws ee 
Py FOR Cie) Yo (19) 
Pi 
Isentropic factor: 
eeeead ae 
Pp av Nett /2 
x =|(“2) rep edt (12) 
: Y * 
Py (V7 ¥ DE 
Output temperature: 
pa 
i ie = Thy 1 + é, (20) 
Where: 
E = energy transfer to fluid BIU/1b 
Vv = axial or through-flow velocity ft/sec 
Vv, = specific volume, inlet ft3/1b 
V2 = specific volume, outlet ft3/1b 
V, = inlet velocity ft/sec 
Vo = outlet velocity ft/sec 
p; = total inlet pressure lbs/ft2 
Po = total outlet pressure 1lbs/ft 
h = static enthalpy BIU/1b 
g = gravitional constant ft/sec 
Cy = specific heat constant 
pressure BIU/1b/deg 
Z, = energy due to elevation, inlet ft 
Za <= energy due to elevation, outlet ft 
Q = heat transfer to fluid BIU/1b 
J = mechanical heat equivalent ft-1b/BTU 
n = impeller speed rpm 
d = diameter impeller sats 
q, = volume flow, inlet ft3/sec 
G2 = volume flow, outlet ft3/sec 
R = gas constant U7 OR 
8 = Laplace operator 1/seconds 
ti = time seconds 
ois = time constant seconds 
Ty = total temperature inlet, actual oF 
Ty9 = total temperature outlet, ideal OR 
Troa = total temperature outlet, actual OR 
T; = input temperature, convective oF 
73 = output temperature, convective OF 
T,; = static temperature, inlet OR 
Ta <= static temperature, outlet OR 
u, = internal energy, inlet BIU/1b 


ug = internal energy, outlet BIU/1b 
V, = peripheral velocity ft/sec 
Ws = total shaft work ft-1b/1b 
i = isentropic factor numeric 
Y = ratio of specific heats numeric 
n = pressure rise ratio numeric 
a = temperature rise ratio numeric 
a 4 = angle between tangent to mean blade 

profile line and entrance 

velocity vector degrees 
a 2 = angle between tangent to mean blade 

profile line and exit velocity 

vector degrees 


The pressure-rise and temperature-rise 
ratios are characteristic of particular operating 
conditions for specific compressor units. It is 
convenient to work with the slopes of these 
curves at the operating point. Since curves of 

N and €; versus volume flow with speed as a 
parameter are available, two dimensionless quan- 
tities are defined which make use of the slope at 
the operating point. These are: 


Pressure-rise factor: 


po oe ayn 
Ke Be n 
Temperature-rise factor: 
o 
K, 4 8St g/n (22) 
aa/n a 


Applying linearizing techniques, Equation (19) 
may be expressed as follows: 
BOtdp, 14) 1) WeesePo.- say 


dp, = 
Py y-1lY+l1 


(23) 


Also, from Equation (12) the increment in Y can 
be expressed as: 


2Y x PMG 
= — += o aul ceca ok 2) 
eaten sha fay et ne (2h) 
From Equation (21) the following is derived: 
cs d dn 
dn = -K, n(S-2) (25) 
q n 


The volume flow q is related to the weight flow w 
by the expression: 


pq iw 
Guess et (26) 
p Ps 
where p = density in lb/ft?. 
The differential is: 
aq = % dw - prenicha i ay (27) 
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The change in pressure, a function of four 
variables, is found by combining Equations 3). 
(24), (25) and (27). This gives: 


ah a, | dpi 


Meee eke Ses 


(28) 


The change in total temperature is formed by 
taking the total differentials of Equations (20) 
and (22) resulting in Equations (29) and (30). 


ae ea TN 
- toa toa Ga 
dot a Sil tata 
ti 
Ttoa 7 Thi 
z a€, (29) 
13 
dq dn 
a&, =~ K, & (#1 - (30) 


These equations are then combined with Equations 
(24) and (27) resulting in: 
ay = Trt 
Sigeeye E ~ toa ~ Tti (x, - “| ates 
Tea 
iT =a ey 
5 ee ti (K,, ms K,) dw 
Ww 
Mg aan 
+ toa = Te (k, - K,) an, 
c Fe 
Py 
dn 
Thy) (2-K +a 
(31) 


+ (eee 7 


Equations (28) and (31) are expressed in terms of 
total temperature increments. It is necessary to 
separate the wave-transmitted component from the 
convectively-transmitted component and to express 
the temperature increment in terms of the latter 
component. This is done by substitution of the 
following relationships which are developed later 
in this paper: 


ay 
= Yo= EO 
qT, oa aT + eis dp, (32) 
and, ¥ 
Ga 
ae = ty + er dp (33) 


Expressed in terms of convectively-transmitted 
components Equation (28) becomes: 


id? Semaaaliaen ~ 
ap, = Po Y= ip, - Ts Ke) Lona Ty 
Pinay it fie ve ce a i 
-(—Y_ _Y Polaw + p, —Y (2+Kk,) #2 
TSE ier NO eeeeervek array aia Mi ne 
Expressed in terms of convective-transmitted components Equation (31) becomes: 
“(y -1) aie 
SMP Gey) tot Ck he da) y-1T a 
dT, = n t toa wake x toa MEtTET! dp, 
veer VaruPy Y¢1 
H Ak a8 
toa ti toa wy; 
re (K, -K,) + —— (1+K at 
Tey n t Ty Y a n ) ee 
rT = the » 
= 3) Ser: (Ky Ke yen toa (Ky | dw 
2 Ww Ww 16 Sal 
iT Ne 
toa dn 
+ | (oc oe Tyagi + Ky ) a 2+ %q) = (35) 
These relationships are shown on compressor block 
diagram Figure 2, 
WATER IN 
Gw, tw 
AIR IN AIR OUT 
WT) GOOEER Wate 
Q=HEAT WATER OUT 
TRANSFERRED Qnty 
Fig. 3 Cooler Schematic Diagram 
3. The value of the over-all heat transfer 
Fig. 2 Block Diagram of Compressor coefficient is constant for the small variations 
in flow and temperature encountered. 
Cooler Dynamics - Parallel Flow (Cooler 2). 3 
The cooler dynamics are analyzed by writing the The air-side equation” is: 
heat balance equations for the air side, the 
water side, and the heat transferred? as indi- Co Ww Tae Oe C, Mites e20 (36) 
cated on Figure 3. The following assumptions are P 3 
made: The water-side equation” is: 
Dd 
1. The average air-water temperature dif- OP te Be ee +Q- 2 at vs + ) = is Moe (37) 
ference in the cooler is the logarithmic mean 
temperature difference. The heat transferred, Q is: 
Tq - Ty) - (Tas - T 
2. The heat storage capacity of the quan- Qh = UA AT, = UA (Ta - Tw) - (Tax - Tx) (38) 
tity of air present in the cooler at any instant (tT, - 7.) 
is negligible in comparison with the heat storage ne d Ww 
capacity of cooler metal and water. Crag = 4) 
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Where: 2 
A = Cooler airside surface area ft 

C, = Specific heat of water BIU/1b/°F 
Cy = Specific heat of air BIU/1b/°F 
D = Heat toraise cooler 1°F BIU/OF 
q = Water flow thru cooler lbs/sec 
Q = Heat flow BIU/sec 
Q, = Heat transferred BIU/sec 
s = Laplace complex operator 1/sec 
Ty = Cooler inlet air temperature OF 
tae = Cooler outlet air temperature OF 
LAE i Cooler inlet water temperature OF 
Tx, = Cooler outlet water temperature OF 
U = Heat transfer coefficient BIU/sec/°F/ft~ 
wW = Weight flow of air lbs/sec 
A Tm = Log mean temperature difference CF: 


4 


Applying the linearizing technique to the 
air side and combinaing Equations (36) and (38) 
results in: 


C,, wIg(s) + aE qv(s) = oF wl ai (8) 
- Cai 
7 UAK,T (s) + UAKgT,(s) 


oe = UAK alq(s) + UAK,T, 4(s) 


(39) 
Where: 


" 
hr 
be 
be] 
~o 
pe 
! 
Lar 
4 


ae Gail: 2 
aL 


86 


Solving Equation (39) for T,, the cooler outlet 
water temperature, and transforming results in: 


_ (tg - Tax? WO ROAR 
T(s) = Bee Be eg Sanaa 14(s) 
d AK 
(UAK, + wC. ) K 
- 2) ae Cc 
UAKg Tai(s) Ky Ths) (40) 


Then applying the linearizing technique to the 
water side, Equations (37) and (38), followed by 
transforming gives: 

(Te 


= TC,Q(s) + qc,,T(s) - aC T,(s) 


D D 
fs sT(s) + 5 sT (s) 


= UA [KTy(s) + KyTay(8) + KeTy(s) + KgT,(s)] 

(41) 
Equations (40) and (41) are solved simultaneously 
for Tay the air outlet temperature as a function 
of air inlet temperature, air mass flow, quantity 
of cooling water and temperature of cooling water. 


7 pho) = KT 4(s) + KzW(s) 


+ K340,,(8) + KyoTy(s) (42) 


K3 and K,, are long complicated ex- 
eee ae have eke simple forms: 
K (1 + T4438) K (1 + s) 
200 Carats} a et iiagse) 
1 ails 
Seb (pepe eb 
(l + T >s) 


The numerator time constants are womewhat smaller 
than their counterparts in the denominators. The 
gain and time constants are both functions of the 
rates-of-flow and temperatures of the inlet and 
outlet air and cooling water. An interesting 
feature of these dynamics is the non-minimum 
phase characteristic. The numerator time con- 
stant in the K,, term is negative and investiga- 
tion shows thatthe parallel-flow arrangement 
causes this phase characteristic. However, the 
assumption of constant reservoir water tempera- 
ture for the non-recirculation modes of cooler 
operation effectively opens the loop eliminating 
this characteristic. 


Cooler Dynamics - Counter Flow (Cooler 3). 
The cooler dynamics are the same as the parallel- 
flow case except for the heat transfer term Qh 
which is defined for counter-flow as teal oneness 


(Ty, a Tx) = (T, Fy Ty) 


Qn = UA AT, = UA 


(43) 


Using this expression, the over-all transfer 
function similar to Equation (42) is found to be: 


T,(s) = K,T,(s) + KW, (s) + K,Q,,(s) + Eis 


Ll ) 


Ki, K5, Kz and K, are long complicated expressiors 


but have “the simple forms: 
Car, = (Glpecienes)) 
K - Kop 8 
1b TERE 
Gt +T 3 ara telp say es 
ae +T 


K 2 ‘ 
ge Ute Tage) 3 >TT 1 
time constants are somewhat smaller 
constants in the denominators. The 
gain and time constants are functions of the 
rates-of-flow and the temperatures of the inlet 
and outlet air and cooling water. These transfer 
functions are similar to the parallel-flow cooler 
except the non-minimum phase characteristic is 
not encountered. 


The numerator 
than the time 


Cooler Dynamics - Recirculation Mode. For 
light cooler loads the cooling surface area is 
reduced in discrete steps. However, after the 
limit is reached it is necessary to further re- 
duce the cooler efficiency by increasing the cool- 
ing water inlet temperature. This is done by 
pumping a controlled mixture of the heated cooler 
outlet water and cold reservoir water back 
through the cooler, Consequently, for this mode 
of operation dynamic air temperatures are con- 
trolled by varying both the cooling water flow 
rate and temperature simultaneously. For Cooler 
2 transfer functions K to Kui, determine the 
heated cooler water Gutter ectat sees They 
are obtained by simultaneous solution of Equa- 
tions (40) and (41), and are complicated expres- 
sions of air and water rates-of-flow and temper- 
atures, Transfer functions K,, to K,; are 
derived from similar eanat ues for cefier Sh 
These cooler transfer functions also have the 
same form previously identified with coolers 
under non-recirculation modes of operation. The 
complicated cooler dynamics involving several 
feedback paths in the recirculation mode of oper- 
ation are obvious by reference to Figure 4. 


In addition to the above the non-minimum 
phase characteristic previously identified with 
the parallel-flow coolers is encountered. How- 
ever, the excess phase shift caused by this fac- 
tor is negligibly small at cross-over frequency 
compared with the phase shift caused by the long 
transport delays. 


The water temperature change is defined in 
the following manner. The total heat contained 
in the water after mixing and at the entrance to 
the cooler is the sum of the total heat of the 
cold water and the hot recirculated water, Assump- 
tion of negligible heat storage in the mixing 
valve and line, results in: 
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aie = Wel ow + ant x (45) 
Q = 4 * (46) 
Where: 
q = Mixed water flow 1bs/sec 
T, = Mixed water temperature OF 
A = Cold water flow lbs/sec 
Tow = Cold water temperature OF 
G, = Recirculated water flow lbs/sec 
Ty, <= Recirculated water temperature OF 


Linearizing and transforming Equations (45) and 
(46) gives: 
T,Q(s) + q?(s) = Towels) + TQ (s) + Tn as 


(48) 


Substituting Equation (48) into Equation (47) 
and solving for Ty(s) the transform of the tem- 
perature of cooling water leaving the cooler 
gives: 


and 


Q(s) = Q,(s) + Q(s) 


TY(8) = KynQ.(s) + KggQy(s) + KgoT,(s) (49) 
Where: 
Plein Dy See wee : 
iy OS a a, el 


These symbols are for use with Cooler No. 2. 
Similar symbols for Cooler No. 3 are designated 


Koo» Kou? and Koo: 


Mixing Dynamics. The temperature of fluid 
resulting from the combining of two (or more) 
streams entering a mixing point is developed as 
follows assuming heat in = heat out; with no heat 
stored. 
wT} = air flow and temperature entering mix point 
Wolo = 


WaT 3 = 
Equating these flows and solving for the leaving 
air temperature gives: 


air flow and temperature entering mix point 
air flow and temperature leaving mix point 


de (50) 
This form of equation constructed for the appro- 
priate number of air streams, followed by linear- 
izing and transforming is the basis of the mixing 
process Nese sige functions designated K, to Kis 
and Ky o K,,- inclusive. The procedure is 
sian Ma aehiin and is omitted. 


Test Section Temperature. The test section 
temperature can be written as follows: 


(7M, 1) (My + 5) 


Ty 
De 
+ besiege, ee 


Where: 
ows stagnation temperature 
M, = test section Mach number 


The usual straightforward linearizing and trans- 
forming process is applied and is omitted here. 
This results in: 
Tee) = KgoT,(s) te KagM, (s) (52) 
Test Section Mach Number. The Mach number 
in the test section can be written as: 


My Wo VR Ts 
Ap, Ve (53) 
Where: 
Woe stagnation weight flow lbs/sec 
T, = test section temperature , OF 
Ay = test section area ft 
P, = test section pressure lbs /ft* 
The customary and straightforward linearizing and 
transforming process is applied and results in: 
M, (s) = Kyat, (s) + Ke W(s) + Keyart(S) . (54) 
Weight-Flow of Air Through Cooler. The 
frictional flow of air through a pipe can be 
approximated by: 
28(Pi - Po) Py 
0 eer ~— acres (55) 
i 
Where: 
= 4 Ls 
d (56) 


Weight-Flow of Air Through Valve or Nozzle. 
Research tests conducted by the University of 
Michigan indicate that the nozzle equation’ ade- 
quately expresses flow through butterfly valves 
at and above critical pressure ratios. The 
weight-flow through a valve or nozzle at sub-— 
critical pressure ratios is given by the equa- 
tion: 

wi 2.055 Ap;fy 


(57) 


i ay 
1 “\P1 


“2 > 0.528 (sub-critical flow) 


< 0.528 (critical flow) 


The usual linearizing and transforming procedure 
results in: 
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W(s) = KgoTy(s) + KgaP(s) + Kg,Po(s) + eh 


Weight-Flow Through Scavenging Scoop. This 
expression is developed by use of the continuity 
equation:4 


0.92 AM, Py 
VTy 


The usual linearizing and transforming procedures 
result in: 


(59) 


W(s) = K,,T:(s) + K P; (s) (60) 
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Fluid Transport Dynamics. Data presented 
later in the paper shows that practically all of 
the total temperature variations are transmitted 
through the ducting system at the local fluid 
velocity. The heat exchange with tunnel walls 
is a negligible part of the total. This process 
can be described for a fixed delay by the follow- 
ing development. The Taylor series expansion 
shows that: 


M,(s) + K 


v2 
foes Srey ST ety) poly ee 
+73 : 


bp GN er Pyare (61) 


where f'(t), f''(t), f'''(t) are time deriva- 


tives. 


Substitution of the Laplace operator s for dif- 
ferentiation yields: 
+ ibe 


(62) 


Since this is the series expansion for esc the 
result is: 


f(t le) ee 


f(t. — tT) 


(esi (t's) 
= [2 -Ts+ 


21 asee sit 


F(s) € 78% (63) 


This expression is used for the transport delays 
in the air and water circuits. 


Water Flow Dynamics - Frictional Loss. The 
relationship for hydraulic Boog due to pipe 
friction from fluid mechanics” is: 

fe ve 
hy reo (64) 
apes Gall (65) 
R Ug 

Where: 
A = area rt 
d = diameter of pipe att 
f = friction factor - function of Np numeric 
g = acceleration, gravity ft/sec 
Hewat head loss ft 
£ = length of pipe ft 
Np = Reynolds number numeric 


V = velocity ft/sec 
w = weight flow lb/sec 
© = specific weight of fluid 1b/tt? 
== viscosity lb-sec/ft* 
The pressure drop A p in psi can be expressed as: 
Ape eee ey (66) 
14h 
Vit ae * calle 
or (67) 


Equating (64) and (66) and substituting Equation 
(67) gives the pressure drop-flow relationship: 


fiw 2 
3 SSeS eS 
AP pa AP rw (68) 


For a given section of piping ry is a constant. 


Transfer function Ky 31 is the pump characteristic. 


K and K 
rietor is be 


Transfer functions 
form (r, + sL). The L 
the ne paragraph. 


are of the 
defined in 


Water Flow Dynamics - Acceleration Loss. The 
relationship describing head loss due to fluid 
acceleration is expressed by: 

F = ma 


(69) 


Where the force on an element dy of fluid is: 


P= (py - po)A (70) 
m=Wi= Lap (71) 
4 g 
Where w! = weight in lbs. Other symbols are as 


previously defined. 


Also, 
dw 
pasate Oar 
ee ed 
a = =i dw (72) 
Ap dt 
Combining Equations (71) and (72) gives: 
ma = 4 dw (73) 
& dt 
Equating (70) and (73) results in: 
= => qe l= (74) 
Pi Pe) ag ihe dt 


The parameter L = 


Lee is the hydraulic inductance 
or inertance. Ag 


Where: 

F = force ibs 
m = mass lbs-sec~/ft 
a = acceleration ft/sec 
w! = weight of air lbs 
w = weight flow aba see 
g = acceleration, gravity ft/sec 
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rt? 


A = area 
dP length ft 
L = hydraulic inertanee sec”/ft” 
9 = density of fluid lbs/ft? 
Pp, = upstream pressure lbs/ft2 
P> = downstream pressure lbs/ft* 
For a given pipe section L is a constant. Trans- 
fer functions Ky 30> Ki 34 and K)3g define the 
fluid accelerating time constants. 

Water Flow Dynamics - Valve Loss. Head loss 


through a valve is derived from fluid mechanics 
as follows; 


2 2 
ay (A2\ i 
-a,jl-g (=) |? (75) 
2 2 \A,/ 2g 
Where: 
ay oe inlet velocity coefficient 
a5 = outlet velocity coefficient 
al 
Since a 2 is usually much smaller than Ce and 
Vv 


a4 is usually close to unity, an approximate 
2 
relationship for hy is: 


eee eee 
1 2 2 
ee | ae 6 


Since A, is much smaller than AY a further sim- 
plification results in: 


iP 2 
h = 2 Ww 
Vv 2 2 i 
Cy 26 20,“ ghoP 


hekotta C77) 
Vv 
Kady 
Where: 
= 2 
K, = C, pP (2g) 


This factor is the basis of transfer functions 
K} 33 Ky 35 and Ki 36: 


Valve Flow Characteristics. The relation- 
ship between valve area and valve stem position 
for an equal-percentage valve is also character- 
istic of the butterfly valve over the useable 
control range and can be expressed by? 


ce eae in A (78) 
Ay 
Where: 
x = valve stem position, % of travel numeric 
K = constant numer 
A = valve open area tae 
Ay =-valve area at minimum controllable flow ft 
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Therefore: 


mak 
dx = 7 dA 
a a 
been v (79) 


This expression is the basis of transfer function 
Ky 37 on Figure 4. 


System Characteristics 


The system-wide aspects of the complex plant 
processes are analyzed for the purpose of effect- 
ing all possible simplifications to facilitate 
the analysis and design work. The simplifications 
are discussed in the following paragraphs. 


Separation of Pressure and Temperature Vari- 
ations. Disturbances due to extreme engine 
throttle bursts and noise cause excursions from 
nominal values in both temperature and pressure. 
Pressure variations travel in ducting sections at 
sonic velocity. It is assumed that there is 
negligible leakage and negligible heat exchange 
to the tunnel walls. To develop the relationship 
between wave-transmitted temperature variations 
and pressure variations, the aerodynamics con- 
tinuity equation and the net force equation are 
used? as indicated on Figure 5. 


SoM = wie OW dX .— Ww (80) 
at da 


This equation states that the rate of decrease in 
mass within the elementary volume is equal to the 


net rate of mass flow out of the volume. The 
mass equation is: 

M = pAdar (81) 
Differentiation results in: 

OM- ~-a SP a (82) 

at at 5 
For the assumed isentropic duct process:"? 

2 

op - HB 

2p. = o/s (83) 
Using this relation gives: 

ow = -Ag ap - (2p (8) 

aa Ce at at 

td 


The net force equation states that the net 
force acting on the fluid within the elementary 
volume is equal to the time rate-of-change of 
momentum within the volume plus the net out-flow 
through the surface of the volume®. Therefore, 


(mv) + 2. (WV) gy (85) 


-(p¢aPdajaA= 0 
Rt aA at 


gz aA. &g 
Since 
M = Ap dad (81) 
and, 
Viecos (86) 
Ap 


91 


Fig. 5 Ducting Section for Development 
of Distributed Parameter Equations 


Equation (85) becomes: 
ere0 Prog) 


eer ee ON one Vt owe 
aa Ag at Ag ar * Ag an (87) 


Since the velocity is small and does not change 
significantly with distance, Equation (87) can 
be re-written as follows: 


Oo ate ewe 3 (88) 
—_—— Zw Th oe 

an eA at at 
For the foregoing derivation: 2 
M = mass lb-sec es 
w = weight flow 1b/sec 
P = specific weight 1b/ft3 
A = duct area ft 
V = average velocity ft/sec 
g = acceleration, gravity ft/sec? 
p = pressure lbs/ft~ 
T <= temperature OF 
Ri 2553.3 ft/deg 
y = ratio of specific heats C6 /Cy 
Gite =e time sec 
X = distance along duct ft 


Equations (84) and (88) are analogous to the 
well known equations® for current and voltage as 
functions of time and space along am electric 
transmission line having zero conductance and 
zero resistance. 


The sonic velocity is:4® di 
poe ARE Se 
a ocd pao en ala yeRT (89) 
é. Ag ¥ RT 
And the surge impedance is: 
=2Pel (90) 


L 


The following assumptions apply to the preceeding 
work: 


CP” aw he Ag 


1. The disturbances in pressure and temper- 
ature are small so that average values of Ho may 
be used. 


2, The cross-section area is uniform for a 
given section. 


3. The process is isentropic, there are no 
energy losses between the ends of the line, and 
impedances may be lumped at the end of the line. 


4. Mach numbers are small compared to unity. 
For large Mach numbers the relationship for the 


isentropic condition is derived from aerodynamic 
relationships* as: 


ay aa 
iv ay 
= [i+ yur] oe - yx (91) 
p Ww 
a eeey Peas. is RT 
= JEG 
oP e (92) 
Equation (91) reduces to: 
aT. 
us a dp for M<< 1 (93) 
eel tt Pp 


‘The linearized and transformed form of this rela- 
tionship is: 


Lhe 
Pe(s)ean t+ —th P(s) (94) 
¥ Ri 


Components such as compressors and coolers 
do not follow the isentropic relationship. Dis- 
turbances applied to them give rise to some total 
change in temperature designated as ATy,. If 
there is an accompanying pressure change, AP, 
part of this change, i.e., the A T component 
of the above relation, will be transmitted along 
with the pressure wave. 


The remainder of the temperature change 
( ST - AT) will be transmitted convectively 
and will travel through the system at the air 
flow velocity. The generalized form of Equa- 
tions (32) and (33) is: 


A T(s) A T, (8) =a IN T(s) 


CP ae atlases giar 
AT, (s) = = Pfs) 099) 


Calculations made with the use of Equations 
(31), (35) and (94) show that the convectively- 
transmitted temperature variations are predomi- 
nant and the wave-transmitted components of the 
temperature variations are negligible for this 
facility. Furthermore, the pressure and the 
wave-transmitted temperature variations have 


propagation rates of 1160 to 1230 feet per second 
compared to the 70 to 200 feet per second for the 
predominant convectively-transmitted temperature 
variations. Therefore, it is concluded that 
there are no interactions between the dynamic 
pressure variations and the convectively—trans- 
mitted temperature variations. This permits the 
severing of all pressure and temperature process 
loops and produces a valid major simplification 
in the analytical work. 


Space Effects — Distributed Parameters. To 
validate lumped-parameter treatment of the water 
circuit shown on Figure 1, the control frequency 
is selected to limit the error in lumped repre- 
sentation to a very small value. This is done 
by basing calculations on the longest pipe sec-— 
tion. This length, 5500 feet in this facility, 
together with the fluid characteristics and vel- 
ocity are fixed elements. The control frequency 
is the only pertinent variable subject to control 
and it is calculated by making the 5500 foot long 
pipe length correspond to a selected fraction of 
a wave length. A value of 10 degrees is used in 
this case as follows: 


¢ =(£) ae (96) 


Substituting in Equation (69) for the water cir- 
cuit results in a sound velocity of 4700 feet per 


second. Using the relation: 
pee 
betel ene (97) 
r 


results in a value of f = 0.0237 cps. This cor- 
responds to cross-over frequency w . = 0.1485 
radians per second. This is more than ample be- 
cause of the long transport delays in the air 
and water circuits. 


Where: 

C = sound velocity ft/sec 
E = bulk modulus of elasticity lbs/ft~ 
p = fluid density lbs-sec2/rt# 
f = frequency cps 
w = frequency rad/sec 
X = wave length ft/cycle 


Space Effects - Transport Delays. The math- 
ematical difficulties of solving equations in- 
volving the transform of the displaced time func- 
tion e~S* make the electronic computer solution 
of such equations highly desirable. In this 
facility the number and length of time delays 
ranging up to 141 seconds makes the use of opera- 
tional amplifier means of simulation impracticable 
even for the largest computing laboratories, A 
review of the literature indicates that delays of 
this magnitude have not been previously simulated. 
This makes necessary the design and construction 
of suitable devices utilizing other principles. 
This problem is solved by the use of the device 
shown in Figure 6(a). 


wih Se AC al (99) 


Ve Ee 
ee, T(s) = T(s)e "3 (100) 
-st 
7 T,,(8) = Te(s)e 2 (101) 
L UNIT CIRCUIT £ T A468) = 
COMPUTER COMPUTER T Ke kK? 
5a SN * “6a"47~6N 
(a) Simulator Schematic (Kea ty Kahu Me th iy IK . " | 
5a 6a 4.7 z 
Tops 2) all pi?) 

(102) 


UNDELAYED 


DELAYED T,(s) 5S KT, ,(s) + Ky ol e1 (8) + K, Ki 7Tp(s) 


SIGNAL SIGNAL 
+ Ky 3Keolyo(s) + KyW,(s) (103) 
Ww = AN 
e T,(s) =KioKi6t (s) + K (s) + K),W.(s) 
< 115°e 1h} Lhe (104) 
fe) 
> = 
Thr(8) = (Ka9 + Kosky 9)T p(s) + 
DELAY TIME (141 SECONDS Max.) —+| 
141 14L1 14L2 1431414 (kK, Keo t Koo)W,(s) i KK, gWo(s) 
(b) Simulator Response Ko 3K 9A, (s) t Kool p(s) (105) 
T,(s) = Kova (Topns + 1) 5 
(Topps rl) ists) 
Fig. 6 Transport Delay Unit 97D 
The comput E (Togys + 2) 
puter voltages to be delayed are ap- + 98a * 98N (106) 
plied to low-loss capacitors mounted on motor- CRI SSB) We(s) 
driven, rotating disks through copper commutator 98D 
bars and brushes on the periphery of the disc. _ -st 
The spacing of the brushes and the speed of the Thos) % Ty (se Z (107) 
disks are designed to achieve the required time x -st 
delays and sampling rates. The signal voltages T, (8) - Tho(sle 4 (108) 
are then fed into suitable nold circuits before ? (s) iT Aa hh (109) 
re-insertion into the computer, A typical test pr meh: 


of the time-delay simulator equipment response 
is indicated on Figure 6(b) and proved the 


K K 
: = 2h 25) 
accuracy to be of approximately the same order (Eph S Tenis) ete Tx. (s) 
as that of the balance of the computer circuitry. B T= Kok 65 1 = K3ok¢5 ml 


Equations for Simplified Uncontrolled Sys- 


K 
tem. After the above simplifications have been 26 Gee! (a)) & 27 W (s 
made, the system equations are written and the Les Kok 5 34 T- K30Kk65 pr! ) 
system transfer diagram shown on Figure 4 is con- K_K K 
structed. The linearizations and transformations 28 62 t.(s) 29 W(s) (210) 
are straight-forward, routine iathematical oper- ate K3ok¢s ONES SEs Kok 65 mS 


ations and are omitted to conserve space. The 


linearized and transformed equations are listed K Kanke Zk 
below: n4(s) = Gar + Ka3876K7) 9,5) 
Cree Coyat 


(a) Air Circuit: (Kanon) (i kee Ko ey 
T,(s) = + A Mae s) Fg ee SGML: s) 
E cebaraan Ope Seige 2 


pas £ ae 
(Kya + Kako) ky, + Koakyo =/8 + er SEN sy T,(s) (111) 


SS ee (AED) 
b 1-K 
(T) ys 41) 


K 
: ETH Qu3(s) * Baa (Tp + 1) 


Ty3(8) (98) 
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ep Eas 
(T 368 +1) 
+ a tale) + 
Pace) = Tag(s), asey (113) 
Tyg (8) = Kyoha(s) + K,5 —M(s) + K,,W(s) (124) 
T(s) = Tha(s)e o°8 (115) 
Ty(s) = KgeT (s) + Kae, (s) (116) 
W..(8) = KgoWe(s) + Keke 7 9(8) (117) 
Wye (8) = Kagtg(s) + KM (s) (118) 
My (8) = KgoTg(s) + (Ky,Ky, )TA(s) (129) 
Wo(s) = Ky gg4o(s) + Kites) (120) 
Wp(s) = KooWo(s) + KggW,(s) (121) 
We (s) = Ky7ks,1 (8) + Ke Keel hols) (122) 
Tyo) = Kay + Keoky 1 5) Qi9(8) + Kaa Qo(s) 

+ (Keoky71 + Keg kq15)T ys) 

+ Kak 1), Tyo(8) + KgoK 17 3Wa(s) (123) 
Beate) = Koo + Boglos 2.318), * Boy Qys(s) 

+ (KyoK og + Koka alKos My (s) 

+ Kook96Ty3(s) + KgaKgsW,(s) (124) 
ts) = Tlo(s)e 9 (125) 
1,308) = T 54 (8)e 20 (126) 


(b) Water Circuit: 


P,(s) ~ Pols) = KyoQy(s) = (Ky + 8Ky)0,9(s) (127) 


K1319,(8) 
“s £(4,,3)0,,.3(8) (pump characteristic) 
Ky 30% (s) = (K+ sk )Q,3(8) (129) 


P,(s) - P,(s) 
(128) 


P(s) = Py (s) = 


P(s) - P5(s) = Ky390,9(s) = eat Ps) 3(8)(130) 
Po(s) - Po(s) = Ky5,Qy3(s) = (Ke + sky, )0,3(s)(131) 
P¢(s) ~ Py (s) = Ky 350,3(8) + Ky 364,38) 
ALES 2(P, - Py) 
= oe 3(8) + ae SET AL (132) 


(T39ps + 1) 
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(K3eq + K37aKqq) (Gerona is | 
36a * “37a 71 Ty (s) 


To(s) (112) 


The above system equation array is obtained from 
the transfer diagram on Figure 4 after valid sim- 
plifications and substitutions are made. Since 
these operations are straightforward the work is 
not shown. 


The uncontrolled water circuit equations are 
written in terms of pressure drops. The Kj 3) 
term is the pump characteristic and the K}33 and 


Ki3 terms are valve resistance terms in Equa- 
tion’ (77). The Ky 32> Ky 3, and Ky39 transfer 
blocks are combined resistance and inductance 
terms of the form (r + sL) as indicated in Equa- 
tions (68) and (74). The Ky)37 term is the valve 
area versus position relationship from Equation 
(79) 3transfer functionsKy) and Koo are developed 
by the use of the continuity equation.4 The 
transfer blocks Key, to Keg and Kyg to Kr, 


Ky5 and Ki 3g have values of 1.0. 


The uncontrolled system equations are 
solved for the control ratios in a purely routine 
manner, consequently these details are omitted. 
For use with the transfer diagram Figure 4, 
these control ratios are: 


For Non-Recirculation Mode of Cooler Operation: 


T,(s) To 
Q,zcs) 5 cere 
For Ste ee Mode of Cooler Operation: 
s E 
ats . T,3(5 ae) : 
TOs) Tw24/ 5) 


Tvs) Tyots) > Op 


For Plenum Cooler By-Pass Damper Operation: 


T 
x, (8) 


These control ratios are very long and 
complex polynomials in s, and reveal many hun- 
dreds of interesting process interactions. How- 
ever, the discussions of these interactions are 
outside the scope of this paper. 
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Fig. 8 Frequency Response Plot, Cooler 
Outlet Air Temperature as Func- 
tion of Cooling Water Flow Rate, 
Open Loop - Uncontrolled Plant 


Control System Synthesis 


The uncontrolled plant equations (98) to 
(132) are simulated on the analog computer using 
standard procedures. The accuracy of the sim- 
lation is checked by comparison of analytically- 
developed uncontrolled system responses with the 
game responses obtained on the analog computer. 
This also checks the operation of the computer. 


The computer circuitry for one mode of 
cooler operation is shown on Figure 7. This 
diagram also shows the locations and connections 
of the sampling devices used for simulation of 
the transport delays. The excessive phase shift 
caused by a large transport delay is shown on 
Figure 8. Servo design principles are applied 
to design the controllers and other elements of 
the control loop. The entire control loop is 
simulated and connected into the uncontrolled 
plant circuitry. From a "map" of the large num- 
ber of operating points a relatively few points 
are carefully selected to cover the plant oper- 
ating points a relatively few points are care- 
fully selected to cover the plant operating en- 
velope. The computer is used to conveniently 
adjust controller responses until the transient 
and steady-state performance criteria for refer- 
ence input and design disturbances are satisfied 
for each selected operating point. 


The computer responses show that design 
criteria are satisfied with standard electronic 
controllers provided controller modifications 
are made to obtain a 0.1% proportional band. 
The responses shown on Figure 9 illustrate the 
superior performance obtained when the cooler 
inlet water temperatures are automatically and 
continuously adjusted by the master stagnation 
air temperature controller in cascaded configur- 
ations. Cascaded controller arrangements are 
also necessary to control the stagnation air 
temperature because of the physical location of 
the two coolers over 1000 feet upstream of the 
stilling chamber. 


This installation requires a total of 83 
electronic controllers and 191 pneumatically- 
operated control valves as indicated on Fig. 4. 
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Fig. 9 System Responses with Cascaded 
and Non-Cascaded Water Tempera- 
ture Control 


Conclusions 


1. This paper demonstrates that an inte- 
grated systems analysis based on valid simplifi- 
cations makes the synthesis and design of elec- 
tronic control systems for the largest dynamic 
processes technically feasible and economical. 


2. The simplified techniques used contrast 
markedly in terms of difficulty with the usual 
analvtical approach using. partial differential 
and transcendental eouations for systems involv- 
ing time and space variables. 


3. The analysis discloses the existence of 
unknown facility capabilities for: (1) Testing 
larger engines, (2) Sxpanded transient testing. 
Also, important savings are realized in control 
svstem hardware cost when compared to a previous 
design made without a systems analysis. 
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SOME LINEAR AND NONLINEAR ASPECTS 
OF HOT GAS SERVO DESIGN 


R. V. Halstenberg 
Convair San Diego 
San Diego, California 


Summary 


Gas servos are considered from a feedback 
analysis standpoint with emphasis on systems such 
as would be most suitable for missile applications. 
Linearized equations are presented for the case 
where the piston is operating off-center. The 
basic stability and response problems are investi- 
gated and some of the characteristics of accelera- 
tion, pressure, and transient pressure feedback 
are considered. 


The use of a thin plate orifice for compensa- 
tion use is considered and a quasi-linear analysis 
is carried out in order to obtain a better feel 
for this type of operation. A criterion for the 
presence and severity of a jump resonance is de- 
rived and applied to certain gas servo feedback 
configurations. Limiting elsewhere in the system 
is investigated as a means by which the jump 
resonance caused by saturation of the valve might 
be avoided. 


Introduction 


Hot gas servos offer a number of advantages 
for missile applications, but they also present a 
number of relatively difficult problems. One of 
the foremost of these problems is that of con- 
trolling the dynamic response of an actuator which 
is driven by an extremely compressible fluid. 
Although other phases of gas servo development are 
equally important and equally interesting, this 
paper will deal only with dynamic response con- 
siderations. 


A review of the history of hot gas servos re- 
veals one very important point. Hot gas servos 
have unquestionably been held back because they do 
not measure up to some of the rules of thumb for 
the dynamic response of a hydraulic servo. Since 
a gas servo is not a hydraulic servo, these rules 
do not necessarily apply. It appears that new 
standards and concepts are required in general and 
especially with regard to dynamic characteristics. 


One point of terminology requires some clari- 
fication. The actual temperature of the gas has 
very little to do with the things discussed here. 
Thus the term "gas servo” is used in the text so 
as to include cold as well as hot gas systems. 

The word "hot" has been used in the title because 
of its present popular usage in connection with 
this type of work. 


Linear Considerations 


Basic Equations 


The linearized equations for operation at any 
point in the cylinder are of interest. Shearer 
gives expressions from which the following equation 
may be readily obtained. 


il oF oa 
Ae Robie at oe Rt (., at ~“bo 2) 0) 


Appendix IV lists and defines all symbols and the 
notation conventions are as shown in Figure 1. 
Equation 1 is limited by the small disturbance 
assumptions discussed by Shearer and by the as- 
sumption that the areas of both sides of the 
piston are equal. If it is further assumed that 
the valving introduces the same mass of gas on one 
side of the piston as it removes from the other, 
then the following may be written for the case of 
a blocked piston. 


ap 
ps, hen A: 
Epis acean cede. oe (2) 


A relationship between cylinder pressure rates and 
differential pressure is also required. 

US seat as (3) 

Gis 7 hes dt : 


Inspection of Equation 1 shows that is consists of 
a piston rate term which is independent of pres- 
sure fluctuations and a pressure rate term which 
is independent of piston rate. Thus Equation 1 may 
be combined with Equations 2 and 3. It is con- 
venient to first solve for differential pressure 
in terms of piston pressures. 


dP. V. 

a, bo dAP 
az" W,+¥,) (*) 
ap ~v 
Sage Be, x S22 (5) 
dt Mins + wees dt 


The final combination eliminates piston pressures 
as variables and introduces differential pressure 
instead. 

2AP GENE UME 


fo) dx 
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In order to achieve a reasonable result, it 
is necessary to assume that the difference of the 
weight rates of flow into the two sides of the 
piston is directly proportional to valve displace- 
ment. 


(7) 


W 


a bd 


-W=KY 
ay 
aul as ; 
A careful study of valving will show that this 
is not entirely true in all cases, but that the 
assumption is sufficiently close to the actual 
case to give useful results. 


In the general case the gas servo could have 
a load consisting of a mass, a damper, and a 
spring which is expressed in Laplace notation as 


2 
Aes) = Ms x + Bsx + Kx 


(8) 


Combining Equations 6, 7, and 8, in Laplace nota 
tion gives a relationship between valve position 
and piston position. 


BES 10) 
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An extremely useful concept is that of the gas 
spring-load mass natural frequency. 


(11) 


Incorporating this concept into Equation 11 gives 
a@ more compact form of the valve-to-piston trans- 
fer function. 


A Se a ue 
¥ 2eAaP, ete ete + uc 
u°’ ‘HM P 


The damping term, B, as used above comes from 
a damper on the load. In most applications the 
load has little or no damping and the use of an 
artificial damper to give added stability is ex 
tremely undesirable. Certain terms which arise 
from open-centered valves or from leakage across 
the piston also give damping, but unless the 
quiesent flow through the open~centered valve is 
extremely large or unless the sealing across the 
piston is extremely poor, these contributions are, 
at best, small. ‘The best assumption for gas servo 
work is zero damping in the general case. 
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Inspection of the expression for the gas 
spring-load mass natural frequency shows that the 
lowest value occurs when the piston is centered. 
This minimum frequency is essentially determined 
by the stall force and the stroke of the piston. 
Noting that Po must be less than Py Equation 11 


can be quite easily modified to give an upper 
limit for the lowest natural frequency. 


(13) 


It is, of course, possible to raise this value in 
a specific case by over-designing the piston so as 
to give more stall force than is actually required. 
This may be justified in some cases, but weight, 
space, and gas consumption all get increased along 
with the frequency. 


Many applications for gas servos have a load 
which consists of a mass only. In these cases the 
open loop natural frequency of the servo becomes 
simply the gas spring-mass frequency. The corres- 
ponding expression for a hydraulic servo is as 
follows. 


bine 
M 4, 


wa = (14) 
Since the value for the bulk modulus of hydraulic 
oil is usually a very large number, the hydraulic 
natural frequency is usually much larger than that 
of a gas servo designed to do the same job. How- 
ever, as temperatures are increased the oil be- 
comes softer and if a 1500 degree F. oil were 
available, the two frequencies would probably be 
comparable. Another point to be considered is 
that the actuator is usually not mounted to struc- 
ture that can be considered as infinitely stiff. 
Thus the natural frequency to be considered in 
stabilizing the hydraulic servo could be the 
mounting spring-load mass frequency, and the stiff 
ness advantage of cooler hydraulics would not be 
fully realized. It cannot be stated unqualifiedly 
that hydraulic servos have a large stiffness ad- 
vantage over gas servos in every case. 


Stability Problem 


In order to gain some appreciation for the 
stability problem which gas servos present, con- 
sider a valve and actuator with a pure mass load 
sized such that the open loop natural frequency is 
40 radians per second. This seems to be a reason- 
able value from past studies. A damping ratio of 
0.1 will be assumed in order to demonstrate that 
any reasonable values of damping which could re- 
sult from valving or leakage are insufficient to 
make any appreciable difference. Valve actuating 
dynamics are assumed to be equivalent to a first 
order lag which corners at 120 radians per second, 
but this also has very little effect on the basic 
problem. A Bode plot of the normalized system is 
shown in Figure 2. If a gain margin of 6 db. is 
desired, the highest allowable loop gain would be 
5 per second if position feedback only were used. 


This low value of gain is certainly totally un- 
satisfactory for any missile control system and 
the 0.1 damping ratio that allows the gain to be 
even that high is giving the gas servo the benefit 
of the doubt insofar as probable values is con- 
cerned. Further inspection of Figure 2 shows that 
the addition of large amounts of velocity feedback 
will not allow higher position gains because the 
phase shift drops so rapidly from -90 to -270 
degrees. Even if the velocity did allow stable 
operation at higher position gains, the velocity 
would slow down the system and nullify any 
response advantages. 


In order to realize high position gains and 
fast responses from a system such as shown in 
Figure 2, it is necessary to either prevent the 
-180 degree point from occurring so near the 
resonant frequency or it is necessary to bring the 
phase shift back above -180 degrees at some higher 
frequency. Sketching a Nyquist plot for this type 
of system will show this quite clearly. Either of 
the above techniques requires more than 90 degrees 
of phase lead from the feedback. Expressed differ 
ently, the feedback must contain a higher deriva- 
tive of position than the first. This higher 
order feedback can be obtained in a number of ways, 
the most obvious being acceleration and pressure. 


Acceleration 


Since some of the characteristics of gas 
servos will be investigated by means of root locus 
plots, the open loop transfer functions will be 
given in root locus form. Valve actuation dyna- 
mics will be neglected in order to evaluate the 
basic trends. If the feedback consists of posi- 
tion, velocity, and acceleration, if the load is 
mass only, and if damping terms are negligible, 
the transfer function is as follows. 


22 
rR) 
out _ P K sarkitits 4k (15) 
Yin s(s 44) 2 
e 
K K 
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eee Kx 5 5 (16) 
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Figure 3a shows a root locus plot for K set to 


zero and the frequency of the numerator quadratic 
less than that of the denominator quadratic. It 
is seen that the gain can be made rather high, 
that damping is added, and that the closed loop 
always has a resonance at a frequency lower than 
that of the open loop. In Figure 3b the numerator 
frequency has been made higher than that of the 
denominator. The closed loop natural frequency 
has been increased, but the system is hopelessly 
unstable. The effect of adding velocity is shown 
in 3c and 3d. It is now possible to have a re- 
sponse which is essentially a well-damped second 
order with a high resonant frequency. Figure 3d 
shows the case where the phase shift of the open 
loop is allowed to drop below -180 degrees after 
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which sufficient lead is added to bring it back. 
Crossing into the right half plane and returning 
presents nonlinear problems which will be dis- 
cussed later. Based purely on linear considera- 
tions, the above has shown that with properly 
chosen acceleration, velocity, and position feed- 
back, the basic gas servo characteristics can be 
controlled to a point where any desired response 
is possible: the real limiting factor is valve 
actuating dynamics. 


It is most unfortunate that the accelerometers 
available today are unsuitable for use on this 
type of system. They are excessively noisy and 
would respond to missile acceleration as well as 
piston motions. Double differentation of position 
pickups by electronics does not appear to be a 
satisfactory solution. The practical limitations 
of instrumenting acceleration for feedback pur- 
poses have caused most workers in the gas servo 
field to turn to some form of pressure feedback. 
Several forms of pressure feedback can be incor- 
porated directly into the valving in a relatively 


simple manner. Reethof = describes a flapper 
valve that has extremely simple inherent pressure 
feedback. Figure 4} shows a more recently developed 
valve and actuator. The unit has built-in tran- 
sient pressure feedback but the valve assembly is 
seen to be quite compact. The unit shown in 
Figure 4 was built for test and development pur- 
poses and actually contains some extra complica- 
tions in the form of adjustments. 


Pressure Feedback 


Using the same conditions and assumptions 
that led to Equation 16, the open loop transfer 
function for a gas servo with differential pres- 
sure, velocity, and position feedback is 


2) 
tout = “’p (x 
Yin 984) 


in 
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For the pure mass load, area times differential 
pressure is equal to mass times acceleration. 
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The similiarity between Equations 16 and 19 has led 
to a tendency to think of pressure feedback as 
being exactly the same as acceleration. This is 
true linearly for the case given here: a load con- 
sisting of a mass only and the system driven from 
the valve input. However, it is not true in 
general. If the system had some damping or a load 
spring, the equations would not be nearly so 


similar. If an external force were to be applied 
to the piston, the initial pressure feedback 
action would be exactly opposite to that of accel- 
eration. 


Nonlinear Considerations 
Friction 


A very practical difference between pressure 
and acceleration feedback is their behavior in the 
presence of friction. If there is a small posi- 
tion error, the system mst build up differential 
pressure in order to move the piston and eliminate 
the error. Pressure feedback will fight this 
pressure buildup and possibly even allow this 
small error to persist by returning the valve to 
neutral. Acceleration will do nothing to dis- 
courage the pressure buildup until friction has 
been broken out and the piston is moving. 


Experience with hydraulic servos can lead to 
underrating friction as a problem in gas servos. 
It takes time to build up pressure to break out 
friction, and during this time the piston is not 
moving. There will, therefore, always be some 
part of a varying input to which a gas servo will 
not respond. It is important to hold load fric- 
tion and piston friction as small as possible, 
operate with as much position feedback as possible, 
and avoid anything which aggravates the friction 
problem. 


Transient Pressure Feedback 


Since acceleration seems to be impractical, 
and since pressure feedback does tend to aggravate 
the friction problem, transient pressure feedback 
becomes attractive. Here, pressure is fed back 
through a high pass filter so as to be effective 
only a those higher frequencies where it is re- 
quired for stability. One possible mechanization 
of the high pass filter is shown in Figure 1. Any 
change in P, is sensed by the small piston immedi- 


b 
ately. After some time, sufficient gas leaks 


through the orifice such that Po equals PS and the 


net effect becomes zero. ‘The arrangement in 
Figure 1 does not give transient differential 
pressure feedback, but rather transient pressure 
from one side of the cylinder. This will be dis- 
eussed at greater length later. 


Using the same assumptions and steps that led 
to Equation 19, the open loop transfer function 
for transient pressure, velocity, and position 
feedback is as follows. 
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The cubic cannot be factored in general terms, but 
factoring specific cases will give a numerator 
first order that very nearly cancels the denomina- 
tor first order and a quadratic that is about the 
same as would be obtained if pressure feedback 


were used. Solution of a few actual cases will 
show that the linear responses can be made essen- 
tially the same for either pressure or transient 
pressure. One difference is their behavior in the 
presence of nonlinearities. Another difference is 
that transient pressure is stiffer to external 
disturbances at the lower frequencies. Both of 
these differences result from the fact that tran- 
sient pressure has little or no effect at the low 
frequencies. 


Transient pressure compensation can also be 
achieved by the addition of stabilizing volumes as 


developed by Shearer’. However, these volumes are 
not considered suitable for use where weight or 
space are factors. The added volumes must exceed 
the cylinder in weight and size if an open loop 
damping ratio above 0.2 is required. 


Thin Plate Orifice 


The orifice used in the mechanization of the 
high pass filter can be somewhat of a problem. If 
a long thin tube (or a capillary resistance) is 
used, the high pass filter can be satisfactorily 
described by a linearized equation. Fabrication is 
somewhat more difficult but analysis is simplified. 
If a thin plate orifice is used, the reverse is 
true. The behavior of a thin plate orifice is de- 
termined by the nonlinear curve shown in Figure 6. 
Flow per pressure drop can be linearized about any 
point. However, when the operating point is zero 
flow, the flow per pressure drop becomes infinite. 
This leads to a transient pressure feedback time 
constant of zero which simply means no feedback. 
In this situation the servo would have a limit 
eycle such that the oscillating pressure across the 
orifice would result in a time constant other than 
zero. The operating point would be shifted upward 
onto a portion of the curve with a finite slope. 
However, the thin plate orifice is not unsatisfac- 
tory for this application since the ever-present 
friction will prevent the limit cycle. Figure 5 
shows computer results for a gas servo containing 
thin plate orifice transient pressure feedback. 
Figure 5a is a step response without friction and 
Figure 5b shows the effect of adding relatively 
little friction. Appendix I contains an analysis 
which should give a better feel for the behavior of 
a system with this type of characteristic. An ad- 
ditional point to be considered is that the thin 
plate orifice characteristic should give superior 
results so far as positioning in the presence of 
friction is concerned. The pressure feedback is 
washed out much sooner for the small pressure 
fluctuations, so there is a minimum resistance to 
the pressure build up to break out friction and 
make small corrections. 


It is not necessary to use true differential 
pressure into the high pass network. Pressure from 
one side of the cylinder can be used but appears to 
be subject to certain limitations. When the opera- 
ting point of the piston is moved from one end of 
the cylinder to the other, it will be found that 
the response changes markedly. At one end the 
maximum allowable position gain may be limited, al- 
though recent computer studies have shown that the 


100 


addition of a relatively small stabilizing volume 
on one end (about one fifth of the cylinder volume) 
will allow the gain to be raised considerably. 
With transient differential pressure or transient 
pressure from both sides of the piston, the re- 
sponse can be made essentially uniform throughout 
the stroke. Although more work on this subject is 
required, it appears that the choice between one 
and two sides should depend on the requirements of 
each specific application. 


Jump Resonance 


It can be seen from Figure 3 that the highest 
performance gas servo feedback configurations 
allow the open loop phase shift to either approach 
or go below -180 degrees at frequencies where the 
amplitude ratio is quite large. Going below -180 
degrees and returning can be shown to present the 
possibility of a large amplitude saturation limit 
eyele. It would seem reasonable that the case 
where the phase shift approaches but does not 
eross -180 should not be entirely free from satura- 
tion problems. Application of the criterion de- 
veloped in Appendix II demonstrates that such is 
the case. Barely avoiding a saturation limit cycle 
leaves the system subject to tremendous jump 
resonances. 

One solution, of course, would be to avoid the 
higher performance feedback combinations. Another 
possibilityis to build sufficient capability into 
the system such that the actuator bottoms out be- 
fore the valve saturates at those frequencies which 
present jump problems. Neither of these methods 
are really satisfactory unless they are compatible 
with system requirements. However, the latter sug- 
gests a third solution. That 1s, purposely add a 
second nonlinearity to avoid the undesirable effects 
of an inherent nonlinearity. 


Torque Motor Limiting 


If the gas servo has built-in transient pres- 
sure feedback, it would seem that saturating the 
other valve inputs might be a solution. The tran- 
sient pressure feedback represents most of the 
phase lead in the loop whereas the position and 
velocity components of the feedback have been found 
to do very little for stability. In many cases the 
other valve inputs consist of input, position feed- 
back, and velocity feedback, all summed into an 
amplifier as electrical signals. They can be 
limited to some specific value by limiting in the 
amplifier or by judicious selection of the torque 
motor which the amplifier drives. A method for 
determining the value for this intentional satura- 
tion is presented in Appendix III. The limit will 
usually be such that the input can drive the valve 
into full saturation in the absence of pressure 
transients. A final point is that this nonlinear 
"compensation" cannot be used with pressure feed- 
back because the input could not command full dif- 
ferential pressure from the servo. In this case, 
the limit would be such that the input could satur- 
ate the valve in the absence of either steady state 
or transient pressures. 
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Conclusions 


With properly chosen feedback, the linearized 
dynamic response of a gas servo is limited by the 
valve actuating dynamics. Second derivative feed- 
backis required in most systems for stability and 
the first derivative (velocity) is necessary if it 
is desired to achieve a response above the open 
loop natural frequency. If better instrumentation 
were available, acceleration would be the best 
source of the second derivative for proportional 
systems. Pressure feedback is relatively easy to 
realize, but leaves something to be desired in the 
way of steady state positioning accuracy. Tran- 
sient pressure feedback seems to be the best solu- 
tion since it can also be achieved rather easily 
and has zero effectin the steady state. 


Transient pressure feedback can be mechanized 
with either a linear flow resistance or a thin 
plate orifice, the thin plate orifice being much 
more difficult to analyze. Configurations that 
give closed loop frequencies above the open loop 
frequency in the linear region of operation will 
usually have large jump resonances during operation 
which drives the valve into saturation. Limiting 
the authority of the torque motor can be used to 
avoid the jumps in systems with transient pressure 
feedback. 


Appendix I 


Analysis of Nonlinear Transient Pressure Feedback 


Assuming that the thin plate orifice is the 
only nonlinear elementin the system, a good indica- 
tion of the response of the system can be obtained 
by establishing the behavior for all values of the 
nonlinearity. The nonlinearity in this case is 
the time constant of the high pass filter that 
gives transient pressure feedback. 


Given a system with the parameters which are 


listed as follows. 
Ky = 117 inches per second per inch error. 
K = 4.37 inches per second per inch per sec. 
KO = .155 inches per second per psi. 
M = 1.0 pound second squared per inch. 
A =1./7 square inches. 
she 40 radians per second. 
Ty = 1/120 second. 


These values are substituted into Equation 20 and 
the equation of the denominator. is written. The 
high pass time constant is carried along as the 
only variable. 
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(s+26.8) + 1-0 (21) 


Equation 21 is manipulated so as to isolate the 
variable in question. 
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Factoring the numerator and denominator by root 
locus or other means gives a form which can be in- 
vestigated by root locus. 
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The root locus plot of Equation 23 is shown in 
figure /. 


Only the oscillatory roots have been shown in 
Figure { since they are of the most interest. The 
servo is unstable for time constants less than 
0.014. As the time constant is increased, the 
damping is improved and the frequency is reduced. 
Only at the low values of time constant is the re- 
sponse objectionable. 


Evaluation of Time Constant 


In order to obtain an equivalent time con- 
stant for a thin plate orifice and a volume, it is 
necessary to assume that the flow into the volume 
is proportional to the pressure drop across the 
orifice. This assumption can be made for some 
specific operating point on the curve shown in 
Figure }. 


(2h) 


By using Equation 1 with zero piston rate and the 
variables for one side set to zero for the behavior 
of the fixed volume, an expression for the time 
constant can be obtained. 
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For the above example, the fluid medium is assumed 
to be air at 1500 degrees F. A reasonable ratio 
of chamber volume to effective area has been found 
to be 8000 inches based on large amplitude compu- 
ter investigations. Solving Equation 25 for the 
value of Co to just give a stable time constant 


shows that any value of C, below 14 will give 


stable operation. The curve in Figure 6 drops off 
so sharply near zero that it is difficult to de- 
termine the exact pressure ratio for a slope of 14, 
but it is at a pressure ratio of less than 0.01. 
No attempt will be made to prove that this pres- 
sure ratio is less than the friction expressed in 
a similar manner, but experience will show that it 
is. The low amplitude, higher frequency insta- 
bility will be damped out by friction in this case, 
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Appendix IT 


Jump Resonance Criterion 


The nonlinearity of interest here is satura- 
tion so the derivation will be carried out for 
saturation and such other nonlinearities as happen 
to fall within the limitations that it will be 
convenient to assign. Inspection of the method 
will show that it can be extended so as to include 
other classes of nonlinear functions. Describing 
functions are used so all of the usual describing 
function assumptions apply. It is also assumed 
that the describing function is real (no phase 
shift) and that it is a function of input ampli- 
tude only. ‘The criterion for the maximum jump re- 
quires that the greatest valve of the describing 
function be unity and that this value of unity 
corresponds to a region of linear operation. 


The standard equation for the summing junc- 

tion of a simple servo is: 
R=C+E. (26) 

The bar above the variable denotes a phasor quanti- 
ty having both magnitude and direction. The magni 
tude of the phasors will be represented by omit- 
ting the bar. If the phase angle between E and CG 
is ©, then the magnitudes of all three variables 
is given by the law of cosines. Dividing by C 
squared gives an expression for the closed loop 
amplitude ratio. 


= - = i + = : + 
Cc cs C 
By definition and basic assumptions, the output is 


equal to the product of the error, the describing 
function, and the linear transfer function. 


2E cos 8 


5 (27) 


C = ENG (28) 
Combining Equations 27 and 28 gives: 
2 
3 db 2 cos 8 
=| =l+4 + (29) 
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Various considerations will show that if the 
closed loop amplitude ratio is to have some peak 
value as N (and therefore E) varies, then the 
square of the reciprical of that ratio must go 
through a minimum value. To determine any minimum 
values of Equation 29, simply differentiate and 
equate the result to zero. 
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Equation 31 defines the condition for the oc 
currence of a jump resonance in terms of the open 
loop transfer function. One obvious set of condi- 
tions immediately excludes most servos from the 
possibility of having a jump: the linear transfer 
function must be greater than unity when the 
cosine of the phase shift is negative. 


Substituting Equation 31 into 29 gives an ex- 
pression for the maximum nonlinear value of the 
elosed loop amplitude ratio. 
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The characteristic of the jump resonance which is 
actually of greatest interest is the height of the 
jump above the expected linear value. Allowing N 

to go to unity in Equation 29 gives the expected 
linear value of amplitude ratio. The ratio of the 


greatest jump to the linear value is now readily 
found. 
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This ratio is given the symbol y for convenience 
and the above factored to give: 


re 2 
y= ae (G sin 0)" + = + G cos 8) (35) 

(G sin 6) 
The above equation is a family of straight lines on 
the complex plane. All of the lines pass through 
the minus one point with a slope which is given as 
follows. 


= (36) 


These lines are valid only to the left of minus 
one. With a complex plane plot of the open loop 
transfer function, it is a simple matter to find 
which frequencies present potential problems and 
just how severe the problem is. Figure 8 shows 
the open loop of the system studied in Appendix I 
with a fixed time constant of 0.05 second. A jump 
of 6 db. above the linear response in the region 
of 46 radians per second is possible. 


The stability of the forced oscillation still 
remains to be investigated. From Equation 26, 


ORGR = 2CdC + 2EdE + 2C cos © dE + 2E cos O ac. (37) 
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Reference 3 shows that if the right side of the 
above equation is greater than zero, the forced 
nonlinear oscillation is stable. For stability, 


(14NG cos 6) + G(N+ BSH) (NG+cos )) Stes (39) 


This expression may be simplified by inserting the 
condition of interest as given in Equation 31. 
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Since NG at this condition is greater than unity, 
the final stability relationship is 


(40) 
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It will suffice at this point to state that the 
above relation has been investigated for the satur- 
ation describing function and that the oscillation 
corresponding to Equation 31 is stable. 


Appendix IIT 


Limiting to Avoid Jump Resonance 


A gas servo with built in transient pressure 
feedback can be represented by the block diagram 
shown in Figure 9. The input, position feedback, 
and velocity feedback are electrical signals and 
are summed into an amplifier and torque motor com 
bination. The transient pressure feedback is 
summed with the torque motor output at the valve as 
shown in Figure 1. Using the symbols as shown in 
Figure 9, the equation of the valve summing junction 
in phasor form is 


Temeneaey. (42) 
Solving the triangle gives 
12 = v + Qe + 2VQ cos ber (43) 


Solving for the ratio of L to V in the region of 
linear operation gives the following. 
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Equation 45 can be solved to give a limit for 
the electrical valve input, L, which will not allow 
saturated operation of the valve at those frequen- 
cies which show up as having saturation problems. 
The process is to determine the minimum ratio of L 
to V in the frequency range of interest and then 
solve for the maximum allowable value of L by using 
the V which corresponds to the valve being just at 
the saturation valve. The situation is complicated 
somewhat by the fact that the effective value of M 


can be 1.27 times the limit, by the fact that 
slight saturation of the valve may not cause a 
jump resonance, and also by the fact that the 
above assumes that the valve saturates when the 
valve command reaches some certain value indepen- 
dent of frequency. However, the procedure given 
above will give a reasonable value from which to 
start a closer examination, if a closer examina- 
tion is desired. 


Since FI is the section of the loop contain- 
ing the stabilizing lead, the angle of FI should 
be less than 90 degrees. Thus, Equation 45 should 
always give a limit for L which is greater than 
the limit on V, and the electrical signal should 
be able to drive the valve into full saturation in 
the absence of pressure transients. 


A possible objection to this type of limiting 
is that the response willbe slowed down somewhat 
for the larger input commands. Unless some other 
method can be found, the choice is well-defined: 
have a fast system with a jump resonance, use 
feedback which results in a slower system without 
a jump resonance, or incorporate torque motor 
limiting so as to have the fast response for most 
inputs and a slower response to the large inputs. 
Most systems should not be severely restricted by 
this limiting since normal operation does not 
usually require that the valve spend prolonged 
periods of time in the saturated state. 


Appendix IV 
Nomenclature 


The units given form a consistent set. Other 


units are certainly possible. 


A - piston area, square inches. 
A - effective orifice area of high pass filter, 


: square inches. 
B - damping coefficient, pounds per inch per 
second. 
C - the output of any servo. 


C_- linearizing coefficient for the thin plate 

orifice flow characteristic, degrees to the 

one-half power per second. 

the error signal of any servo. 

- the transient pressure feedback transfer 
function. 

- the open loop transfer function of any servo. 

- the ratio of specific heats of the gas. 

- acceleration feedback gain, inches per second 

per inch per second squared. 

- load spring constant, pounds per inch. 
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pressure feedback gain, inches per second per 
psi. 

- velocity feedback gain, inches per second per 
inch per second. 

- position feedback gain, inches per second per 
inch of position error. 

- valve gain, pounds per second per inch. 
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the torque motor component of valve input. 
- the total stroke of the piston, inches. 
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load mass, pound seconds squared per inch. 
- the slope of the constant y lines. 
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N - saturation describing function. 


P - the driving pressure of a thin plate orifice, 
is = pressure in the extend side of the cylinder, 

PB, = pressure in the retract side of the cylinder, 
1 = pte onto in the averaging chamber of the high 


pass filter, psi. 
Po - average cylinder pressure, psi. 


- supply pressure, psi. 


- the input to any servo. 


19 
Q - the transient pressure component of feedback. 
R 
R_- gas constant, inches per degree Rankine. 


s - the Laplace operator. 

T - gas temperature, degrees Rankine, and also the 
transfer function from valve to piston. 

t - time, seconds. 

VY - valve, position. 

V_- average volume of the extend side of the 

cylinder, cubic inches. 

V..- average volume of the retract side of the 
eylinder, cubic inches. 

V, - volume of the averaging chamber of the high 

pass Pilter, cubic inches. 

gas weight flow through a thin plate orifice, 

pounds per second. 

W gas weight flow into the extend side of the 

a F 

eylinder, pounds per second. 

Ww gas weight flow into the retract side of the 

cylinder, pounds per second. 

x - piston position, inches. 

y - valve displacement from neutral, inches. 
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- differential pressure across the piston, psi. 


the maximum possible jump resonance peak above 
the amplitude ratio of the linear system. 

the phase angle of the open loop transfer 
function of any servo. 

ae valve actuation time constant, seconds. 


Tp ~ transient pressure feedback time constant, 
sec. 

rae the natural frequency of the fluid spring and 
the load mass in a hydraulic servo, radians 
per second. 

W - the natural frequency of the gas spring and 
the load mass in a gas servo, radians per 
second. 
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Fig. 2. Bode Plot of Valve-to-Piston Transfer Function. 
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Fig. 4. Hot Gas Servo with Transient Pressure Feedback. (Stratos Division of Fairchild Engine and Air- 
plane Corp.) 
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Fig. 5. Computer Results for Thin Plate Orifice 
Feedback, 
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Fig. 6. Thin Plate Orifice Flow Characteristic for 
Air, 


Fig. 8. Application of Jump Resonance Criterion. 
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Fig. 7. Effect of Nonlinear Time Constant. 
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B. PHASOR DIAGRAM 


Fig. 9. Relationships for Torque Motor Limiting. 


TOPOLOGICAL TECHNIQUES FOR THE SOLUTION OF 
MULTI-LOOP SAMPLED SYSTEMS 


R. Ash, W. H. Kim, and G. M. Kranc 
Department of Electrical Engineering 
Columbia University 
New York, N. Y. 


Abstract 


This paper presents a flow-graph approach for analyzing multi- 
loop sampled-data systems. Two techniques for finding the sam- 
pled output are examined. These are, first, construction of a 
“sampled” signal flow graph from the original system; second, a 
general gain formula which can be directly applied to the original 
system. The theorems necessary to establish the formula are 
rigorously proved. 

The first technique allows two possible modes of solution, The 
sampled output can be found directly from the sampled flow graph 
by the use of Mason’s formula, or in case of a more complicated 
multi-loop system, the problem of enumerating nontouching feed- 
back loops can be simplified by the use of topological matrices. 
Techniques developed in the paper are also applied to the solution 
of multirate systems. 

This paper has been published by the American Society of Me- 
chanical Engineers as ASME Paper No. 59-NAC-1, 
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SYNTHESIS OF THIRD ORDER CONTACTOR 
CONTROL SYSTEMS 


Irmgard Flugge-Lotz 
Stanford University 


Abstract 


A dynamic system is given with a transfer function of third 
order (one real pole, two complex poles, and two zeroes). It is 
desired to design a contactor control which yields a near-optimum 
follow-up of a given input. For zero-seeking systems and for 
step-inputs an “optimum” control problem can be defined easily; 
however, a general solution of the optimum problem is not yet 
available. The known particular cases yield switching surfaces 
in the phase space which depend on the particular pole and zero 
locations (parameter Set). The realization of such surfaces is 
rather difficult and usually demands digital computer equipment. 
The author and her associates suggest in this paper switching 
functions which can be realized easily and which give good re- 
sponse for different parameter sets. Particular attention is given 
to the occurrence of discontinuities in linear switching functions 
and their advantages and disadvantages; to different types of chat- 
ter, which may or may not improve the system performance; to 
discontinuities in the switching function which can be avoided by 
feeding the output of the contactor back into the switching function. 
Analog computer tests show the performance of systems with 
linear switching functions. The choice of the coefficients in this 
linear switching function is discussed. The influence of imper- 
fections of the control system on its performance is investigated. 
Comparison to linear feedback control systems are included. 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 
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ON THE GENERAL THEORY OF CONTROL SYSTEMS 


R. E. Kalman 
RIAS, Inc. 
Baltimore, Md. 


Abstract 


This paper deals with further advances of the author’s recent 
work on optimal design of control systems and Wiener filters. 
Specifically, we consider the problem of designing a system to 
control a plant when (1) not all state variables are measurable, 
(2) the measured state variables are contaminated with noise, and 
(3) there are random disturbances. 

An explicit design procedure (well adapted to digital computa- 
tion) is presented. In addition, some fundamental new concepts 
(controllability, observability, etc.) are introduced. A general 
theory of control systems is outlined which answers many basic 
questions (what is controllable? why? how?) and gives a highly 
efficient method of computation. 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 
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ON OPTIMAL COMPUTER CONTROL 


J. E. Bertram and P. E. Sarachik 
I.B.M. Research Center 
Yorktown Heights, N. Y. 


Abstract 


This paper is concerned with the optimal computer control of 
a linear dynamic element of plant. It is required that the outputs 
of the plant exactly equal a set of desired outputs at the uniformly 
spaced time instants, t, ty, ton, -... The system is optimal 
in the sense that a quadratic form of the control effort, which is 
proportional to the control energy, is a minimum. The optimal 
system is shown to be a linear, periodically time-varying feed- 
back system, in which the generation of the control input is related 
to the solution of the adjoint equations of the plant. The paper 
concludes with a discussion of the effects of uncontrolled inputs and 
certain problems encountered in making the system adapt to slow 
parameter variations. 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 
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CONTROL SYSTEM ANALYSIS AND DESIGN VIA THE 
SECOND METHOD OF LYAPUNOV: 
(I) CONTINUOUS-TIME SYSTEMS 
(Il) DISCRETE TIME SYSTEMS 


R. E. Kalman 
RIAS, Inc. 
Baltimore, Md. 
and 
J. E. Bertram 
I.B.M. Research Center 
Yorktown Heights, N. Y. 


Abstract 


I - Continuous-Time Systems - The “second method of Lya- 
punov is the most general approach currently in the theory of 
stability of dynamic systems. After-a rigorous exposition of the 
fundamental concepts of this theory, applications are made to (a) 
stability of linear stationary, linear nonstationary, and nonlinear 
systems; (b) estimation of transient behavior; (c) control-system 
optimization; (d) design of relay servos. The discussion is es- 
sentially self-contained, with emphasis on the thorough develop- 
ment of the principal ideas and mathematical tools. Only systems 
governed by differential equations are treated here. Systems 
governed by difference equations are the subject of a companion 
paper. 

II - Discrete-Time Systems-The second method of Lyapunov 
is applied to the study of discrete-time (sampled-data) systems. 
With minor variations, the discussion parallels that of the com- 
panion paper on continuous-time systems. Theorems are stated 
in full but motivation, proofs, example, and so on, are given only 
when they differ materially from their counterparts in the 
continuous-time case. 

Part I has been published by the American Society of Mechan- 
ical Engineers as Paper No. 59-NAC-2. 

Part II has been published by the American Society of Me- 
chanical Engineers as Paper No. 59-NAC-3. 
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ADAPTIVE FLIGHT CONTROL 


O. H. Schuck 
Minneapolis -Honeywell Regulator Company 
Minneapolis, Minn. 


Abstract 


Need for adaptive control systems is explained, and results 
obtainable with two forms are discussed. Recognized approaches 
to achieving self-adaptive action are indicated; integrating and 
nonintegrating techniques are compared. One non-integrating form, 
the model-bistable system, is taken as an example, and analysis 
of its operation is developed. Its application to flight control is 
described, and its limitations in this and other applications are 
discussed. Effects of system performance requirements, includ- 
ing nature of input signals and disturbances, on the choice of 
adaptive control type are considered. Relations of mechanistic 
adaptive control systems to those found in the biological organism 
are discussed. 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 


113 


ELECTRONIC SOLID-STATE AUTOMATIC FLIGHT CONTROL SYSTEMS 


The three papers that follow describe a 
series of developments that have made possible 
completely electronic solid-state automatic 
flight control systems, free of moving parts 
between the input sensors and the output 
actuators. 


Solid-state automatic flight control 
systems are not new. They have been a working 
reality for several years now, and have 
established an enviable record of performance 
and reliability. The present solid-state flight 
control systems utilize electromechanical com- 
ponents to perform a number of key system 
functions. It is expected that systems utilizing 
the new all-electronic techniques will be 
superior with respect to size, weight, cost and 
reliability when compared to their electro- 
mechanical counterparts. In addition, the all 
electronic systems will be particularly compati- 
ble with the coming generation of multiplexed 
airborne digital computing systems. 


Figure | presents the block diagram of an 
illustrative signal chain, arranged to 
emphasize the three areas to be discussed in the 
papers that follow. The input signal E, is an ac 
voltage that is synchronized, filtered, and gain 
adjusted before emerging as ac voltage E>. 


The first paper that follows describes 
electronic function storage and gain control, areas 
represented by the diagonally shaded boxes in 
Figure 1. High performance flight control 
systems, designed to control vehicles that are to 
operate over widely varying flight conditions, 
require some form of automatic control of the 
gains of individual channels in order to 
compensate for major variations in effective 
airframe dynamics. The techniques 
illustrated in Figure 1 include both the classical 
stored function approach, in which the required 
gains are stored as functions of variables that 
are sensed or computed in flight, and one class 
of adaptive systems in which the difference 
between a desired and a computed figure of 
merit is integrated to derive the gain control 
signal. Figure 1 illustrates the fact that these 
techniques, and alternate adaptive implementat- 
ions, are both competitive and compatible. That 
is, the attainment of a given dynamic perform- 
ance specification may require an adaptive 
technique, a stored function technique, or a 
combination of these approaches. The require- 
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ment for a combined approach can stem either 
from a strict transient specification or from the 
need to vary the adaptive figure of merit with 
flight conditions in order to fully realize 
potential dynamic performance without exceed- 
ing airframe capabilites. 


The first paper concentrates on new all- 
electronic implementation techniques for two 
dimensional function storage that achieve a new 
flexibility in function approximations and that 
are readily applicable to combined adaptive 
stored function control systems. This paper 
also briefly summarizes the characteristics of 
electronic switching circuitry for ac signal 
voltages. Such switching devices are used both 
in function storage implementations and in the 
implementation of over-all system switching 
when actuated by digital logical circuitry. 


The second paper deals with the 
horizontally lined box of Figure 1. In selected 
modes of automatic flight control system 
operation it is necessary to remove the effect 
of any signal present at E), while retaining the 
capability of responding to any variation in E, 
that occurs after a given switching instant. 

The synchronizer satisfies the first condition by 
introducing a signal E} equal and opposite to E) 
when the switch is closed. The second condition 
is satisfied by memorizing the value of Ej, at the 
instant that the switch is opened. The second 
paper presents new all-electronic techniques 
for achieving this precise long-time memory. 


The third paper deals with the problems of 
integration and filtering of ac signals, illustrated 
in Figure 1 by the vertically lined boxes. In this 
illustrative example, the integrator is being 
utilized to build up an adaptive control signal 
from a voltage proportional to the error between 
actual and desired figure of merit. In actual 
flight control systems, integrators are also used 
directly in the signal chains in areas of high 
accuracy, low bandwidth control. In addition, 
integrators are the central element in high pass 
and low pass filter implementations. The third 
paper describes new all-electronic, pulse- 
controlled integrators capable of performing 
precise integration and, in suitable feedback 
configurations, of filtering ac signals. 
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ELECTRONIC GAIN CONTROL IN AUTOMATIC 
FLIGHT CONTROL SYSTEMS 


William Henn and Eugene L. Boronow 


Bendix Aviation Corporation 
Eclipse-Pioneer Division 
Teterboro, New Jersey 


Introduction 


This paper deals with the problems 
involved in implementing electronic, stored 
function, control of automatic flight control 
system channel gains. Systems of this type 
utilize sensed variables to actuate a set of 
stored functions in such a manner that correct 
precomputed attenuations are automatically 
introduced in the channel ac signal lines. 
Since the greatest attraction of the stored 
function technique arises when the sensed 
variables required to actuate a given channel 
number only one or two, this paper will con- 
centrate on electronic techniques for 
implementing the one or two variable case, with 
the understanding that these techniques can be 
extended to more complex situations when this 
is required. 


Consider the problem of specifying the 
gain of a given channel as a function of two 
variables. While it is sometimes possible to 
derive the required gain as a well defined 
analytic function, in most cases the basic data 
is derived from a series of simulation runs in 
which one parameter is held constant while the 
second parameter is varied over its operating 
range. The repetition of this process for a 
number of chosen values of the first parameter 
results in a finite family of curves as illustrat- 
ed in Figure 1. These curves define lines on 
the required continuous gain surface. The 
ideal surface can then be approximated by one 
that passes precisely through each boundary 
curve and linearily varies from one boundary 
curve to the next as a function of the first 
parameter. 


The standard technique for implementing 
channel gain control as a function of two 
variables involves three basic steps: 


1) The surface is first approximated by a 
combination of the sums and products of a new 
set of single variable functions in X and Y, 
utilizing techniques already well defined in the 


literature. For example, a typical approxi- 
mation might be 


F(X, ¥) = Fa (X) # Fy (Y) # Fe (X) Fg (¥). 


In general the number of sum and product 
terms depends on the required accuracy and on 
the complexity of the surface that is being 
approximated. 


2) The single variable functions are 
stored in the winding configuration of non- 
linear potentiometers, using one potentiometer 
per function. 


3) The single variable functions are then 
combined in the prescribed manner. 


In a multiple channel system this technique 
results in the system configuratiorillustrated in 
Figure 2a. The variables X and Y are convert- 
ed to shaft rotations at a centralized location. 
All system gain adjust potentiometers are 
mounted in this central assembly, with all F(X) 
potentiometers driven by the X shaft and all 
F(Y) potentiometers driven by the Y shaft. The 
signal leads from all channels are routed to this 
location, through the applicable potentiometers, 
and back to the channels from which they came. 


The electronic techniques presented in 
this paper can be used either as direct replace- 
ments for these electromechanical implementat- 
ions or in new configurations that do not require 
sum and product approximations. Direct 
replacement is applicable to the generation of 
single variable functions and to simple multi 
variable functions that are readily approximated 
by a small number of sum and product terms. 
The elimination of sum and product approxi- 
mations is of greatest value in the generation of 
more complex multi variable functions. 


The use of electronic techniques for direct 
replacement alone offers several major 
advantages including: 


1) The requirement for routing all ac 
signals that are to be gain adjusted to a single 
central location is eliminated. Instead, the 
system configuration is as illustrated in 
Figure 2b. The elements that implement the 
electronic function generation and gain control 
are combined with the normal ac channel 
amplifier circuits, with centralized control 
exercised through the distribution of dc voltages 
proportional to X and to Y. When more than one 
channel is to be actuated by the same function, 
it is possible to generate the required function 
centrally distributing the resultant de control 
Signals to the remotely located signal 
attenuators. 


2) The requirement for electromechanical 
devices, including servo mechanisms and sliding 
contact potentiometers, is eliminated, thereby 
increasing system reliability and reducing 
system size and weight. 


3) Individual functions that heretofore 
could be substantially changed only by re- 
designing the corresponding potentiometers 
can be changed easily, in the field if necessary, 
by simply replacing a small number of fixed 
resistors. 


In addition to the very desirable features 
that have been summarized above, the new 
electronic techniques make possible the 
complete elimination of the substantial in- 
accuracies introduced by sum and product 
approximations of complex multi variable 
functions. These complex functions can now 
be generated directly from the original family 
of function curves specified by the simulation 


runs. 


Techniques applicable to the electronic 
implementation of channel gain control as a 
function of a single variable are described in the 
first section of this paper. The application of 
these techniques to channel gain control as a 
function of two variables is described in the 
second section. 


The Appendix of this paper presents 
electronic techniques for switching ac signals 
under dc voltage control. This requirement is 
common to electronic function generation, 
electronic memory, electronic integration and 
general automatic flight control signal 
switching. 
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Functions of a Single Variable 


A simple method for generating a function 
of a single variable is to approximate the requir- 
ed function by a series of steps. An approxi- 
mation of this type can be implemented very 
simply by switching a fixed attenuating resistor 
into the signal channel over the proper range of 
the sensed variable. Electronic techniques for 
implementing signal switching are discussed in 
the Appendix. 


This step method of channel gain control 
is quite limited, however, in that it will yield 
only a rough approximation to the required 
function unless a large number of steps are 
used. A more accurate approximation can be 
obtained utilizing a series of constant-slope 
line segments instead of the steps. In this 
process, each straight-line segment has 
associated with it both a slope and an initial 
value at the point of junction with the preceding 
segment. The location of junction points 
depends upon the shape of the curve being 
synthesized. As each junction point is reached, 
a new straight-line segment having a new slope 
may be switched in using diode switching. ‘The 
entire function generator is thus a diode- 
resistance matrix. The channel gain control is 
implemented by generating a dc signal defining 
the required channel gain. This de signal 
controls an ac attenuator inserted in the signal 
channel to produce the required attenuation, as 
illustrated in Figure 3. The attenuator to be 
discussed in this paper is a magnetic modulator 
in which the attenuation is determined by a de 
current in the control winding. This control 


current is generated in the following manner: 


A single change in slope can be achieved 
with one diode and one resistor, as shown in 
Figure 4. When the input voltage E is applied 
to the single-diode circuit of Figure 4a, the 
current i flowing in the circuit is determined by 
For values of E < ej 
the current i is zero (assuming a perfect diode). 
For values of E > e,; the current iis given by 
i= E - el ; 

R 
graphically in Figure 4b. The break point is at 
e, and the slope is givenby _] 


either of two conditions. 


This relationship is shown 


R 


The circuit of Figure 4a can be simplified 
by using a single Zener diode to replace both the 
conventional diode and the voltage source e). 
Although both Zener diode and conventional 


diode techniques are feasible, the latter will be 
used to illustrate the various function shaping 
techniques. 


Multiple changes in slope can be achieved 
by using several diodes and resistors, as shown 
in Figure 5. 
a current-voltage relationship as shown 
graphically in 5b. Two break points may be 
noted. For all applied voltages less than e2, 
the diode D, 
is identical to that of the single-diode circuit. 
When the input voltage exceeds e,, however, 
diode Dy will conduct and an additional break 
point will be introduced at e,. The slope is 


The circuit of Figure 5a produces 


is cut off and the circuit response 


given by for the straight-line segment 


1 
between e; and ey and by Se t fer the 
R R 
1 2 
segment beyond e5. 


The introduction of the control winding 
resistance (R, ) of the magnetic modulator as 
part of the dc circuit is shown in Figure 6. 

The transfer characteristic implemented is one 
having only increasing slope segments as 
shown in the accompanying curve. This same 
configuration can be used to obtain a decreasing 
slope by adjusting the bias current of the 
magnetic modulator and reversing the connect- 
ion of the control winding (Ry). Further, by 
having a center tapped control winding, and two 
separate function generators, one containing 
elements determined by its increasing slope 
segments, and the other containing elements 

of its decreasing slope segments, a method of 
slope reversal is introduced. Such a system is 
depicted in Figure 7a. ) 


The requirement for floating power supply 
voltages implied by Figure 6 is eliminated in the 
configuration illustrated in Figure 7b. Here, 
the voltage divider Rib controls the 

Ria t Rib 
voltage break point, while the parallel com- 
bination of R}, and R)p controls the change in 
slope. Specifying the required break point and 
slope change therefore uniquely defines both R,, 
and R;jp. A common grounded power supply is 
used to provide the single dc reference voltage. 
Figure 7c presents the output of a system 
implemented in this manner. For this photo- 
graph the modulator was actuated by a fixed ac 
input voltage and the gain control current was 
derived from the oscilloscope horizontal sweep 
voltage. 
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A number of alternate procedures for pro- 
ducing the required gain control circuits can be 
readily derived. For example, at the expense 
of additional circuitry, each segment of the 
curve can be made independent of the other, 
using resistors to define the initial value and 
slope of each segment independently. The most 
applicable method will depend on the complexity 
of the function to be generated and on required 
accuracy. 


Functions of Two Variables 


For those cases where the function of two 
variables can be easily approximated by the 
sums and products of single variable functions, 
the magnetic modulators can be used to effect 
the required combination of separately formed 
single variable functions. This process can be 
implemented by specifying the interconnection 
of the magnetic modulators and of their control 
windings. The sum of two functions can be 
formed utilizing a control winding consisting of 
two identical center-tapped coils. Sucha 
function 


F(X, Y)o= F, (X) # Fy (Y) 


The product of two 
functions can be formed by utilizing two 

modulators in cascade as shown in Figure 9a. 
A photograph of the detected response of such 


is illustrated in Figure 8. 


a system is presented in Figure 9b. Note in 
particular that the Yinput cannot control the 
shape of the curve only its amplitude is 
effected. Functions containing both the sums 
and products of single variable functions such 


as 
F(x, ¥) = [F2(x) # F,(¥)] F3(X) 
can be implemented as shown in Figure 10. 


The generation of a function of two 
variables by the techniques described above is 
desirable only when the sum and product 
approximation is simply derived and yields a 
sufficiently accurate result. When these 
conditions are not met is becomes desirable 
to utilize the original family of data curves and 
to develop means for interpolating between these 
curves to obtain the required function. In the 
electronic implementation to be described, the 
functions F(X) are stored as single variable 
functions as shown in Figure 1. The Y dc volt- 
age is coded and used to automatically select 


the proper upper and lower bound X functions, 
For example, the voltage Y_ defined as 

Y> < Y, < Y3 will select F(X) as the lower 
bound and F3(X) as the upper bound, The inter- 
polation between these two bounding functions is 
accomplished by a process of fading-in F(X) 
and fading-out F2(X) under the control of the 
voltage Yp: 


The selection of the proper boundary 
functions is implemented by an electronic 
switching network as shown in Figure 11, 
network consists of a series of Schmitt 
Trigger Circuits, each designed to fire ata 
specified Y., and appropriate gating designed 
to achieve the required selection. Thus for Y 
as defined above, all Schmitt triggers up to 4 
S.T. 3 are in the B state and S.T. 3 and all the 
remaining Schmitt triggers are in the A state. 
Therefore only the Gy line will be excited. 


This 


The fading-in process is accomplished by 
multiplying F(X) by an increasing ramp 
function, Py determined by Yp» utilizing 
cascaded modulators, The fading out process 
multiplies F(X) by a decreasing ramp, P,. The 
sum of these two products gives the desired 
function 


Le - Yp 
F(X, Y) = 3 eet. 


The implementation of this interpolation 
procedure is illustrated in Figure 12. The 
product Pj: F,(X) is obtained by cascading 
modulators 1 and 3 and the product Pz * F3(X) 
results from cascading modulators 2 and 4, The 
sum of these products is obtained by combining 
the outputs of modulators 2 and 4 in a series- 
aiding arrangement, The input ac signal to be 
attenuated by this network is connected to the 
inputs of both modulator 1 and modulator 3. 
Zone selection is accomplished by the electronic 
switch previously described and by the gating 
structure shown in Figure 13, The resultant 
waveforms are as shown in Figure 14, 
Experimental oscilloscope wave forms illustrat- 
ing interpolation from the lower bound to the 
upper bound of a selected zone are presented in 
Figures 15 and 16, This example illustrates 
the substantial changes in function,size and 
shape that can be readily achieved utilizing 
these new techniques. 


p12 


¥ 
F(X) # a F3(X). 
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APPENDIX A 


ELECTRONIC SWITCHING CIRCUITS 


The techniques for controlling parametric 
gain and for generating functions of several 
independent variables are based ona high-speed 
solid-state switching capability. Electronic 
switching circuits are advantageous in that they 
inherently eliminate such undesirable relay 
properties as mechanically moving parts, 
contact bounce and chatter, susceptibility to 
increasing contact resistance with time, 
limitations in transmitting extremely low signal 
levels such as null or small error voltages, and 
appreciable time lag between actuation and 
closure. Electronic switching circuits can be 
designed to retain such desirable relay propert- 
ies as extremely low transfer impedance in the 
"ON" position, high transfer impedance in the 
"OFF" position, essentially undistorted signal 
wave shape, and signal transfer operation 
independent of the circuit input and output 
impedance levels. Additional advantages 
offered by electronic switching 
and control systems include high-speed operation, 


in computing 


reduced power requirements, greater packaging 
flexibility, and ability to withstand severe shock 
and vibration. 


The replacement of a relay signal switch- 
ing system by an electronic equivalent requires 
recognition of the fact that arrays of relay 
contacts perform two separate and distinct 
functions: that of connecting a given set of in- 
puts to a given set of outputs (signal transfer or 
switching functions), and that of controlling 
which of these connections are to be made at any 
given time (logic function). In the all-electronic 
system to be described these two functions are 
implemented separately and independently. This 
physical separation of the signal transfer 
mechanism for the logic and control mechanism 
enhances the over-all flexibility of system logical 
design, and makes possible the sharing of logic 
circuitry with a reduction in the number of 
electronic ''solenoids'' and ''contacts'' which 
would otherwise be required. In this respect, 
Boolean algebra techniques and matrix methods 
are particularly applicable in offering an 
organized and logical approach to reducing the 
amount of switching circuitry required ina given 
application. 
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Electronic switching can be implemented 
for ac as well as de voltages, both at power 
levels and at signal levels. The discussion 
which follows considers the switching of signal 
These electronic 
switches employ conventional dc AND and OR 


level ac carrier voltages. 


gates to perform the required system logic, 

and ''signal transfer gates'' to perform the 
desired switching function. The ''signal transfer 
gate'' is characterized by an ac input, an ac 
output, and a dc control line that regulates the 
connection of input to output. When the dc 
control voltage is at one extreme state, the ac 
connection is made; while when the dc control 
voltage is in the opposite extreme state, the 

ac connection is opened. 


Although this basic concept can be 
implemented using diodes, transistors, mag- 
netic components, or combinations of these 
elements, diode circuitry is the simplest, as 
illustrated in Figure 17. The common basis in 
these circuits is the single switching diode, 
which when biased in one direction appears as 
a low-impedance element permitting signal 
transmission, and when oppositely biased appears 
as a high-impedance element blocking signal 
transmission. Inits simplest form, when 
direct coupling can be used, the gate reduces to 
a single diode. 


Improved circuit performance can be 

The 
signal suppression diode shown in the circuitry 
of Figuns 18 makes possible a suppression ratio 
of 10° with respect to undesirable signals in the 
"OFF" state. This improved performance allows 
for design trade-off toward relieving the back- 
resistance specifications otherwise imposed on 
the gating diode. 


achieved by adding selected components. 


The response of a diode gate is almost 
instantaneous as illustrated in Figure 19, 
depending upon electron transit time within the 
diode. However, in the capacitor coupled case, 
this instantaneous response is superimposed on 
a dc transient which appears in 'OFF" to 'ON'"! 
switching. The circuit shown in Figure 20 is 
designed to compensate for this RC transient 


and eliminate it completely for those applications 


: : ment. In most typical control systems, the 
in which it is not tolerable. 


switching circuitry is greatly simplified asa 
result of the separation of the logic function 
from the signal transfer function. Thus, the 
resultant all-electronic solid-state signal 
switching system is often smaller, lighter, less 
power-consuming, and more reliable than its 
relay system counterpart. 


These all-electronic switching circuits 
have been built and tested, and their operation 
verifies theoretically predicted performance. 
Indications of comparative reliability must be 
made in an over-all systems context, however, 
rather than considering a one-for-one replace- 
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ELECTRONIC MEMORY IN AUTOMATIC 
FLIGHT CONTROL SYSTEMS 


David H. Blauvelt and Arthur S. Robinson 
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Teterboro, New Jersey 


Introduction 


The ability to store an ac voltage that 
represents an initial problem condition or an 
intermediate computation result is an important 
requirement in many automatic flight control 
Relatively standard carrier memory 
either 


systems. 
systems use one of two general methods: 
an electromechanical servo system, in which 
the servo loop is opened to produce the memory 
feature; or an electronic system which converts 
to dc, uses a dc memory, and then modulates to 
restore the carrier. The first system has the 
disadvantage of slow response and the need for 
heavy electromechanical components. The 
second system is limited by the demodulator and 
modulator inaccuracies and by the relatively 
short time constants achievable with solid-state 
dc memories. This paper describes a fast, 
accurate, infinite time constant electronic solid- 
state memory for use in ac control systems. 
This memory system is based on the character- 
istics of the transfluxor. 


Transfluxor Operation 


The transfluxor is a ferrite core device 
combining the square loop properties of the 
magnetic material with a multiple flux path in 
such a manner that the device may function as an 
ac memory with a nondestructive readout. 


Figure 1 illustrates an RCA type XF-1501 
transfluxor.! Two pertinent magnetic paths may 
be traced on the core, one formed by leg 1 and 
leg 2 and the other by legs 2 and 3. The trans- 
fluxor contains three windings. ‘The control 
winding W, is used to control the magnetic 
state around the large aperture. The excitation 
winding W3 is used to excite the output portion of 
the core around the small aperture. The output 
voltage is induced on winding W2. 


The transfer characteristic between the 
transfluxor input drive current and the trans- 
fluxor output voltage is shown in Figure 2. At 
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point @ the transfluxor is saturated in one 
direction, and has a small residual output 

due to air coupling. As the input current 
becomes more negative, Hy remains essentially 
constant until a threshold current is reached. 
As the current is increased beyond this value 
the system output also increases until point 

is reached. Any increase in current beyond this 
point will result in a decrease in output. In 
order to remove this possibility, operation is 
restricted to the region below point ©. If upon 
reaching point © , the input current is reduced 
to zero, the transfluxor output will decrease 
slightly to point @. As the current is increased 
in the opposite direction the transfluxor output 
voltage will drop slightly again until point @)is 
reached, As the current is increased beyond 
this point, the transfluxor output voltage 
decreases and operation returns to point @)- If 
at any time the input current is reduced to zero 
and then increased in the opposite direction, the 
system will move along a line approximately 
parallel to(@@©,. Thus the system output will 
change slightly when the control current is 
removed, 


Electronic Memory System 


The electronic memory system has two 
modes of operation controlled by an electronic 
switch? When the switch is closed, it operates 
as a simple feedback control system in which the 
transfluxor output is compared with the system 
input and the error between them is used to 
drive the transfluxor so as to reduce the error 
and cause the system output to follow the system 
input. When the switch is open, the transfluxor 
input is removed, thus causing the transfluxor 
output to remain constant at the value existing 
when the switch was opened. The system block 
diagram is shown in Figure 3. 


The change in transfluxor output when a dc 
control current is removed is not permissible 
when the transfluxor is used as a memory device, 
since the system output would change when it is 
switched from the follow-up mode to the 


memory mode. This undesirable effect can 

be eliminated by using a pulse type input 

drive in which the control current exists 

for only a very small fraction of the time. 
Therefore, the system output is essentially 
the same for both the follow-up mode and the 
memory mode. Two types of pulse drives 
can be used at W,: a ccurrent drive from 

a high impedance source, or a voltage drive 
from a low impedance source. The operation of 
these two types of sources is different in that 
with a series of constant magnitude current 
pulses the final flux condition is established by 
the first pulse and all future pulses have no 
effect. A series of constant magnitude voltage 
pulses will create a series of incremental flux 
changes in the transfluxor with each increment 
being proportional to the magnitude and the 
duration of the voltage pulse. This voltage 
drive technique is discussed in further detail in 
the paper that follows. 3 


A second consideration in the design of the 
input drive circuitry is the over-all system 
stability. It is necessary to establish a delay 
between the system error and the transfluxor 
control current to prevent system oscillation. 
If a current source is used to drive the trans- 
fluxor control winding, this delay is obtained by 
using an RC delay network in the signal chain 
to delay the control current with respect-to the 
error signal. If a voltage source is used to 
drive the control winding, the driving current 
is determined by the initial conditions and the 
integral of the voltage signal. This integration 
produces the required delay between error and 
control current. Both current and voltage 
source drives have been used in laboratory 
systems. The current drive causes an 
appreciable delay in the output each time the 
error changes sign. The voltage drive will 
therefore be described in this paper. 


Two methods have been used to supply the 
input voltage drive pulses for the transfluxor. 
The first method shown in Figure 4 is to 
demodulate and filter the error signal to pro- 
duce a de voltage whose magnitude and sign is 
determined by the magnitude and phase of the 
error signal. The dc voltage is then sampled 
by a 6 diode gate to produce a series of pulses 
which are fed into a complementary push-pull 
amplifier having a low output impedance. 


The second type of input drive, shown in 
Figure 5, is essentially the same but eliminates 
the demodulator and filter by sampling the 
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carrier at the peak of the sine wave. This 
method however requires additional circuitry to 
synchronize the sampling pulses to the error 
sine wave. 


The results obtained with these two drives 
are equivalent in most aspects and are illustrat- 
ed in Figure 6. The initial error signal 
saturates the amplifier producing constant volt- 
age pulses at the sampler output. Each pulse 
produces a fixed incremental change in the 
transfluxor output. 
the amplifier comes out of saturation reducing 
the magnitude of the drive pulses into the trans- 
fluxor and therefore reducing the incremental 


As the error is reduced, 


changes in the transfluxor output as the system 
approaches the steady state condition. 


The output drive has been chosen as a 
sinusoidal current source operating at 20 kc. 
The frequency was made high to increase 


It was 
also found necessary to remove the output 
excitation when the input drive pulse is applied 
in order to prevent interaction between them. 
This is accomplished by the electronic switch. 
The output conversion device consists of a 
diode detector, a filter and a magnetic modulat- 
or arranged such that the transfluxor output is 
peak detected and then modulated at the proper 
carrier frequency. This output circuitry is 
illustrated in Figure 7. 


and thus increase the output voltage. 


The operation of the memory system in the 
memory mode is determined by the character- 
istics of the transfluxor. Since the magnetic 
state of the transfluxor cannot change unless a 
signal is applied to the input winding, the system 
will exhibit an infinite memory with no 
deterioration. 


The most important characteristic of the 
memory system in the follow-up mode is its 
ability to follow the input signal. The maximum 
follow-up rate is determined by the sampling 
rate, the filter time constant if used, and the 
maximum output increment caused by each 
sample. The maximum sampling rate is 
determined by the carrier frequency if the 
error sine wave is sampled directly. The size 
of the maximum increment is determined by the 
required system accuracy. The filter time 
constant is determined by the amount of ripple 
voltage which can be tolerated which is again 
determined by the required system accuracy. 

It is therefore possible to trade speed of 
response for accuracy. 


A typical system operating at a 400 cycle 
carrier frequency, using either a demodulated 
error signal or a directly sampled error signal 
type of input drive, is capable of responding to 
a step input in 40 milliseconds as shown in 
Figure 8, This response time can readily be 
decreased by increasing the carrier frequency. 
This permits a decrease in the required filter 
time constant and an increase in the sampling 
rate. Therefore doubling the carrier frequency 
will cut the response time in half. The lower 
limit of response time attainable by increasing 
the carrier frequency is determined by the 
propagation time of a signal around the loop. 
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PULSE CONTROLLED INTEGRATION IN AUTOMATIC 
FLIGHT CONTROL SYSTEMS 


Arthur S. Robinson 


Bendix Aviation Corporation 
Eclipse-Pioneer Division 
Teterboro, New Jersey 


Introduction 


A standard technique that is currently 
widely used for the integration of ac voltages is 
illustrated in Figure 1. The combination of 
amplifier and motor acts to drive the rate 
generator at a speed such that the feedback volt- 
age E3 is approximately equal in magnitude to 
the input voltage E,. If the rate generator 
characteristic is truly linear, the shaft © is then 
rotating at a speed that is directly proportional 
to the input voltage. Shaft position is therefore 
directly proportional to the integral of the input 
voltage. An ac output is achieved by measuring 
shaft position with a potentiometer excited by a 
fixed ac reference voltage. The accuracy of this 
technique is a function of the rate generator 
transfer characteristic, the amplifier gain, aud 
the gear train and output potentiometer 
accuracies, although the rate generator 
characteristic is usually the limiting factor. 


This paper describes two types of all 
electronic pulse controlled ac voltage inte- 
grators based on the characteristics of the 
transfluxor. The first technique requires a 
single transfluxor per integrator and is suitable 
for medium accuracy applications. The second 
technique utilizes two transfluxors per integrator 
and is suitable for applications requiring sub- 
stantially higher accuracies. 


Open Loop Sampled Data Integration 


A simple, although in practice accuracy 
limited, technique for achieving ac integration 
utilizing a single pulse-controlled transfluxor 
is presented in Figure 2. Since this approach 
achieves integration by incrementally changing 
the transfluxor control flux at discrete intervals 
of time, it has been designated "open loop 
sampled data integration". The input ac signal 
E, is periodically sampled at its peak value by 
sampling pulses that are derived from a pulse 
generator synchronized to the system ac 
reference. If the period of the ac voltage is 
1/f, the sampling period is K/f, where Kis 
fixed by the sampling rate control. The ‘sampled 
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pulses (25) are applied to the transfluxor 
control winding through a very low impedance 
driver. If the impedance of this driver is 
sufficiently small, and if the resistance of the 
control winding is sufficiently low, the flow of 
current in the control winding is limited only by 
the back EMF generated by the changing control 
flux. During a given pulse 


le. = N aaa , so that 

the change in flux in a given period of time is 
directly proportional to the magnitude of E,. 
Each such flux change is transmitted from the 
control to the output aperture and appears as a 
change in the output E,,. Since the output is 
proportional to the total flux transferred to the 
output aperture, the transfluxor output at any 
given instant will be proportional to the sum of 
the values of Ey at all prior sampling instants, 
and will therefore be proportional to the integral 
of E}. Since the sampling pulses always sample 
a fixed reference point on the input sine wave, 
this technique is automatically sensitive to the 
phase of the input voltage. This system will also 
operate with an input E, in the form of a phase 
sensitive dc voltage, in which case it is no longer 
necessary to synchronize the sampling pulses to 
the system ac reference. 


The waveforms presented in Figure 3 
illustrate a situation in which an ac input voltage 
E, goes through zero, reversing phase. For 
purposes of this illustration K = 2, and the 
sampling pulses result in the indicated voltage 
pulse train E, at the control winding input. The 
first Eg pulse introduces a flux AQ in the control 
winding that is immediately reflected as an 
increase in the output Ep. The second Eg, voltage 
pulse is half the amplitude of the first, and 
results in half the increase in output Ep. The 
third pulse reverses this process, and the fourth 
pulse returns the outputto its initial condition. 
The pulse currents that must flow in the trans- 
fluxor control winding in order to achieve this 
response are not linearly related to the voltage 
pulse amplitudes. The current response I, pre- 
sented in Figure 3 is explained in further detail 


in Figure 4. 


The transfluxor is initially at point A. 
The first pulse moves it through the trajectory 
ABCD, the second pulse through DCEF, the 
third through FGHI, and the fourth through 
IHJK. These highly nonlinear currents are 
achieved automatically by creating a situation in 
which current flow is limited only by the rate of 
flux change. 


Of course in practice the assumption of 
low impedance drive and negligible control wind- 
ing resistance can only be achieved to a limited 
degree. The actual existance of such 
impedances results in a reduction in voltage 
drive as control current flows, so that operation 
of this system becomes dependent on particular 
transfluxor characteristics. Because of this 
effect practical circuits of this type result in 
integrators of medium accuracy and resolution, 
suited to many applications, but of limited use- 
fulness in meeting precision specifications. It 
is possible to improve the system accuracy by 
introducing an auxiliary winding on the trans- 
fluxor control leg and using a feedback amplifier 
to drive the transfluxor until the output of this 
winding indicates the correct rate of flux change. 
This approach complicates required circuitry, 
however, and while workable, substantially 
reduces the advantage of simplicity that would 
normally be associated with the open loop 
sampled data approach. 


Closed Loop Sampled Data Integration 


In order to achieve a high precision inte- 
grator substantially independent of transfluxor 
characteristics and actuating pulse waveforms, 
a two transfluxor closed loop sampled data 
integrator has been developed. The principle on 
which this system is based is presented in 
Figure 5. In effect, the integrator consists of 
two transfluxor memories! sharing a common ac 
amplifier and supplemented with additional 
electronic switching and control circuitry. 


The input ac voltage Ey is first passed 
through a center tapped transformer so that two 
ac voltages equal in magnitude to Ey are avail- 
able, one in phase and the other 180 degrees out 
of phase with the system reference carrier. An 
electronic switch selects one of these two volt- 
ages under control of dc voltages on lines © and 


1. D. H. Blauvelt and A. S. Robinson, 
"Electronic Memory in Automatic Flight 
Control Systems", National Automatic Con- 
trol Conference, November 1959. 
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©. Specifically, when line © is high E, =), 
and when line( is high Eg = /E). The ac out- 
put of the two transfluxor memory units are 
combined as shown to provide an error signal £ 
that is equal to -E] / E, - Ey when line © is high 
and to /E, / E, - Ej, when line @ is high. The 
amplified error signal Eg is automatically 
switched to Ee when line@ is high and to E¢ when 
line ® is high. Further, when line @ is low Eg 
is zero and when line (b is low Ef is zero. 


In operation, the control circuits generate 
the following voltage sequence under control of 
the pulse input, with the indicated result: 


Basic Cycle 


State sam. bec Ee fase Action 
1 AS ie IT me te i allt Control MemoryA 
2 @ @ al -E, 0 0 Guard Zone 
3 On eles 0 cae Tae 0 Eq ControlMemory B 
4 OR OnaeG E) 0 0 Guard Zone 
Repeat 
5 } 0 1 -E, Eg 0 Control MemoryA 
6 Oe Or ihe Siz 0 0 Guard Zone 
ere. 
TABLE I 


In state 1 the system is ina configuration 
that drives E,, the output of memory A, to 
equal the sum of Ej 4 E,. In state 2 the control 
to memory A is opened, so that this value of E, 
is stored. The introduction of state 2 guards 
against spurious transients that might otherwise 
occur if the system were thrown immediately 
into state 3. In state 3 the system is in a con- 
figuration that drives Ep, the output of memory 
B, to equal the sum of Ey / Eg. State 4 opens 
the control to memory B so that this value of E} 
is stored. State 5 is the same as state l, etc. 


As a result of this action, at any given 
instant the transfluxor memory under control 
holds the sum of the present value of the input 
plus the output of the second transfluxor 
memory, which in turn holds the sum of all 
prior samples of the input. The output of the 
transfluxor under control is therefore directly 
proportional to the integral of the input signal. 
The output of the system can be obtained 


through an electronic switch as the output of the 
transfluxor memory that is being or just has 
been controlled. A simpler and often adequate 
technique is to derive the output from one 
transfluxor memory, suchas Eg alone, in 
which case the output voltage will change after 
four state transitions rather than after two 
transitions. 


Since the purpose of even numbered states 
is to disconnect the transfluxor drive circuits in 
order to guard against spurious transients, and 
to prepare for the next sampling command 
pulse, it is sometimes convenient to derive the 
pulses that generate the even numbered states 
artifically in the control circuits, supplying 
only the pulses that move the system into the 
odd numbered states on the pulse input line. 
With such an arrangement, a single pulse on the 
pulse input line moves the system into an even 
numbered state for a very short period of time, 
and then advances it to an odd numbered state, 
where it rests. Pulses on the input line spaced 
T seconds apart then result in very short (T,) 
transients to an even numbered state after each 
pulse, with a return to the odd numbered state 
for the remaining T - T,, seconds of the input 
pulse period. 


A typical control configuration that 
implements this approach is presented in 
Figure 6. When the system is first actuated, a 
reset pulse to both flip flops assures that both 
lines (© and@)are high and resets the two 
transfluxor memories so that E, and Ep 
start from zero, Since (and @ are high, 
line @ is also high and the system is in state 1. 
A single pulse on the control input will 
immediately set flip flop #1, moving the system 
to state 2. T, seconds later this pulse will 
appear at the output of the delay line and will 
reset flip flop #1 which in turn will set flip 
flop #2, moving the system into state 3 (line ® 
high) where it will rest until the arrival of 
another pulse input. 


Key closed loop sampled data waveforms 
are presented in Figure 7 for a constant input 
ac voltage Ej. The illustrated output voltage 
E2 is based on the assumption that the optional 
output electronic switch is used and that it is 
actuated by the © and © signals in sucha 
manner that the output is E, when( is high and 
Ep when ©) is high, Under these conditions the 
system approximates the transform Te and 


the output changes every T seconds. It is 
generally necessary to insert an attenuator (k) 
in series with the integrator input, in which case 
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k 


the transform becomes The number of 


steps per second can then be adjusted by vary- 
ing T, after which k can be adjusted to obtain 
the required over-all integration constant. 


The configuration as shown is automatically 
phase sensitive in that when the phase of the 
input voltage E, is reversed, the direction of 
integration of the output E> will automatically 
change accordingly. 


The major advantages of the closed loop 
sampled data integrator lie in its high potential 
accuracy and in its capability to act as a true 
time integrator when supplied with constant 
frequency pulses (in which case the integration 
rate is proportional to the pulse frequency) or 
to-act as an integrator with respect toa 
variable that is not time, but that is available 
in the form ofa single pulse for each incre- 
mental change in the variable. It is important 
to note that when acting as a true time inte - 
grator, the integration rate can be readily 
adjusted from seconds to hours or days by 
appropriately controlling the pulse input. This 
capability for precise integration over extended 
periods of time is one that is particularly 
difficult to obtain in conventional analog 
integrators. 


The high integrator accuracy is due to the 
fact that the transfluxors are enclosed in high 
gain feedback loops, so that the system is sub- 
stantially independent of transfluxor character - 
istics. In addition, the system is independent 
of the waveforms of the actuating pulses. 
System accuracy and resolution are fixed 
primarily by the gain of the ac amplifier and by 
the transmission accuracy of the electronic 
switches. Dynamic performance is fixed by the 
time required to control a given memory unit 
to its new value. An additional practical 
consideration relates to the degree of distortion 
in the sine wave outputs of the memory units. 
The permissible distortion is dependent on 
required integrator accuracy and on the selected 
mode of transfluxor drive. In general, the 
technique that achieves transfluxor control by 
sampling amplified ac error signal directly 
requires more freedom from distortion than 
the technique that utilizes a phase sensitive 
detector after the ac amplifier and before 
the transfluxor control sampler.2 


Z. bid 


The 400 cps circuits described in the 
preceding paper require a settling time in 
response to a step command in the order of 40 
milliseconds. The maximum number of inte- 
gration steps per second using these circuits 
would therefore be in the order of 20 PPS. As 
noted in the circuit description, an increase in 
system carrier frequency would directly 
decrease the memory settling time, so that 
such a change would directly increase the 
permissible integration sampling rate. 


A fundamental consideration in the specifi-— 
cation of closed loop sampled data integrators 
relates to the permissible size of output voltage 
transitions. If the maximum permissible 
incremental output voltage change is A Eo piax? 
and the minimum sampling period is T,,iy, the 
maximum rate of change of output voltage is 
A E2max/Tmin-» For a maximum input voltage 
of Ejymax the maximum permissible value of 
Kiet Ss Boe ae) oor example, if 
A Ed max 7 9-5 volts, T = 50 milliseconds and 
Ei max 7 ivolt, the maximum rate of change of 
output voltage will be 10 volts per second, 
corresponding to the 1 volt input and a value of 
k of 0.5. If the maximum output voltage is 50 
volts, it will be reached under these conditions 
in 100 steps. 


The system accuracy depends on the dis- 
tribution of error at sampling instances, which 
in turn depends on both the characteristics of 
the system inputs and on the portion of the 
transfluxor characteristics that are utilized 
during the integration process. For example, 
in the problem outlined above, if the feedback 
amplifier is designed to control the transfluxor 
memories to within a maximum residual error 
of .1 mv at each step, a worst case analysis 
would indicate a cumulative output error of 
10 mv after the 100 steps required to reach the 
50 volt output. For smaller input voltages both 
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the required number of steps and the cumulative 
error would increase. This type of analysis is 
pessimistic, however, in that a system capable 
of achieving a maximum residual error of .1 mv 
under all conditions will have a lower error over 
a major portion of the transfluxor operating 
region, since the amount of required drive var- 
ies with the transfluxor operating point and the 
direction of transfluxor control. In addition to 
this effective decrease in magnitude of error, 
the error sign will, in fact, vary from step to 
step so that a rigorous error analysis should be 
based on statistical criteria. If random 
conditions prevail, the error of .1 mv per step 
is likely to result in a cumulative error of only 

1 mv after 100 steps. 


In practice it is expected that closed loop 
sampled data integrators with accuracies in the 
order of 1 part in 1, 000 will be readily 
obtainable, while accuracies of 1 part in 10,000 
may be obtainable with proper care and with 
suitably restricted operating conditions. 


The use of these integrators to implement 
high pass and low pass ac filters is quite 
straightforward, as illustrated in Figure 8. 

The major new feature of these filters is that 
their filtering characteristic is under pulse 
control. Filter break frequencies can therefore 
be varied during flight in a simple and precise 
manner, particularly suited to digital control. 
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REACTION WHEEL ATTITUDE CONTROL FOR SPACE VEHICLES 


Ronald W. Froelich and Harry Patapoff 


Space Technology Laboratories, Inc. 
Los Angeles, California 


Summary 


An attitude control system consisting of 
motor-driven inertial wheels in conjunction with 
an over-riding mass ejection system is proposed 
for use in space vehicles. Control by mass ejec- 
tionis usedto compensate for initial distrubances 
during separation from the booster, and for 
removal of unwanted momentum stored in the 
wheels. The use of reaction wheels permits fine, 
damped attitude control. 


A laboratory model of a single-axis control 
system was constructed for experimentation and 
evaluation. The choice of a suitable platform 
configuration, selection of a prime mover for the 
inertial wheel, and the philosophy in the design 
of the electronics and pneumatics are discussed. 
Emphasis was placed upon minimization of 
weight and power consumption. System evalua- 
tion includes a discussion of efficiencies, relia- 
bility, and torque-speed-power relationships. 


Sources of disturbances, methods of sensing, 
and general equations of motion are presented in 
the Appendix. 


Introduction 


The use of inertial wheels is a feasible and 
relatively simple method for controlling the atti- 
tude of a space vehicle. A wide, continuous 
range of control torques is obtainable, permit - 
ting fine, damped attitude control. Furthermore, 
the generation of these control torques does not 
require any interaction with ambient fields, 
which vary with altitude and position. Control 
torques are derived by inertial means, and are 
therefore independent of the location of the 
vehicle. 


The low weight requirement, low power con- 
sumption, and attainable reliability should make 
a reaction wheel control system appealing for 
future space programs. This is especially true 
in cases where precise attitude control is re- 
quired for a long period of time, and where elec- 
trical energy is to be generated in flight by means 
of solar cells or nuclear power supplies. 


An experimental laboratory model of a 
single-axis control system was constructed from 
off-the-shelf components, employing several 
novel techniques in circuitry. The purpose of 
constructing such a model was to resolve major 
problems associated with the design and construc- 
tion of logic circuitry, power amplifier, and 
prime mover, in order to obtain a system in 
which weight and power consumption are mini- 
mized. Insofar as practical, single-axis control 
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of a space vehicle was simulated in order to 
evaluate performance and reliability. 


Without employing a major research pro - 
gram, a practical three-dimensional reaction 
wheel attitude control system for a space vehicle 
can be constructed with only minor modifications 
of the system employed in the laboratory model. 


System Description 


A hybrid system, consisting of a motor- 
driven inertial wheel and an auxiliary mass ejec- 
tion system employing constant thrust gas jets, is 
considered here. Cold pressurized helium is 
used for thrust generation. 


The motor-driven wheel is mounted upon a 
platform suspended horizontally by means of 
knife edges. Angular deviations of the platform 
from the desired attitude are sensed, and the 
resulting error signals are used to accelerate 
the wheel in the direction of the deviations. The 
reaction torque on the platform reduces these 
deviations to zero. Figure 1 shows a block 
diagram of the wheel system. 


The reaction wheel system is in essence a 
momentum transfer and storage device, absorb- 
ing momentum from the platform. The steady- 
state behavior of the system in the presence ofa 
constant disturbance torque is a constant accelera- 
tion of the wheel, whose reaction torque on the 
platform is equal and opposite to the disturbance. 
In the absence of disturbances, constant wheel 
speed is maintained. 


The function of the pneumatic system is to 
remove undesired momentum from the vehicle or 
wheel. It is used to reduce any large angular 
rates imparted to the platform, and to insure that 
the inertial wheel speed is maintained below a 
pre-set level. This level is governed by the 
maximum speed of the motor and by power losses, 
which are a function of wheel speed. If the wheel 
speed exceeds this pre-set value, the tachometer 
activates the pneumatic system and sufficient 
impulse is generated to reduce the wheel speed. 
The system then reverts to wheel control. 


A block diagram of the pneumatic system 
appears in Figure 1. The relay has a specified 
dead-space within which the reaction wheel sys- 
tem operates. The pneumatic system is also an 
over-riding system for the reaction wheels. If 
any large spurious disturbance should occur dur- 
ing wheel control, pneumatic control is initiated 
either when the attitude deviation exceeds the 
deviation corresponding to the relay dead-space 


value, or when the platform angular rate becomes 
sufficiently large. 


The Laboratory Model 


In constructing a laboratory model ofa 
single-axis reaction wheel control system, empha- 
sis was placed upon minimizing power and weight 
requirements, and attaining reliable operation 
for at least one year. A description of the plat- 
form, the prime mover, the electronics, the 
sensor, and the pneumatics follows (see Figure 2). 


The Platform 


A desirable platform configuration is one in 
which the frictional effects of the suspension 
system are negligible. The methods of suspen- 
sion considered were (1) the use of precision 
ball bearings with platform motion about a 
horizontal or vertical axis, (2) use of high pres- 
sure air bearings, (3) suspension vertically by 
wire, (4) the use of knife edges, and (5) fluid 
immersion. A configuration using knife edges 
for the bearing surfaces was chosen, giving a 
"teeter-totter" motion to the platform. This 
method of suspension was chosen because of its 
low frictional torque level, simplicity, and rela- 
tively short construction time. The frictional 
torque level of the knife edges is of the order of 
0.015 oz-in., which is sufficiently low compared 
to the other distrubances encountered in the 
system. An enclosure for the platform was also 
added to eliminate the disturbing effects of air 
currents in the laboratory. Initially, the power 
supply and electronics were external to the plat- 
form, but the frictional effects of the intercon- 
necting leads were not tolerable. Asa result, 
all components including power, gas, sensor, 
and telemetry were mounted on the platform. To 
accomodate this apparatus, a platform approxi- 
mately 3 feet by 1 foot was chosen, pivoted to 
give maximum moment of inertia. 


Power on the platform was provided by 
Sonotone Type "X" hermetically sealed batteries, 
chosen to maintain platform balance during the 
battery's active discharge period. Hermetically 
sealed batteries eliminate any shift of the center 
of gravity of the platform due to vapor discharge 
or motion of liquid. 


It was found that platform bending made it 
difficult to maintain the center of gravity of the 
platform exactly at the contact point of the knife 
edge. To remedy this situation, braces were 
added to make it more rigid and integration was 
incorporated in the control system to limit plat- 
form deviation to small angles. 


The Motor 


Initial investigations were made of the speci- 
fications of all motors feasible for use in rotat- 
ing the inertial wheel. The results of these 
investigations follow. 
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A-C Motors. A squirrel-cage motor does 
not adapt itself to speed control at zero or at low 
speeds without undue over-heating. 


The speed of an a-c synchronous motor can 
be controlled by varying the frequency and ampli- 
tude of the applied voltage. In theory, this is the 
ideal motor for speed control. To accomplish 
speed control, however, it is necessary to vary 
the frequency and amplitude of the applied cur- 
rent to zero for zero speed while maintaining a 
constant phase shift to the motor. This can only 
be accomplished down to approximately 30 per 
cent of the full-speed values, after which exces- 
sive armature heating occurs at lower speeds. 
As use of this motor thus appears to be imprac- 
tical, it was not included in the original studies, 
although it was reserved as a possibility for use 
at a later date. 


An a-c servo motor adapts itself well to 
speed control, has reasonable linear torque 
curves over at least 80 per cent of its range, has 
efficiencies of about 30 per cent at maximum 
power output from the motor, and is readily 
available for testing from several manufacturers. 
One inherent problem with this type of motor is 
that excitation must be supplied to the main wind- 
ing of the motor at all times when the motor is in 
use. To reduce this standby power to a minimum 
it was decided (a) that a power unbalance should 
exist in the servo motor to be used on the labora- 
tory platform and (b) that more power should be 
consumed in the control winding of the motor than 
is consumed in the main winding of the motor by 
a ratio of at least 4 to 1. The final ratio is 
dependent upon the capabilities of the amplifier 
system. 


D-C Motors. A shunt-wound motor is well 
adapted to speed control, provided the field is 
fixed at maximum excitation and the armature 
voltage is varied. This type of motor always has 
one winding connected across the supply voltage 
requiring power. This motor was not entirely 
discounted, although it was not chosen for initial 
investigation. 


A d-c servo motor is similar in operation to 
the shunt-wound motor discussed above, but ex- 
hibits better and more linear torque character- 
istics. It requires more power under stall 
conditions for the same case size, since a d-c 
servo motor is, in effect, only a modified d-c 
shunt motor with a stronger field. If the motor 
were made larger, then the power required to 
produce the necessary flux could be reduced. 
This type of motor would reduce the required 
power in the main winding of the motor under 
standby conditions. As this motor leaves much 
to be desired from the standpoint of efficiency, 
it was not used. 


A d-c permanent magnet motor has only one 
winding, good stall torque, and is more efficient 
than most other types of small.d-c motors. As 
with all d-c motors, brushes could create prob- 
lems at high altitudes unless the motors were 


hermetically sealed. It does not have linear 
torque curves, but is still the most promising of 
the regular d-c type motors. Since it is a single- 
winding motor, no power is required for a second 
winding, as in the case of the a-c motor under 
standby conditions. One problem inherent with 
any d-c motor with brushes is the inability to 
control running speed over a range greater than 

?7 or 8 to 1. However, with suitable electronics, 
such as a velocity servo loop, it is possible to 
overcome this difficulty. 


An electronically commutated d-c motor 
using special inside-out construction techniques 
is presently under development and evaluation at 
Space Technology Laboratories, Inc. The motor 
is quite efficient, requires no flywheel (the 
physical rotated mass has sufficient moment of 
inertia) and has no brushes to cause high-altitude 
problems. In this motor, the position of the flux 
field is sensed by two balanced bridges using 
magneto-resistive or Hall effect in bismuth or 
other suitable material. 


On the basis of the above considerations, a 
d-c permanent magnet motor, an a-c servo 
motor, and an electronically commutated d-c 
motor were chosen as possible prime movers 
for the wheel. 


Since speed information is used in the logic 
functions of the system, a simple two-pole a-c 
permanent magnet tachometer is incorporated as 
an integral part of the motors to sense speed. 


The Electronics 


Two basic speed control systems have been 
designed for use with the motors: (a) a 400-cps 
system to drive the a-c servo motor, and (b)a 
10,000-cps time-modulated system to drive the 
permanent magnet and d-c electronically com- 
mutated motors. 


A-C Motor Power Amplifier. As system 
efficiencies for both the a-c and d-c motors are 
extremely important, it was decided to employ 
switching techniques to drive the motors. With 
these techniques, all the circuitry is either com- 
pletely off and no power is dissipated in any por- 
tion of the circuit, or all the circuitry is com- 
pletely on, i.e., in a condition of saturation, and 
the maximum possible power is delivered to the 
load. 


In the case of the a-c motor, 400-cps square 
wave excitation is provided to the main winding 
of the motor (see Figure 3). To achieve speed 
control, the signal for the control winding is 
developed as follows. 


The square wave applied to the main winding 
of the motor (Waveform 1, Figure 4) is integrated 
and amplified to provide a sawtooth waveform 
(see Waveform 2, Figure 4). This waveform is 
clamped to an appropriate level by two Zener 
diodes. Bias is varied on the base of the transis- 
tor to which the clamped sawtooth waveform is 


applied. Error voltage variation of the bias at 
the transistors causes amplification of only a 
portion of the waveform in direct proportion to 
the bias voltage, producing Waveform 3, 
Figure 4. The output signal of this stage is 
amplified through a high-gain amplifier to pro- 
duce a square wave which varies in duration 
symmetrically about the 90° centerline (see 
Waveform 4, Figure 4). 


This signal is then applied to a power ampli- 
fier driving the control winding. The motor is 
reversed by changing the polarity of the square- 
wave voltage applied to the main winding. A null 
amplifier is used to process the incoming d-c 
error signal to the system; the output of the null 
amplifier, when amplified in two Class B compli- 
mentary amplifiers, serves to change the bias 
level in the control amplifier circuitry. 


Several novel features have been incorporated 
into the a-c speed control circuitry. In order to 
switch the power transistors in the power ampli- 
fiers cleanly into saturation, it is necessary to 
have an available voltage more positive than 
battery voltage, since the transistors are used 
in an emitter-follower configuration. This 
voltage is obtained by means of a step-down trans- 
former, which is connected across the 400-cps 
voltage supplied to the main winding of the motor. 
The output of this transformer feeds a full-wave 
rectifier anddevelops approximately three-fourths 
volt out of an r-c filter. This voltage, whenadded 
to the positive battery potential, insures that the 
power transistors are in a state of full saturation. 


Chopper stabilization is incorporated into 
the null amplifier circuitry to reduce long term 
d-c drift. Excitation to the solid state choppers 
is provided by transformer coupling to the excita- 
tion supplied to the main winding of the a-c servo 
motor. 


As the system has been designed for opera- 
tion at high temperatures, all transistors used in 
the circuitry are silicon. 


The square-wave generator used as a time 
base is a hybrid multivibrator. This three- 
transistor multivibrator is inherently more 
temperature stable than two-transistor multivi- 
brators, as the frequency of its output is depend- 
ent only upon the temperature coefficient of one 
small capacitor. 


The efficiency of this system, in terms of 
useful power delivered to the load compared to 
the power consumed by the amplifier, is approxi- 
mately 85 per cent. 


D-C Motor Power Amplifier : 


Power System. In the d-c power system, 
a square-wave type of controlled time-duration 
voltage is developed to drive both the permanent 
magnet and the electronically commutated d-c 
motors. The amplifier was designed to drive the 
d-c motors on the theory that if a d-c motor were 


pulsed at a sufficiently high frequency, the induct- 
ance of the motor winding would integrate these 
pulses and provide filtered d-c to the motor. 
Speed control would then be achieved by varying 
pulse width. Figure 5 is a block diagram of the 
d-c system. 


The error signal from the attitude sensor 
controls the "on time," T_, of a one-shot multi- 
vibrator (see Figure 6). Another hybrid multivi- 
brator determines the starting time for the one- 
shot. The output from the first hybrid and width 
control one-shot are summed in an AND gate. 
The output of the AND gate is*amplified and used 
to drive the power amplifier connected to the 
motor winding. This controlled-time speed 
system is used for both the d-c permanent magnet 
and d-c electronically commutated motor. 


As no 400-cps excitation is available in 
the d-c amplifier system, the power transistor 
used in the power amplifier is driven into satura- 
tion by means of a pulse current transformer. 
Since no excitation is available for solid-state 
choppers, the error signal amplifier is of com- 
plimentary symmetry design. A stable hybrid 
multivibrator is again used for the time base. 


The efficiency of this driving amplifier 
in terms of power delivered to the load compared 
to power consumed by the amplifier is in excess 
of 90 per cent. 


Commutation System. The electronic- 
ally commutated motor is basically a two-winding 
motor. Two identical channels of electronics 
are used to commutate the windings. A typical 
channel consists of a level sensitive trigger 
circuit which receives its intelligence from the 
flux sensitive bridge that indicates the position 
of the flux pattern. The output of the level sensi- 
. tive trigger circuit trips a flip-flop which drives 
a switching amplifier, connecting the proper end 
of the motor winding at the proper time to the 
correct voltage. 


Velocity Servo Loop. Since a typical motor 
tested in the laboratory had an acceleration time 
of ten seconds from zero to maximum speed and 
a deceleration time of two minutes, an internal 
velocity servo loop was added to make system 
response linear. However, since the times in- 
volved in attitude control of space vehicles are on 
the order of several minutes rather than seconds, 
addition of this velocity loop -may not be necessary. 


The velocity servo loop incorporates a dual 
input photoelectric tachometer whose output, 
through suitable logic, supplies a voltage whose 
magnitude is directly proportional to the speed 
of the motor and whose polarity is dependent upon 
the direction of rotation of the motor. The output 
of the tachometer logic is summed with the plat- 
form error input signal, amplified by a high gain 
amplifier, and applied to the error signal ampli- 
fier in the power amplifier system. To provide 
the greatest possible stability, chopper stabiliza- 
tion is used in the high gain amplifier and sum-~- 
ming portions of the servo loop. 
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With the addition of the velocity servo loop, 
both the acceleration and deceleration times of 
the motor are approximately ten seconds. The 
resulting system has better than one per cent 
speed linearity over its entire range. 


The Sensor 


To conserve power andto minimize circuitry 
and weight on the platform, it was decided that 
the input sensor should consist of: (a) a light 
beam placed at a convenient distance from the 
table to establish a reference, and (b) a visible 
pickup device mounted on the edge of the table to 
detect attitude error. Gyros area readily avail- 
able alternate which could have been used instead 
of the visible sensor. However, since gyros 
require heater power as well as three-phase 
excitation, a heater amplifier and a static in- 
verter would have to be added to the platform, 
resulting in greatly increased battery drain, plat- 
form weight, and system complexity. Further- 
more, it would be necessary to process the 
intelligence coming from the gyros in demodula- 
tors, etc., complicating the system even more. 


The visible sensor consists of a simple 
single lens which focuses the light at the rear of 
the cylinder (see Figure 7), where photo trans- 
istors have been mounted. The output of the 
sensor, either a positive or negative signal, 
depending on the platform's angular relationship 
with the incoming light rays, is amplified and 
used to control the associated power amplifier 
systems. Both position and integral feedback 
with lead-lag shaping are employed in the system. 


As mentioned previously, a simple two-pole 
a-c tachometer is mounted on the motor's shaft. 
The output signal from the tachometer is applied 
across an active tuned q-multiplier circuit. The 
output of this circuit is an a-c frequency directly 
dependent upon the speed of the motor, whose 
amplitude has been modified by the q-multiplier. 
This signal is converted to a d-c voltage ina 
simple passive a-c to d-c circuit. This d-c 
clamp voltage is then used to actuate a relay, 
which controls the solenoid valve action in the 
pneumatic system of the platform. To achieve 
equal gas discharge times for each end of the 
platform, an RC time constant determines the 
on-time of a master relay, which actuates the 
appropriate slave gas solenoid valve. 


The Pneumatics 


Gas is stored on the platform in four tanks 
whose outputs are manifolded together to main- 
tain uniform pressure in each tank. These tanks 
are mounted symmetrically with respect to the 
center of gravity of the platform, so that no shift 
in the center of gravity occurs during gas dis- 
charge. The manifold output of the tanks is re- 
duced in a two-stage pressure regulator and then 
piped to the solenoids mounted at the ends of the 
table. Figure 8 shows the gas solenoid, nozzle, 
and sensor mounted on the end of the table. 


General 
Reliability 


The ultimate goal in the design of this 
system is to achieve a high degree of reliability, 
and operate unattended for a period of a year or 
longer. The system will require little or no cali- 
bration and no selection of components, as all 
components are available as off-the-shelf items. 
Circuits have been specially designed for stabil- 
ity. Switching techniques keep the transistors 
cool and virtually no power is dissipated in the 
transistors because of the high circuit efficien- 
cies, which further tend to increase the reliabil- 
ity of the system. 


Torque, Speed, Power Relationships 


The laboratory model provided a useful stall 
torque of 1 oz-in., a motor speed of 12,000 rpm 
(before gas jet firing), and a maximum no-load 
speed of 20,000 rpm, while consuming approxi- 
mately 9 watts of energy to maintain a constant 
wheel speed. The signal circuitry required to 
process the incoming signal requires an addi- 
tional 3 to 4 watts. The system has a motor time 
constant of about 10 seconds for wheel accelera- 
tion from 0 to 12,000 rpm. The ratio of moment 
of inertia of the platform to that of the wheel was 
approximately 400,000 to 1. This system, with 
minor modifications, could be further reduced to 
give a 10 watt per axis system, yielding 1 oz-in. 
of torque. 


The ultimate design goal of a system of this 
type would be (1) to consume no more than 10 to 
15 watts for a-3-axis system, (2) to deliver 
torques on the order of 1/2-oz-in., with approxi- 
mately the same speed capability, and (3) to 
function unattended for a year or longer. The 
weight of this system would be no more than 10 to 
15 lbs. The system described in this report 
approaches these design goals. 


Space Vehicle Control 


Three-dimensional attitude control of a space 
vehicle can be achieved with three channels, as 
described above, mounted with the wheel spin 
axes along the vehicle principle axes of inertia. 
Thrust for the auxiliary mass ejection system can 
be generated by means of compressed gases, as 
in the laboratory model. Use of monopropellants 
or bipropellants, vaporized liquids, ion ejectors, 
plasma jets, etc., are also feasible for thrust 
generation. The control system may be simplified 
somewhat by eliminating the tachometer. Wheel 
control continues until saturation occurs, at which 
time any disturbance present will cause the vehi- 
cle to drift until the attitude corresponds to the 
dead-space value of the mass-ejection system. 
Firing of the jets will then drive the wheels out of 
saturation, where wheel control resumes. 


Design Considerations 


In addition to specifying attitude requirements 
to achieve successful operation of a specific 


Space mission, it is necessary to have some 
knowledge of the causes of deviations from the 
desired attitude, of how such deviations can be 
sensed, and how they can be corrected. The 
gyroscopic effects of the inertial wheels must 
also be considered in the design of a control 
system. Sources of disturbances, methods of 
sensing, and three-dimensional equations of 
motion are presented in the Appendix. 


Selection of Control Equations 


Referring to the equations of motion pre- 
sented in the Appendix, it can be seen that the 
control problem is to make the wheel momenta, 
with respect to the vehicle, suitable functions of 
the deviations from the reference, so that the re- 
sulting vehicle equations of motion have the de- 
sired stability and response characteristics. In 
applications where relatively large deviations in 
attitude can be tolerated, a control equation in 
which the wheel momenta are linear functions of 
the deviation angles and their rates may be satis- 
factory. Constant wheel speeds, then, result in 
constant attitude errors. If attitude deviation re- 
quirements are stringent, integration can be in- 
corporated into the control system to eliminate 
these errors. 


Although the control equations selected for a 
single-axis control system may provide satisfac- 
tory performance and'stability, it is by no means 
conclusive that three independent single-axis con- 
trol channels, each a function of the corresponding 
deviation angle, will provide adequate performance 
for three-dimensional control. In the case of an 
orbiting vehicle in which the reference axes 
rotate at orbital frequency (this, in the absence of 
disturbances, results in a periodic transfer of 
momentum between wheels at orbital frequency), 
and in the presence of periodic disturbance 
torques at or near orbital frequency, stability 
problems may arise. More sophisticated control 
equations may then be necessary. 


Appendix 
Source of Disturbances 


Disturbance torques which act to perturb the 
vehicle from the desired orientation may arise 
from the following sources: 


1 Rotating parts within the vehicle. 

2. Inertial cross-coupling due to differ- 
ences in principal moments of inertia. 

3. Interaction with ambient gravitational, 

magnetic, and electric fields 

Incident and emitted radiation. 

Particle impingements. 

Aerodynamics. 


i 


Because of present lack of knowledge of the envi- 
ronment to which a space vehicle will be sub- 
jected, only crude estimates of the magnitudes of 
disturbances can be made. It is difficult to gen- 
eralize since these disturbances depend upon the 
vehicle configuration. The vehicle should, then, 
be designed to minimize these disturbing effects. 
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Methods of Sensing 


There are a number of sensing methods that 
can be incorporated into a space vehicle control 
system. These methods can be divided into four 
basic classes: 


1. Sensing by inertial means. 
Devices which fall into this category are 
gyroscopes, accelerometers, pendulums, 
vibrating masses, etc. 


2. Sensing by sighting of celestial bodies. 
Such devices are horizon scanners, sun 
seekers, moon seekers, and star 
trackers. 


3. Sensing by interaction with ambient fields. 
Such methods are quite restricted, in 
that ambient fields vary with altitude and 
orbital position. For very low altitudes 
use can be made of the atmospheric pres- 
sure gradient. The earth's magnetic 
field varies considerably with orbital 
position, so that some programming 
must be used with sucha system. The 
observation of the differential gravita- 
tional forces on the various parts of the 
vehicle requires extremely sensitive in- 
strumentation in measuring this gravita- 
tional gradient. 


4. Sensing by ground observation of signals 
transmitted from the vehicle. 
The field pattern of a narrow radar beam 
transmitted from the yehicle can yield 
attitude information. Correction signals 
are then transmitted to the vehicle from 
the ground station. 


Although the sensing methods listed above 
have their limitations and disadvantages, the con- 
trol designer has a relatively broad selection of 
feasible methods of attitude sensing. 


Equations of Motion 


Let the reference coordinate system consist 
of the xyz axes, with the origin located at the cen- 
ter of mass of the vehicle. It is assumed, for 
generality, that the position of the vehicle center 
of mass is known as a function of time. The an- 
gular velocity, Oper, of the reference frame, then, 
is also known as a function of time. It has com- 
ponents w,,, , andw,, directed along the x, y, 
and z axes, respectively. 


— al 


= = 
Oi ego= Oe, + we +0 2 (1) 


yy ZZ 

Let XYZ form an orthogonal set of body-fixed 
axes directed along the principal axes of inertia 
of the vehicle, which has principal moments of in- 
ertia ly, ly andIz. The angular velocity, 
@pody Of these body-fixed axes, in inertial space, 
has Components wy, wy, andwz, directed along 
the X, Y, and Z axes, respectively. 


— a = 


@hody Wyty + wyey + wey (2) 
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Since the sensing elements will, in general, 
measure deviations from the reference, it may be 
desirable to express the body rates in terms of 
these deviations. The angular velocity of the ref- 
erence frame, the body axes, and the angular ve- 
locity, Deets of the body axes relative to the ref- 
erence frame, are related by: 

“body ™ eet rel (3) 

Let us define these deviation angles by the 
three rotations 0@,, 9 1? and 6., in that order, 
which transform the referencé axes, xyz, into the 
body axes, XYZ. 9, is a rotation about the z axis, 
transforming xyz into x'y'z. 9, is a rotation 
about the x’ axis, transforming x'y'z’ into x'Yz' 
6,is a rotation about the Y axis, transforming 
Yaz! into XYZ. This sequence was selected so 
that @, and ©, correspond to the gimbal angles of 
a gimballed 'bointer"' that is aligned with one of 
the reference axes. The choice of deviation 
angles, however, is arbitrary. The unit vectors 
in the two sets of axes are then related by: 


x Sl Tee 2m lo ie 
ehy8 | PENA ha sas Mes (4) 
= 3 ees sta 
where: 
ay, = cos 0, cos 93 — sin 9, sin 8, sin 93 
ayo = cos 8, sin o3 + sin 0, sin 8, cos6, 
ay,3 = — cos 8, sin 0, 
a5, = —cos 8, sin 0, 
a5> = cos 9) cos 83 
a53 = sin 9) 
a = sin®, cos 8, + sin®, cos@, sin® 


31 a 3 1 2 3 


sin 9, sin 3 — sin Oo) 


cos 8, 


cos 9, cos 8, 


33 cos 8, 


This transformation is shown in diagram in 
Figure 9, 


Euler's equations, which describe the 
general motion of a body about its center of mass 
are: 


TyOy + (Iz —ly) wyoy = (Lp)y + (Ly)y 
lov + (ly _ I,) WyW7 = (Ly)y + (Luly (5) 
Io, + (I, _ Iy) WyWy = + (L 


Gin! wz 


where the terms on the right-hand side of 
equation (5) are the components of the external 
disturbance torque, L_, on the vehicle, and, L 
the torque due to the motion of the wheels. wv 


Using equations (3) and (4), the components 
of the vehicle angular velocity, in inertial space, 
directed along the body axes then become: 


Wy = Sera re 27 3( 7 84) ey cos 8, 
Wy = a,,0, + ps +a, (o, + 9.) + 6, (6) 
Wz = pote 52, © 253 Ones) 8) sin 9, 


Het ris, HL, and H, represent the components 
of the Pstal angular momentum, H, of the X, Y, 
and Z wheels relative to the vehicle frame. The 
torque upon the vehicle due to the motion of the 
wheels becomes: 


= = d ae pee =< 

Ly esa (Hy ey t Hy e, +H, z) (7) 
or 
Ly = Ay ey + Eye eizeo i reas H (8) 


The components of i, along the body axes are: 


ALy)y = Hy + He wy — Hy ®> 
(Ly )y = Hy + Hy Oy — Hy Wy (9) 
—-(Ly)z = Hy + Hy wy — Hy Wy 


The general equationsof motion of a vehicle 
with reaction wheels, then, are given by equa- 
tions (5), (6), and (9). The moments of inertia 
of the vehicle are now defined to include the mo- 
ments of inertia of the wheels. These equations 
are not in a form that can be suitably used for 
conventional control system synthesis. However, 
they can be reduced to a more tractable form by 
linearization, so that the resulting expressions 
are ordinary differential equations with constant 
coefficients. Conyentional servo techniques can 
then be applied. 


For the single-axis laboratory model the 
equation of motion, excluding disturbances, is 


1@ = —H = —Jo (10) 
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where 
I = platform moment of inertia 
6 = platform angular deviation 
H = wheel momentum 
J = wheel moment of inertia 
w = wheel speed 


The control equation is 


(s+ k)(rys + 1) 


ae Baal Get Das 4) Ore) (11) 


where 
y. = amplifier gain 


Bos =) motor gain 


k = integrator gain 
tT. = motor time constant 

m 

ees lead time constant of shaping network 
opie lag time constant of shaping network 
@ = commanded platform deviation 

(e 


Amplifier and integrator gains and lead-lag 
time constants were selected to yield a 50 per 
cent damped system. 
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Fig. 3. Block Diagram of A-C System. 
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Fig. 4. Waveforms of Control Circuitry of A-C System. 
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Fig. 5. Block Diagram of the D-C Speed Control System. 


OUTPUT OF 
HYBRID 
MULTIVIBRATOR DETERMINES 


4 START TIME 


| 
OUTPUT OF I 
ONE - SHOT 


MULTIVIBRATOR 


OUTPUT OF 
AND GATE 


Fig. 6. Essential Waveforms in the D-C System. 
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GAS SOLENOID 


Fig. 8. Gas Solenoid and Sensor Mounted on Table. 


Fig. 9. Deviation Angles. 
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D=DECOMPOSITION ANALYSIS OF 
AUTOMATIC CONTROL SYSTEMS 


Rolf W. Lanzkron Thomas J. Higgins 
Martin Corporation University of Wisconsin 
Orlando, Florida Madison, Wisconsin 
Summary 


Development of the basic theory of De 
decomposition by a general. polynomial expression, 
the characteristic function of a linear lumped 
parameter automatic control system, is followed 
by account of: the basic theory of parametric 
stability; unity-feedback variable-gain 
analysis, with subsequent generalization to 
numeric and frequency=dependent feedback; 
transient response determination; and sampled- 
data system analysis, as effected by De- 
decomposition theory, Application of theory in 
practice is illustrated by numerous illustrative 
examples, 


I. Introduction 


A. Purpose of Paper 
The purpose of this paper is threefold: to 


direct attention to a powerful means of control 
systems analysis of which little, if anything, 
has been written hitherto in English; to develop 
a critical, integrated and well-detailed account 
of theory facilitating control theory analysis 
by this method of D-decomposition; and to ex= 
emplify application of this development by 
illustrative numerical examples, 


B. Usefulness of the Content 

The essential usefulness of the content of 
this paper is, perhaps, best illuminated by note 
of the course of development and current use of 
a much-used mode of analysis somewhat akin to 
the method of D-decomposition, in that each com= 
prises a conjunction of graphic and analytic 
procedure; namely, the method of root-locus, 
Thus, following original note of the basic con= 
cept of the method of root-locus and of its use 
for determination of the maximum gain demarking 
the limit of stability of a unity feedback 
system by Evans (in 1948), a considerable number 
of investigators have explored the possibilities 
of this method for servomechanism analysis over 
the subsequent years to-date, In consequence of 
this extensive study, a considerable body! of 
root-locus (and associated) theory has been 
gradually developed that enables facile analysis 
of various phases of control systems work to 
which it is well-suited; and the essential con= 
tent of this body of theory, as evidenced in 
textbooks and publications, both has passed into 
the domain of study of basic servomechanism and 
automatic control theory in engineering schools 
and has become a basic tool in control system de= 
sign in practice, 


Now much the same possibilities of develop= 
ment, scholastic exemplification, and usefulness 
in practice attend the method of D-decomposition, 
so-called by its originator Neimark in virtue of 
his use of the classical operator D = d/dt, 
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Neimark, a Russian mathematician, originated this 
procedure for use in his work on delimiting the 
zeros of polynomial expressions. The possible use 
of this procedure for demarking the domain of 
stability of a control system, hence as a stabili- 
ty criterion in the same sense that Cauchy's prin- 
ciple of argument provides a procedure for de- 
marking the domain of stability in the guise of 
Nyquist's well-known criterion, was remarked 
(circa 1947) by Meerov and Neimark, Subsequently, 
use of D=decomposition has been extended to some 
other phases of control systems analysis, But, 

as inferred from a reading of the available 
papers! shows, the present state of the develop- 
ment of the method of D-decompesition would seem 
to roughly parallel that of the earlier develop- 
ments in the root-locus method. 


Now it is possible to develop the method of D-= 
decomposition in much the same degree as has been 
done for the root-locus method; and as the possi- 
bilities of use are fully as great and the facile- 
ness and flexibility of use for some purposes are 
even better than for the root-locus method, it is 
obviously most desirable that this be effected, 

A substantial advance in this direction is en= 
folded in the Ph.D. thesis? of the first-named 
author, A concise presentation of certain major 
aspects of this thesis comprises the context of 
the present paper, 


C. Scope of Paper 


Section 2 comprises a development of the basic 
theory of D-decomposition by a general polynomial 
expression, interpretable as the characteristic 
function of a linear lumped-parameter control 
system. Section 3 advances the basic theory of 
parametric stability analysis, Section 4 pre- 
sents an account of certain basic theory in con-= 
trol system analysis for a unity-feedback system 
by the method of D-decomposition, wherein gain is 
taken as the variable parameter, Section 5 com= 
prises complementary account of the theory under- 
lying determination of transient response by the 
method of D-decomposition. Section 6 generalizes 
application of D-decomposition methods to control 
systems with numeric and, more broadly, frequency- 
dependent feedback, Section 7 develops D- 
decomposition analysis for sampled-data servo- 
mechanisms, Section 8 comprises a summary of 
essential results, A short list of some pertinent 
references concludes the paper, 


2. Basic Theory of D-Decomposition 


A. Basic Theory of D-Decomposition by a 
Characteristic Polynomial 


Consider the polynomial equation 
(1) £(s) = Aj (a,b)s"+A, (a,b)s 7 44,, 44, (a,b) = 0 


where the coefficients A;(a,b),(i=1,...,n), of the 
characteristic polynomial f(s) are functions of 
two parameters (a,b), Let, as is commonly the 
case in practice, the Aj be linear functions of 
these parameters: thus, Ay (a,b)=ky + kya + kyb. 
In such case (1) can be recast as 


(2) £(s)= (kotkjatk'b) s™ + 
-1 

(k, +k] atk"'b)s™ too ot(Ktknatk"b) = 0 

Setting s = jw in (2) yields 


(3) £(§w)* (kotkgarktb) (jw) "+(k, +kfatk}d) (jw) 97} 


t 1 i 
+.0o+(k tk atk''b) = (0) 
Collecting the terms multiplying a, those multi- 


plying b, and the remainder of the terms of (3) 
gives 


(4) £(jw)=aP(jw) + bQ(jw) + R(jw) = 0 


wherein P(jw), Q(jw) and R(jw) are polynomials in 
jw given by 


n < 
(5) P(jw) = > ki(jw)?* 

i=0 

n ed 
(6) Q(jw) = > k'(jw)"™ 

1-05 

> nei 
(7) R(jw) = Dk, Cw) 

i=0 


Expressing P(jw), Q(jw) and R(jw) in terms 
ef their real and imaginary parts by 


(8) P(jw) = P,(w) + 4PQ(w) 
(9) QCiw) = Q,(#) + 5Q2(w) 
(10) R(§w) = Ry (w) + 5R,(w) 


wherein P. (W),..., Ry (w) are polynomials in w and 
substituting accordingly in (4) gives 


(11) £(jw)= [aPy (w)+bQ; (w)+R, (¥)] + 
jLaP, (w)+bQ,(w)+R,(w)] = 0 
As a complex quantity equals zero only if 
its real and imaginary parts are each equal to 


zero, it follows from (11) that simultaneous 
satisfaction of the equations 


(12) aPy(w) + bQ (w) = -R, (w) 


i} 


(13) aP,(w) oF bQ,(w) -R,(w) 


are necessary and sufficient conditions that w be 
a value which satisfies (11), and thus that the 
corresponding value s = jw satisfy (1). 


From (5), (6) and (7), it follows that 
P2(w), Qo(w) and Ro(w) are polynomials comprised 
of odd powers of w. Accordingly, (13) can be 
reeast as 


(14) awP}(w) + bwQ) (w)= ~wR, (w) 
wherein PA (w), Q5 (w) and R}(w) are polynomials 


comprised of even powers of w. In turn, (14) is 
equivalent to the pair of equations 
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(isa) waesro 
(15b) aP)(w) + bQs (w) = “Rw 


Solution of (12) and (13) by Cramer's rule 
gives 


(16) a=[-Q, (wR, (w)+Q, (w)R, (w)]/A (w)=D, (w) /Aw) 
(17) b=[=P, (#)R, (w)+P,, (wR, (#)] /A(w)=D, (w) /A(w) 


wherein 


Py (w) Q) (w) 


Q,(w) 


(18) A(w) = 
P (w) 


and D, (w) and D,(w) are defined by 


(19) Dj (w) = Q, (w) Ro(w) - Q, w) R, Cw) 
(20) Do(w) = P,(w) Ry (w) - Py (w) Ry (w) 
Now (16) and (17), and correspondingly (12) 


and (13), comprise the parametric representation 
of a curve in the (a,b) plane, Elimination of 
the parameter w between either of these two sets 
of equations yields an equation enfolding this 
curve: say 


(21) F(a,b) = 0 


The geometric significance of (16), (17) and (21) 
are as follows, If s' = jw' is a specified 
arbitrary value on the imaginary axis of the s- 
plane which satisfies (1), then w' is a value 
which satisfies (12) and (13). In turn, if w'#0, 
it is then a value which satisfies (12) and (15b). 
The corresponding values (a',b') of (1) for which 
such is true are given explicitly by (16) and 
(17) on substituting w' therein, This pair of 
values locates a point (a',b') in the (a,b) plane 
corresponding to the point s' = jw' in the s-plane, 
Then inasmuch as (21) is obtained by elimination 
of w between (16) and (17), or between (12) and 
(13), ore-since the factor w cancels out in the 
ratios of (16) and (17)==betwean (12) and (15b), 
it follows that the curve defined by (21) enfolds 
all points of the (a,b) plane which are such that 
an arbitrary point s = jw of the imaginary axis 
of the s-plane, other than the origin, is a 
solution of (1). Thus, the curve defined by (21) 
contains the "map" of all points of the imaginary 
axis of the s-plane, other than the origin, 
afforded by the characteristic polynomial f(s) of 
(1). 


If w' = 0, then (13) is satisfied in virtue 
of (15a), but simultaneous satisfaction of (12) 
requires that 


(22) aP, (0) + bQ, (0) = ~R, (0). 


Thus, the values (a',b') such that s' = jw’ = 0 
is a solution of (1) are enfolded by (22); i.e., 
the straight line defined by (22) enfolds all 
points of the (a,b) plane whereof the coordinates 
(a,b) are corresponding values of (a,b) such that 


the point s = jw = 0 of the imaginary axis of the 
s-plane is a solution of (1). 


Accordingly, the curves defined by (21) and 
(22) contain the "map" of the whole of the im- 
aginary axis of the s-plane on the (a,b)-plane as 
afforded by the characteristic polynomial f(s) of 
(1). I£ one or both of a and b are actual func- 
tions of w, the mapping is conformal and plot of 
this map divides, or "decomposes", the (a,b)=- 
plane into regions, some corresponding to the 
right-half of the s-plane, the remainder to the 
left-half of the s=plane., The corresponding sub- 
divided plane is termed the "D-decomposition of 
the (a,b)=plane", as afforded by the character- 
istic polynomial f(s). The terminology "D- 
decomposition" stems from Neimark's original use 
of D, rather than s, as a symbol in the character- 
istic polynomial of (1): As it is now well- 
established in the Russian literature, it appears 
expedient to retain this designation rather than 
to shift to the corresponding terminology of "s- 
decomposition", 


If both a and b are constants, the Dede- 
composition is effected, but the correspondence 
of regions to the right and left halves of the s- 
plane may not hold, 


B. Illustrative Example 


In exemplification of the analysis of Section 
2-A, consider the D-decomposition afforded by the 
characteristic polynomial 


(23) £(s) = 10as3+(1la+10)s24+(1l+a)st¢b = 0 


Correspondingly, 
(24) BP, (w) = -Llw* 

(25) Po(w) = w(-10w241) 
(26) Q(w) = 1 

(27) Qo(w) = 0 

(28) Ry (w) = -10w2 

(29) R,(w) = Llw 


Herewith (18), (19) and (20) yield 
(30) Aw) = (10w2-1)w 
(31) Dy (w) 


(32) Dg (w) 


llw 


(100w4+111w2)w 


Substituting appropriately in (16) and (17) gives 


a 


(33) 11/(10w2-1) 


(34) b= (100w++111w~) /(10w2=1) 


Eliminating w between these two equations gives 


(35) F(a,b) = 121a2+1441a-110ab+1210 = 0 
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Substituting in (22) gives 


(36) b=0 

Confirmatively, if b = 0 in (23), then a can 
assume any value and s = jw = 0 is yet a solution 
of (23). Hence the real axis b = O enfolds the 
"map" of the origin of s-plane, If w # 0, then 
the coordinates (a,b) of a point on the curve de- 
fined by (35) may be corresponding values of 
(a,b) such that the points s = + jw, w real and 
positive, w # 0, satisfy (23). Thus, the map 

of the whole of the imaginary axis of the s- 
plane, as afforded by f(s) in (23), is fur- 
nished by the curves defined by (35) and (36). 


3. Delimitation of Stability by 


D-Decomposition 


Basic Theory of Parametric Stability Analysis 
Per well-known theory,’ the nature of the 
stability of a control system with characteristic 
equation (1) is linked with ‘the roots of this 
latter as follows: if all roots of this equation 
be in the left-half of the seplane, the system is 
stable; if any roots lie in the right-half of the 
s-plane or if any multiple roots be on the 
imaginary axis, the system is unstable; if roots 
of multiplicity one be on the imaginary axis and 
the remainder of the roots lie in the leftehalf 
of the s-plane, the system is limitedly stable, 
Accordingly, determination of the variation of 
the nature of the stability of a system with 
parametric characteristic equation (1) comprises, 
effectively, determination of the variation of 
the nature of the roots of (1), thus of the 

zeros of the characteristic polynomial f(s) of 
(1), with variation of the parameters (a,b). 


A. 


Now, as noted in Section 2, the D-decompo- 
sition of the (a,b)-plane afforded by the 
characteristic polynomial f(s) entails a 
division of the (a,b)-plane into regions by a 
multiply=-branched curve which enfolds the con- 
formal trace of the imaginary axis of the s-= 
plane on the (a,b)-plane, By a well-known 
theorem in conformal mapping, the area of the 
s=plane to the left of the imaginary axis as 
this is traversed by a point moving from w 
-coto w = +°S corresponds to the area in the 
(a,b)=plane which is to the left of the curve 
traced in this plane by the map of the moving 
point in the s-plane when A(w) in (18) is 
positive, and to the right of the curve so 
traced whenA(w) is negative, Herewith, there- 
fore, the regions of the D-decomposition of the 
(2,b)-plane can be identified with the corres- 
ponding right and left halves of the s-plane, as 
illustrated in Fig. l. 


Now in virtue of the linearity of coefficients 
of (1) in the parameters (a,b), as indicated 
specifically in (2), a point in the s-plane corres- 
ponds to a single point in the (a,b)-plane, as 
indicated by (16) and (17). Accordingly, a 
necessary and sufficient condition that a system 
be stable is (inasmuch as all zeros of f(s) must 
be in the leftehalf of the s-plane) that points 


of the (a,b)=-plane corresponding to the zeros of 
£(s) lie in the region of the (a,b)*plane which 
is the map of the left-half of the s-plane, 
These two corresponding regions may conveniently 
be termed the stable regions of the respective 
planes. A ready identification of the possible 
stable regions stems from shading these regions 
in the immediate vicinity of the corresponding 
boundaries afforded by the jw-axis of the s-plane 
and its map in the (a,b)-plane--as in Fig. 1. 
With this correspondence of the s and (a,b)- 
planes in hand, consider variation of the parame= 
ters (a,b) from, say, (a',b') to (a",b"), There- 
with, in virtue of the multiple=valued mapping of 
the (a,b)=-plane on the s-plane, the associated 
set of zeros of f(s) varies from, say, the set of 
values s' to a set of values s", Suppose that 
the initial point (a',b') is in the stable region 
of the (a,b)-plane. Correspondingly, the set of 
zeros s' is in the stable region of the s=plane, 
and thus all zeros of the set have negative real 
parts, Let now (a,b) vary from (a'b') in such 
fashion that it crosses the stability boundary 
and thus takes up the position (a",b") in the un- 
stable region. Then the corresponding set of 
zeros s" enfolds one or more zeros with positive 
real parts, If it is of interest to know the 
number with positive real parts, this can be ob- 
tained as follows, 


Since, in general, (16) and (17) are even- 
powered in w*, it follows that both + w' and -w' 
(where w' is an arbitrarily-specified value of w) 
correspond to the same point (a,b) on the branch 
ef the stability boundary furnished by (16) and 
(17). Thus, in crossing this boundary once from 
the stable to the unstable region, two of the set 
of zeros of f(s) experience a change from negative 
real part to positive real part, On the other 
hand, crossing the branch enfolded by (22) corres- 
ponds to passage through the origin of the s- 
plane, Accordingly, one of the set of zeros of 
£(s) will experience a change from the negative 
real part to the positive real part, 


B, Illustrative Example 
The Dedecomposition of the (a,b)=plane 


afforded by the characteristic equation (23) of 
the illustrative example of Section 2=B and 
indication thereon of the stable region are shown 
in Fig. 2, This figure is effected as follows, 
The hyperbola and the straight line demarking 

the (a,b)-plane are defined respectively by (33), 
(34) and by (36). As by (33) and (34) the param- 
eters a and b have the same sign for a specified 
value of w, only those portions of the branches 
of the hyperbola which appear in the first and 
third quadrants of the (a,b)-plane can possibly 
comprise the map of the jweaxis of the s-plane, 

w #0; further a portion of the branch in the 
third quadrant corresponds to imaginary values of 
w; hence must be excluded--as shown, The corres- 
ponding shading indicating the stable region is 
effected as follows. For the branch of the 
hyperbola in the first quadrant,A>0 when 

w >(1/10)1/2; whence the stable domain lies to 
the left of the traverse of the branch in the 
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direction of increasing positive w. Next, as 
another part of the boundary of the stable domain 
is afforded by the real axis b = 0, defined by 
(36), the stable region lies above the positive 
portion and below the negative portion of the 

real axis, Finally, as a necessary condition for 
stability is that all coefficients in (23) be of 
the same sign, b must be of the same sign as a in 
the stable region, Herewith, then, the whole of 
the stable domain is demarked as in Fig. 2. 


It is of interest to corroborate this de- 
markation by use of, say, Routh's criterion, 
Thus, from the characteristic equation (23), re- 
written here for convenience of reference, 


(37) 10as> + (11a + 10)s* + (atll)s + b = 0 


Routh's criterion yields 


(38) 10a a+ ll 
(39) 1la+tlo b 
(40) [(1lat10)(a+l1)-10ab]/(1la+10) 0 


(41) b 0 


Necessary and sufficient conditions that the 
system be stable are that all coefficients in (37) 
be of the same sign and that each element of the 
first column be of the same sign, Consider, first, 
positive values, Then from (38), (40) and (41) 
it must be that a>0O, which encompasses the 
necessity of the coefficient condition a>-11 
and of a>-10/11 that stems from (39); 
11a24131la+110-10ab >0, whereof the left-member 
is coeval with the polynomial obtained on 
eliminating w between (33) and (34), as given 
by (35); and b70O, The region defined by these 
three conditions is precisely the part of the 
stable domain evidenced in the first quadrant 
of Fig. 2. Consider, secondly, that the elements 
of the first column are all negative, Then, from 
(39), (40) and (41) and the coefficient condition 
it must be that a<-1l, which encompasses the 
necessity of a<0O that stems from (38) and 
a<-10/11 which stems from (39); 11a24131a+110- 
10ab> 0; and b<0O, The region defined by these 
three conditions is precisely the remaining part 
of the stable domain evidenced in the third 
quadrant of Fig. 2. 


C. Conclusion 

Thus, in the illustrative example of Section 
2=B, analysis by Routh's criterion confirms the 
correctness of the parametric stability analysis 
afforded by the D-decomposition, In reference to 
this corroboration, and in conclusion of this 
section, it is to be noted that though a parametric 
stability analysis can always be effected by use of 
Routh's or Hurwitz's criterion, if the parametric 
characteristic polynomial is other than a simple 
quadratic or cubic, the pertinent analysis is 
lengthy to effect, and verges on the intractable 
for high-order equations. On the other hand, the 
nature of the D-decomposition methed is such 
that stability analysis is easily effected for any 


order or degree of parametric complexity of the 
characteristic equation --whence its powerfulness 
and usefulness for parametric stability analysis, 


4, Basic Control Theory Analysis by 


D=-Decomposition 


A. D-decomposition with Gain as Variable 


Parameter 

Consider a unity-feedback single=loop con- 
trol system with block diagram as in Fig. 3. 
Thereof the standard form of the forward trans- 
fer function G(s) is 


n m 
(42) G(s)=Ke! (s)=K J] [(s/a,)+11/ JI [(s/b,)+1] 
: jel 


i=i 
and the closed-loop transfer function is 
(43) C(s)/R(s)=KG' (s)/[14+RG' (s)] 


whence division of the numerator and denominator 
of the right-hand member by G'(s) yields 


(44) c(s)/R(s) = K/{K+[1/6" (s)]} 


The characteristic equation of the system of Fig. 
3 is, therefore, afforded by 


(45) K+[1/cG'(s)] = 0 
and thus, equivalently, by 
(46) k= -1/G'(s) 

If s traverses the imaginary axis of the s- 
plane from w=--cto w =+ , the map of the moving 
point in the K(s) = -1/G'(s)=plane furnishes 


the D-decomposition of this plane, 


Let the real part K,. of K(jw) be designated 
by u, the imaginary part K; by v. Then 


(47) K(jw)=K, (w)+5K, (w)=u(w)+jv(w)=-1/6! (jw) 
Let the polynomials in jw comprising the numer- 


ator and denominator of G'(jw), as indicated in 
(42), be designated by P(jw) and Q(jw). Thus, 


(48) G'(jw) = P(jw)/Q(jw) 


Evidencing the real and imaginary parts of P(jw) 
and Q(jw) by 


(49) P(jw) 
(50) Q(iw) 


as in Section 2, substituting therefrom in (48) 
and thencefrom into (47), and rationalizing the 
right-hand member of the resulting expression 
gives 


Py (w) + 5P,(w) 


i 


Q, (w) + 509 ¢w) 


(51) K,Cw)su(w)="[, (#)P,(#) Qn (w) Pa (w)]/ 
[PT (w)+P5 (w)]=D, (w) ACw) 
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(52) K, (w)s=1Q5 (7) Py (17) =Q, (w) Py (w)1/ 
[PZ (w)+P5 (w)1=D, (w) /A Cw) 


wherein, paralleling (18) to (20), 


(53) Acw) = Pr(w) + PS (w) 
(54) Dy (w) = =£0, (w)P, (w)=Q, (WP, (w)] 
(55) Daw) = =£9, (w)P, (w)=@, (w) Pp (w)] 
As A(w) in (53) is the sum of two squares, 


A(w) is positive for all values of w. Accord- 
ingly, the stable region of the decomposed K(s)-= 
plane lies always to the left side of the plot of 
K(jw) as this is traversed in the direction of 
increasing w. This may be so shaded correspond= 
ingly to enable quick recognition of the stable 
region--as typified in Fig. 4, 


B. Determination of Ranges of Stability 

In the system of Fig. 3, with overall trans- 
fer function C(s)/R(s) as defined in (43), the 
gain constant K is a real constant, positive 
values corresponding to degenerative feed=back 
and negative values to regenerative feedback, 
Correspondingly, those portions of the real axis 
of the K(s)-plane which fall within the stable 
region of the Dedecomposition of this plane com-= 
prise the ranges of K for which the system is 
stable, Obviously, the values of K correspond- 
ing to the limits of these ranges are the values 
of the K=coordinates of the points of inter- 
section of the plot of K(jw) with the K_-axis, 
These end-point values of K, and the correspond- 
ing values of w scaled on the plot of K(jw), are 
critical values of performance==hence, they may 
appropriately be termed critical values of K and 
wand be designated by K.y and w,,, as in Fig. 4. 


C. Determination of Frequency Response 


The D-decomposition of the K(jw)=-plane enables 
rapid determination of the overall frequency re- 
sponse C(jw)/R(jw) of the system of Fig. 4. Thus, 
relative to Fig. 5, let K. designate an arbitrari- 
ly=specified gain; ab the directed vector from the 
origin to the point (K_,0); ac the directed 
vector from the origin to an arbitrarily-selected 
point on the plot of K(jw), at frequency Wy. 

Then 


_ 
ab 


(56) = Re 

and 

(57) be = ab-de = Ko-K(jw,) = K,+11/6" (jw,)] 
It follows from (44) that 


(58) C(jw)/RGjw)em(w)ed 9(w)— 
Ko{K 11/6" (jw, )]} = ab/be 
Thus, 


(59) M(w) = ab/bc 
and 
(60) @(w) = (angle ab-angle be)=-angle be 


ab 


since angle = 0, 

The real and imaginary parts of C(jw)/R(jw) 
are likewise easily found from the D-decomposition 
of the K(jw)-plane, as typified in Fig. 5. Thus, 
taking C(jw)/R(jw)=p(w)+jq(w) yields 


(61) p(w) = M(w) cos 6(w) 
and 
(62) q(w) = M(w)sin 0(w) 


It follows from Fig. 5, whereon ad is a directed 
perpendicular to be, that as cos(7T-+0) = bd/ab and 
sin(77+8) = ad/ab, that 


(63) cos @ = =(bd/ab) 
(64) sin @ = ~(ad/ab) 


whereof 6 carries its own sign according to the 
usual trigonometric conventions. Substitution 
from (59), (63) and (64) in (61) and (62) gives 
the desired expressions 


(65) p(w) = -(@b/be) (bd/ab) = -bd/be 
(66) q(w) = -(ab/bc)(ad/ab) = -ad/be 


These expressions for p(w) and a(w) are of use 
in determination of the transient response of the 
system of Fig. 3 from the overall frequency re- 
sponse, as afforded by D=decomposition of the 
K(jw)-plane, as is discussed in detail in the 
following Section 5, 

D. Conclusion 

Determination of the gain K, yielding a 
specified maximum magnitude M, of the overall fre- 
quency response, commonly taken as 1,3 or 1,4, 
often comprises a prime phase of design of a 
control system as in Fig. 3. K, is casily 
afforded by D-decomposition, as is detailed in 
Section 6, in somewhat more general form, to~- 
gether with a numerical example which amply 
illustrates the ease with which the overall fre- 
quency=response characteristics; the critical 
values K,, of gain K limiting the ranges of 
stability and the corresponding values w,,; the 
maximum magnitude of the frequency response 
which corresponds to specified gain K,; and the 
gain K, yielding a specified maximum magnitude M, 
of frequency response can be determined by use of 
the D-decomposition of the K(jw)=plane, as afford- 
ed by plot of K(jw) from (47). 
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5. Determination of Transient Response By 


D-Decomposition 


Expression of Transient Response in Terms of 
Frequency Response 


Determination of the transient response c(t) 
of a servomechanism from knowledge of its fre- 
quency response C(jw) reduces, essentially, to 
effecting the inversion of the transform C(s) 
of the response c(t). Thus, by well-known 
theory, if 


A. 


1. All singularities of C(s) are to the left 
of the imaginary axis, the weaxis, of the 
se-plane; 

2. F(s) approaches zero with respect to the 


phase of s as s~>e for -7/2 = phase 
s_<7/2; and 
oe flFGe) dw converges, 


then in the complex inversion theorem for C(s) 


+j0 
(67) c(t) = areenf 
c 


f C(s) eStas 

Neg 

the conditions 1, 2, and 3 above are such that 
Cg can be taken as zero; whence the line of 
integration 8s, = cotjw pertinent to (67) is the 
imaginary axis defined by s = jw, and thus (67) 
becomes 


(68) c(t) = (1/27) 


C(jw) eJ¥* aw 

In practice, the transient response commonly 
desired is that produced by unit step-function 
input, wherefor r(t) = u(t), and R(s) = 1/s. 
If, then, the overall transfer function of the 
system is denoted by F(s), the transform of 
the corresponding response is C(s) = R(s)F(s) = 
F(s)/s. By the final value theorem c€-) = F(0). 
Accordingly, writing C(s) = F(0)/s + [F(s)-F(0)]/s, 
substituting in (67), inverting the first term, 
and replacing the second by its equivalent from 
(68) yields 


co 
(69) c(t)=F(0)u(t)+(1/27) Jreow ~F(0)] (eJ*/w)yaw 
—od 
In lumped-parameter systems the transfer 
function results as the ratio of two polynomials 
in s: thus, 


n 
(70) F(s) = (agtays +...4a s')/(b,+b)s +eeetb 8") 


Substituting s = jw in (70)*and rationalizing 
yields an expression of the form 


(71) F(jw) = P(w) + jQ(w) 

wherein P(w) and Q(w) are, respectively, even and 
odd functions of w. Further, inasmuch as Q(w) 

is odd in w, Q(0) = 0; and thus 

(72) F(0) = PO) 


Substituting from (71) and (72) in (69) gives 


(73) c(t) =PCO)aCee(L/21){ ~ 


{LP(w)+5Q(w)-P(0)1/w} (cos wtt+j sin wt)dw 


By argument based on P(w) and Q(w) as even and odd 


functions, it is ceetty deduced that 

(74) e(e) = (2/T) if [P(w)/w] sin we ew 
(75) aCe eoCOy CIT ToCw) /w] cos wt dw, 
each valid for t?0, i 


Be Trapezoidal Evaluation of Transient Response 


Integrals 


As evidenced in Section 4 by (65) and (66), 
the real and imaginary parts P(w) and Q(w) of the 
overall frequency transfer function F(jw) of (71) 
can be evaluated by use of the Dedecomposition of 
the K(jw)=-plane, This fact, and the fact that 
e(t) as given by (74) and (75) is expressed in 
terms of P(w) and Q(w), suggests that the tran-= 
sient response can also be evaluated by use of 
Dedecomposition., Such is actually the case and 
can be effected as follows, 


Suppose, first, that P(w) is such that it can 


be trapezoidally approximated as in Fig. 6. Then, 
approximately, 

(76) P(w) = P(0) Owew, 
(77) Pw) = P(O)=[ (w-w,)/ (wy =Wy)1P(0) woewen, 
(78) Pw) =0 ww} 
Substituting accordingly in (74) gives 


W, 
(79) e(t)=(2/T)P(0){| “(sin wt)/wldw + 
° 


iS 
[(sin wt)/w] dw 
w 


° 


[ (wew,)/(w,-w9)] [(sin wt)/w] dw 


ie 
w 
(2) 


(80) c(t)=(2/m)P(0) {si (w, t)+[1/t (wy =w,)] 


or 


(cos w t-cos wit) 
#1m,/ (w, -¥,)1 [Si Cw, t)-Si(w tI} 
wherein the Si function is defined by 


(81) Si(wt) aioe wt) /w] dw 
() 
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and t! 


On defining x = w /w, 


w_t, (80) can be 
written in the form 1 


(82) e(t)/P(0)=(2/T) { Si t'+[1/t' (l-x)] 
(cos t'=cos xt') 
+[x/(lex)] (Si t'-Si xt") 


A table of values of the right-hand member of (82) 
is given in Reference 4, It furnishes immediate- 
ly the value of c(t)/P(O) for specified values of 
= angus 


Commonly, P(w) cannot be approximated by a 
single trapezoid as in Fig. 6. However, P(w) 
can always be approximated by an algebraic 
superposition of, say, n such trapezoids, as 
detailed in several books on automatic control 
theory, In such case the i-th trapezoidal com- 
ponent yields the contribution c,(t)/P,(0) to 
the total response c(t); and summation accord-=- 
ingly by 


n 

Oey ETCH GN gives the desired 
=] + 

transient response c(t). 


An expression for c(t) analogous-_to that of 
(82) is readily deduced in similar fashion from 
(75): but as a table of values similar to that 
mentioned for use with (82) is not available, 
this equation is not as convenient to use, 


Determination of Curves of Constant P(w) and 
Q(w) 


Substitution from (47) in (58) yields 


C. 


(83) C(jw)/R(jw)=K,/{(K-8) = jv] 


Rationalizing the right-hand member of (83), and 
noting (71), yields 


(84) P(w) = (K,7=K,u)/[ (Kyou)? + v7] 
and 
(85) Q(w) = Kv/[(Ky=u) + v7] 


Simple algebraic manipulation of (84) and (85) 
gives 


(86) jurK,[1-0.5 B7 (wy 1} “av2=[K /2 P(w)]2 
and 
(87) (u-K,)“#Iv-0.5 KOE (w)I? = [K,/2Q¢w) 1? 


Equation (86) evidences the curves of con- 
stant P(w) as a family of circles in the K(jw)- 
plane, with centers at the points {K,[1-0.5 p-l 
(w)], 0} on the K.-axis and of radiilK./2 P(w). 
Similarly, (87) evidences the curves s constant 
Q(w) as a family of circles, with centers at the 
points [K ,K /2 Q(w)] and of radii|X /2 Q(wy. 

In particflar, the circle P(w) = 0 ig the 
straight line (a circle of infinite radius) 


/ 


passing through the point (K_,0); and the circle 
P(w) = 1 is the circle centered on the point 
[K,/2,0] and of radius|K /2], Illustratively, 
these two circles and some of the other members 
of the two sets of orthogonal circles are ex- 
hibited in Fig. 7, for Ky = 4. 


Dow Gri terion Lor Single Trapezoidal Approximation 
of P(w) 


Conjunction of the D=decomposition of the 
K(jw)-plane, as afforded by plot of K(jw)=-1/c' 
(jw) from (47), and the double family of circles 
of constant P(w) and Q(w), enables direct approxi- 
mate calculation of c(t) from (74) and/or (75). 
For the intersection of the K(jw)=plot with, say, 
a Pecircle furnishes the value P(w;j) for the fre- 
quency WwW; corresponding to the point of inter- 
section, If, then, these values are obtained at 
equal increments (Aw) over the significant 
(usually finite) range Oz2w<w', outside of which 
P(w)=0, the right-hand member of (74) can be calcu- 
lated by numerical integration yielding 


i=(w' /Aw) 


(88) cft)=(2aw/T) [P(w,)/w,]sin w,t 


i=l 


A corresponding caiculation with values furnished 
by the intersections of the K(jw)=plot and the 
Qecircles yields 


i=(w' Aw) 
(89) c(t)=P(0)+(2aw/T) ae [Q(w, )/w,]cos wt 


Now it often ensues in practice that the plot 
of P(w) versus w can be significantly approximated 
by a single trapezoid, That is, appropriate 
choice of the single trapezoid and calculation 
therewith from (82), and thus determination of 
c(t) directly from values entered in the 
mentioned table of Reference 4, yields an approxi- 
mate numerical or graphical delineation of c(t) 
which is in excellent agreement with the actual 
delineation, Obviously, it is most desirable to 
know the conditions under which such rapid de- 
lineation of the transient response c(t) is 
possible, 


To ascertain such, consider first that F(jw)= 
P(w)+jQ(w) is such that the P(w)-plot actually 
comprises a single trapezoid, as in Fig. 6. then 
the D-decomposition furnished by plot of K(jw) 
relative to the circles of constant P(w) and Q(w) 
will be as evidenced in Fig. 8. Namely, over the 
range 0 £ w ¥ wy wherefor P(w) = 1, the plot is 
tangent (coincident) to the circle of constant 
P(w) = 1; departs from it at w = w such as to in- 
tersect successive circles of decreasing constant 
values of P(w) as w runs over the range Wo Ewe 
w,; becomes tangent to the line of constant P(w) 
= 0 at w= w,3; and thereafter remains tangent 


(coincident) to this line, 


Correspondingly, if the actual plot of P(w) 
versus w can be well-approximated by a single 
trapezoid, such will be manifested by the fact 
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that the actual plot of K(jw) will be sub- 
stantially coincident with the circle P(w) = 1 
over a range 0 = w £ w_; whence the approximate 
frequency of departure from approximate 
tangency furnishes the desired approximation 

to w_; will intersect successive circles of 
decreasing values of constant P(w) as w in- 
creases up to a value w, at which it intersects 
the line of constant P(w) = 0; and thereafter 
will tend to intersection with (usually) circles 
of small negative values of constant P(w) as w 
approaches infinity. A typical plot of K(jw) 
is so illustrated in Fig. 9. 


If, in particular, as is often the case, 
the plot of K(jw) tends, after a certain 
angular span over which it is substantially 
tangent to both the circle of constant P(w) = l 
and the circle of radius K, centered at the 
point (K,,0) for the range 0 €£w4£w., thereafter 
to remain outside of the 'K,-circle"; and the 
radially measured distance between K,-circle and 
the plot of K(jw) continually increases, the plot 
of P(w) versus w is especially weli-approximated 
by a single pertinently-chosen trapezoid. 


In conclusion, it is to be noted that when 
the P(w)-plot can be trapezoidally approximated, 
and thus c(t) is directly furnished by use of 
the values of the mentioned table, the over- 
shoot in c(t) cannot substantially exceed 18% 
at most: for the largest value of c(t) tabu- 
lated in this table is 1.178, Further, the 
settling-time t,, defined as the time required 
for c(t) to both come within plus or minus a 
certain percentage of the final value, can be 
substantially delimited by inspection of the 
table, Thus, illustratively, for the commonly 
used value of + 5%, this table yields ™/w,<t¢ 
4m] Wye 


E. An Illustrative Example 


To illustrate the foregoing analysis without 
obscurement by heavy, but routine, algebraic and 
trigonometric manipulation, consider the system 
as in Fig. 3 whereof the forward link is of 
transfer function 


(90) G'(jw) = 1/jw(1+jw) 
and thus 


(91) K(Ciw) = -jw (tjw) = w2-jw 

and the gain is K_ = 0,5. The plot of K(jw) 

is as in Fig, 10, The plot is substantially 
tangent to the P(w) = 1 circle from w = O up 

to w = 0,127, crosses the P(w) = O line at 

w = 0.72, does not cut the K.=circle, and de- 
parts appreciably from it after a span of 30°, 
Thus, Ws -0,127 and w, = 0,72; whence x = 
0.175. Use of the values used in plotting Fig. 
10 (interpolating by inspection between x = 0,15 
and x = 0.2) and noting that t = t'/0,72 yields 
values of response c(t) as plotted in Fig, 11. 


Corroboratively, direct inversion of the 


transform of the response 

(92) c(s) = 0.5/s(s%+s+0. 5) 

yields the time response 

(93) c(t) = 1+ 1.414 e79*5® sin (0,5t+135°) 


and plot from (93) on Fig. 11 gives a curve which 
well-approximates that first obtained. 


If, now, K,=2, the plot of K(jw) is relative 
to the corresponding K_-circle as in Fig, 12. 
As over the range 0 £ w € 1.75 it lies sub- 
stantially inside the K -circle, it follows both 
that the transient response c(t) cannot be 
effected as simply as for Ko=0.5 and that the 
percent overshoot will be substantially greater 
than 18%. Corroboratively, inversion of the 
transform of the transient response 


(94) C(s) = 2/s(s*+s+2) 
yields 
(95) c(t) = 141.07 e79*5tsin(1.32t-110, 7°) 


and plot of this response yields an overshoot of 
approximately 30%, as evidenced in Fig. ll. 
F. Conclusion 

The foregoing illustrative example amply 
evidences the technique for determination of 
approximate transient response by use of De 
decomposition, the rapidity with which it can 
be obtained when the analysis is applicable, 
and the general use of the P=circles for ascer- 
taining whether or not the percent overshoot of 
this response is less than the specified value 
of 18%. 


Finally, it is to be noted that when the 
response cannot be evaluated rapidly in the man-= 
ner illustrated by the illustrative problem for 
Ko = 0,5, the intersections of the K(jw)=-plot 
with the P(w)-circles or Q(w)=-circles afford 
values of P(w) or Q(w) which enable rapid 
graphical or numerical computation of the in-= 


tegrals of (74) or (75), and thus of c(t). 


6. Generalization to Nonunity Feedback 


Systems 


It is often the case in practice that a con- 
trol system is other than of unity feedback as 
in Fig. 3. Accordingly, it is obviously de- 
sirable to extend the theory developed for this 
latter system to encompass the more general case 
of nonunity=-feedback systems, Such systems com- 
prise two broad categories: those whereof the 
transfer function of the feedback link is a 
numeric, including 1 as a special case; and 
those whereof the transfer function of the feed- 
back link is frequency-dependent, It is con- 
venient to consider each in turn, in the stated 
order, 
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A. Numeric Transfer Function 

By well-known theory, the overall transfer 
function of the general system with block diagram 
as in Fig, 13 is 


(96) C(s)/R(s) = KG'(s)/[1+kG' (s)H(s)] 
whence the characteristic equation is 


(97) 1+ KG'(s)H(s) = 0 
For the case under consideration, H(s) a 
numeric-say H, (96) reduces to 


(98) C(s)/R(s) = KG'(s)/[1+KHG'(s)] 
and (97) to 


(99) 1+ KHG'(s) = 0 
Denoting KH by K , and taking as in (46) that 
K(jw) = -1/G'(jwS, enables recast of (98) as 


(100) ¢(jw)/R(jw)=(1/H) {K,/ 1K -KCiw) I} 


In that the bracketed term in (100) is 
identical with the right-hand member afforded 
by (58), it follows that relative to Fig. 5, 


(101) K,/[K,-K(jw)] = ab/be 


and that as (1/H) is of zero phase, the phase of 
C(jw)/R(jw) is yet the angle @ of Fig. 5. Sub- 
stituting accordingly in (100) gives 


(102) C(jw)/R(jw)=M(w)eI9 (= (1 /m) (B/E) 5° 


Now as by (102), M(w) = (1/H)(ab/bc), and 
as Ke = ab, it follows that the maximum value 
M, of M(w) for a specified gain K, corresponds 
to the minimum value R of bc, and thus is 
afforded by M, = (1/H)(ab/R). Corroboratively, 
if H = 1, then M, = (ab/R), in agreement with 
(59). 


Further, determination of the gain Ky which 
yields a specified maximum value of M(w) can 
be effected by the simple artifice of recasting 
the determination as that for K, which yields the 
specified maximum value M' = ¥ ab/bc, Here-= 
with, then, determination of the desired value 
of K, proceeds as remarked in Section 4-D, 


Again, the critical values of gain and fre- 
quency delimiting the ranges of stability are 
furnished as detailed in Section 4=B, 

The curves furnishing the real and imaginary 


parts of C(jw)/R(jw)=P(w)+jQ(w) are easily ob- 
tained, Taking 


(103) K(jw) = Kot ik, =u+ jv 
and substituting accordingly in (100) gives 


(104) P(w) + jQ(w) = (K/H)[K-u-jv] 


Rationalizing the right-hand member of (104), 
comparing real and imaginary parts of the two 
members, and manipulating the resulting ex- 
pressions for P(w) and Q(w) yields 


(105) fu ~ K, [1e1/2HP(w) I}? = [x /2HP(w)1? 


and 


(106) (uek,)? + [veK,/21Q(w)]7=[K_ /22Q¢0) 17 


Corroboratively, if H 1, these expressions re- 
duce to the corresponding expressions of (86) and 
(87). 


Comparison of (86) and (105) and of (87) and 
(106) evidences identity of corresponding pairs 
of equations except for replacement of P(w) by 
HP(w) and of C(w) by HQ(w). Accordingly, it 
follows; that the double family of circles in 
Fig. 7, for unity feedback, can be used for 
numeric feedback providing only that the constant 
values characterizing the circles are interpreted 
as values of constant HP(w) and HQ(w); and that 
the intersections of these circles with a scaled 
plot of K(jw) thereon yields corresponding values 
of w,HP(w), and HQ(w). These furnish, in turn, 
plots of P(w) versus w and Q(w) versus w for a 
specified value of H. 


Next, knowledge of these values enables 
numerical or graphical delineation of the 
transient response c(t) to unit step-function 
input through use of (88) or (89), or by trape- 
zoidal approximation through use of (82). 


Finally, determination of the pertinent 
circles of P(w) = 1, P(w) = 0, and the Kp-circle, 
enabling use of the criterion for limited over- 
shoot developed in Section 5, is easily effected, 
For: from (105) the circle of constant HP(w) 
wherefor P(w) = 1 is that centered at 
{K,[1-(1/2H)],0} and of radius |(K,/2H); that for 
P(w) = 0 is the vertical line through the point 
(K_,0), and the K,-circle is that centered at the 
point (K_,0) and tangent to the just-established 
circle wherefor P(w) = 1. These circles, and 
other members of the family of constant P(w)- 
circles, together with a plot of K(jw) are 
typified in Fig. 13 for H = 2. Obviously, the 
plot of K(jw) relative to the K circles is such 
that the criterion limiting overshoot to a 
maximum of approximately 18% is satisfied. 


Frequency~dependent Feedback 


J£ the feedback link is frequency-dependent, 
it follows from (97) that 


Bd 


(107) K(jw) = -1/G' (jw)H(jw) 

Determination of the overall frequency response 
now proceeds as follows, Equation (96) can be 
recast in the form 


(108) H(s) ¢(s)/R(s) = K/[K+1/G" (s)H(s)] 


Then as the right-hand member of (108) is 
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identical with the right-hand member of (44) 
except for replacement of G'(s) by G'(s)H(s), 
it follows that the D-decomposition indicated 
in Fig. 5, wherefor K(jw) is now as in (107), 
yields H(jw)°C(jw)/R(jw) = ab/be. Lf, on this 
figure 1/H(jw) is evidenced for convenience, it 
then follows as typified in Fig. 14 that 


(109) C(jw)/RCjw)=M(w) 09) 


a6, (ab/Be)=A8, (ab /be)e74 “A 


Herewith, the real and imaginary parts of 
C(jw)/RCjw) P(w) + jQ(w) are readily estab- 
lished, enabling determination of transient 
response c(t) from (88) and (89), Further, 
the critical values of gain and frequency de- 
limiting the ranges of stability are furnished 
by Fig. 14, in the same manner as furnished by 
Fig. 4 for unity feedback, 


Finally, it is to be noted that in virtue of 
the frequency dependence of H(jw), the curves 
of constant P(w) and Q(w) are intractabie, to 
the end that a criterion delimiting approximate 
maximum overshoot cannot be evolved as for numer- 
ic feedback, 


C. Analytic Delimination of Stability by 


Dedecomposition 


Although, as just remarked, the critical 
values of gain K,, and frequency woy, as fur- 
nished by D-decomposition afforded by (107), can 
be obtained from the graphical delineation of 
Fig. 14, it is also of interest to advance an 
equivalent analytic determination of these values 
which, often, is more convenient to use if these 
values alone are of prime interest, 


Now, both as remarked earlier in connection 
with Fig. 4 and as evidenced here in the corres- 
ponding Fig. 14, the desired values K_ and w = 
are those associated with the intersection of the 
K(jw)-plot with the K,-axis: thus the values 
wherefor K.(w) = 0, Taking now K(jw) = 
-1/G!' (jw)HCjw) = -d¢jw)/p(jw) in analogy with 
(48), it follows from (52) that 


(110) K, (w)=[p, (wa, (w)=Po(w)a, (w)I/ 


[py (w)+,7¢w)] = 0 


Accordingly, the desired values of w,.. are 


afforded by the zeros of K,(), thus by 
solution of 


(111) py (w)qo(w) - po(w)qy (w) = 0 
providing that, as is commonly the case, [p, 7 (w)+ 


Po“(w)] # 0. With these values in hand, (51) 
yields the desired values of K,y as 


(112) Ker = [Py (w)q] (w)-po(w)do(w)1/ 


[P17(w)4P," Cw) I yow 


D. An Illustrative Example 


Consider determination of the critical values 
and w, for the system of page 230 of 
mehorantee 3 whereof the forward link comprises 
a cascaded combination of amplifier, amplidyne 
and motor such that 


(113) K(Cjw) ==(jw) (140. 05jw) (140. 2jw) 
Then, as K(jw) = -[q,(w) + jq,(w)1/{p, (w)+ip,(w)], 
simple algebraic manipulation of the hicht=hand 


member, yielding 


(114) K(jw) = 0.25w2 -.j(w-0,01w?) 


gives 

(115) 4, (w) = -0. 25w" 
(116) q,(w) = w= 0.01w? 
OR) = penal 

(118) py = 0 


Substitution accordingly in (111) yields 


(119) w(0.01lw2 = 1) = 

whence Woy = O and 10, Substituting these values 
in the real part of (114) gives Ky; = 0 and 

Key = 25. Correspondingly, the stable range is 
0<K<25, 


In closure of this section, it may be noted 
that the especial value of this procedure for de= 
limiting the ranges of stability, as compared 
with effecting such by use of Routh's or Hur- 
witz's criterion, is that the values of wy are 
furnished; and that complicated and interde- 
pendent equations need not be solved to determine 
the values of K,; -- which is a lengthy task for 
even a cubic equation; and polynomial equations 
up to order 8 are not uncommon in modern control 
work, 

E. Conclusion 

The theory evolved in this section for the 
cases of numeric and frequency=dependent feed= 
back both provides generalization of that 
developed in Sections 4 and 5 for unity feedback 
systems and enables investigation by use of the 
method of Dedecomposition of means of improving 
the operating performance of a system by com-= 
pensation, Limitations of spaces preclude de- 
tail here: the interested reader is referred to 
References 2 and 6 for a lengthy account of 
theory and illustration by numerical examples. 


7. Analysis of Sampled-Data Systems by 


D-Decompensation 


An important class of systems in modern con- 
trol practice is that of sampled-data systems, 
In view of the power and usefulness of De 
decomposition procedures for the analysis of con- 


160 


tinuous-type systems, as detailed in previous 
sectizsns, it is naturally of interest to ascertain 
whether sampled-data systems can be similarly 
analyzed. Such is the case <= as is evidenced 

by the following account of the delimitation of 
stability. 


A. Basic Theory of Delimitation 
By well-known theory, the overall transfer 


function of the unity-feedback sampled-data 
system with error-sampled forward link G(s) is 


(120) c(s)/R™ (s) = KG'(s)/[14+KG'*(s)] 


wherein the starred transfer function G'*(s) of 
the forward link is 


=O 

(121) Gt¥(s) = (1/T) D G'(stjnw,) 

n=-co 
T is the period of sampling, and w,=2/T is the 
(angular) frequency of sampling, From (120) the 
characteristic equation of the system is 
(122) 1+ KG'*(s) = 
and thus by (121) and (122) the Dedecomposition 
of the K(jw)- plane is afforded by 


oo 
= -1/) G'[i(w + nw,)] 
n==co 
It is not infrequently the case in practice 
that the summation of the right-hand member of 
(123) is sufficiently approximated by the term 
for n=®, If so, (123) reduces to 


(123) K(jw) 


(124) K(jw) = -T/G' (jw) 


Denoting T by 


(125) f= 1/H 


yields 
(126) K(jw) = -1/HG' (jw) 


Now (126) is essentially identical with the de- 
composition yielded by (99). Accordingly, when 
the approximation of (124) is valid, D-decompo- 
sition analysis of a sampled-data system can be 
effected as detailed in Section 6 for nonunity 

numeric feedback systems, 


When the approximation of (124) is not valid, 
it is expedient to effect analysis in terms of 
zetransforms, rather than s-transforms, as fur- 
nished by change of the transform variable through 


(127) z= eT; thus, s = (1/T) Inz 

Recalling the convention that G'*(s) = G'*[(1/T)1n 
z] = G'(z), starring each side of (120), and sub- 

stituting accordingly in the resulting expression 

yields 


(128) c(z)/R(z) = KG'(z)/[1+KG6' (z)] 


whereof for lumped-parameter systems G'(z) is the 


ratio of two polynomials P(z) and Q(z) in vad 
thus, 


(129) G'(z) = P(z)/Q(z) 
By (128) the characteristic equation in z is 
(130) 1 + KG'(z) = 0 


Now under the transformation of (127) the im= 
aginary axis of the s-plane, defined by s=jw, 
maps into the curve in the z-plane defined by 
z=eJ¥T, But as z = eJ¥T is periodic in Alf ake 
follows that the strip of the imaginary axis, 
defined by wy  w <(2m/T)+ Wo? whereof w. is 
an arbitrarily-specified value, is mapped on 

a circle of unit radius centered at the origin 
of the z-plane; Further, as z =eJ!(o+jw) 
eT ejivT the strip of the s-plane defined by 

w_ £w<(20/T) + Wo, 72£0S°, is mapped on 

the whole of the z-plane, the Aght-hand semistrip 


mapping outside the unit circle, Thus, in the 
z-plane the boundary of stability is the unit 

circle, and the stable domain is the interior 

of this circle. 


If, then, in general 


(131) 


Zz a+ jb 


the boundary of stability is defined by 


(132) a2 + b2 =1 
By (132), b= (lea2y}/2 and substitution 
accordingly in (131) yields 


a+ j (l-a2)1/2 


CV335—. Z 
Thus, by (130) and (133), the Dedecomposition in 
the z=plane is afforded by 


(134) K[atj(1-a2)1/2]=K, (a)+5K, (a)= 
(-1/G') [atj(1-a2) 1/2] 


Now the values of gain delimiting the ranges 
of stability are real values; and thus, as in 
previous sections, these are afforded by the 
points of intersection of the plot of the right- 
hand member of (134) with the K,-axis. Thus, 
just as outlined for continuous systems in 
Section 6, the critical values K,, are found 
by equating the imaginary part, K, (a), of the 
right-hand member of (134) to zero; solving the 
resulting expression for the values of aves sub- 
stituting these values in the real part, k (a); 
and thus obtaining the desired critical values, 
Kor? of gain, Analytically, this implies denot- 
ing the right-hand member of (134) by 


(135) (#1/G') {atj(1-a2)1/2] = p(a) + jaa). 
whereof p(a) and q(a) are ratios of two poly- 
nomials as in (51) and (52), imposing the con- 
dition 


(136) q(a) = 0 
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solving (136) to obtain one or more values 
a = Aa.;; and substituting pertinently to get 


(137) Ker = Pay) 


The corresponding critical values of fre- 
quency Wer are determined by note that (127) 
gives 


(138) jwT 


z=e cos wI + j sin wt 


and comparison of (131) and (138) gives 


(139) a = cos wT 

Solution of (139) for w and substitution of 
Sean yields 

(140) 


Ww 


Ree aaAL/ T) cos"! acy 


or, alternatively, 
(141) Wor = (we/2m) cos7! (acy) 


B. An Alternative Procedure 
From (129) and (130) it follows that K(z) 
can be expressed, in general; as 


i IT 
(z-z.)/ (z=z,) 
See L 


(142) K(z) 


-K' ]] 


j=l 
If now, z is a point on the unit circle, then 
(2-2;) is a vector drawn from the point 2j to 
the point z; of modulus )z-z4\ and of the phase, 
say, 953 and correspondingly for (z=z;); as 
typified in Fig, 15 for real z; and z,, which 
is commonly the case in practice, Actordingly, 


m n 
(143) K(z) = R'[- ]] lz-z¥ J] t2-25\ 1 
j=l Js i=l 


yo 3} 
j( 652 0,) 
a eye ee tales 


Now K(z) is real when 


m n 
(144) Dee 
jal 


2_ 6, = kT (k=0,41,...) 
t=Toa* 

It is evident from Fig. 15 that A and B will be 
points where z 4§ such that (144) is satisfied; 
hence for z = e2~ and z = eJM, K(z) is real and 


thus yields critical values, At A, 
(145) w= /T 
and thus 
m n 
A ye StS miltas 
(146) K. = -K As L-2,1/ a [-1-z, 


At B, w = O and 


m 
-K' JT \l-z,)/ 
jel 


n 


TT 1-2, 


i=l 
Finally, the possibility exists that at 


(147) Ker = 


points on the unit circle other than z =+ 1, the 
condition of (144) is satisfied. Such can be 
ascertained by test for a particular system. 


Cc, An Illustrative Example 


Consider a system whereof w, = 4 and the 


transfer function G'(s) of the forward link is 


(148) G'(s) = 1/s(s+1) 


Substituting as indicated in (120) gives 
(149) C(s)/R¥(s) = [K/s(s+1)]/[1+(K2/1) 
D_ 1/(stjnw,) (st1+inw,) 


N==g° 
wherefrom the function affording D-decomposition 
is 
ECS 
(150) K(jw) =-(17/2)/ > 1/ (jw+jnw.) (jwtl+jnw,) 
N==-0o 


Approximating (150) by the terms for n=0 and =1l 
yields 


(151) K(jw) = (1/2)[1/ (jw) (jwtl)41/ (jwt 54) 
(jwtj4+1)] 

For w=l, simple but lengthy computation yields 

(152) K(j1) = 2.08 /-40° 

For w=2, similar calculation yields 

(153) K(j2) = 3.14 Z0° 

Hence, trial as evidenced establishes that K, = 


3.14 at wy. = 2. Similarly, trial yields i 


he 
Ker = 0 at w.. = 0. These values afford an 


approximate Check on the following rigorous 
calculation by use of D-decomposition, as out- 
lined in Sections 7=-A and B above, 


Substituting appropriately in (128) yields 


pea Kz (1-e77) | (2-1) (2-e™ 1 2) 
¢(z)/R(2) = 
puee 14kz (1-e7") / (2-1) (z-e7"/2) 


which is easily reduced to 


(155) C(z)/R(z)=0. 79 2Kz/[ (z-1) (z=0, 208)+0.792 Kz] 


Accordingly, the function affording D-decompositim 


is 

(156) K(z)==(z-1) (z-0. 208) /0. 792z 

and thus 

(157) K[atj(1-a2)!/2)=[-1,525(a-1)]=j[ (1-a2)!/ 2] 
By (136) 

(158) (1ea2)!/2 = 9 


and thus 
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(159) a, = +1 


Substituting a = 1 in (137) gives 


(160) Ker = 0 


and substituting a = -l gives 


(161) Ky = 3.05 
and -1 in turn in (141) 


Substituting ee 1 
gives 


(162) wor = 0 and 2 


Confirmatively, for solution as indicated 
by Fig. 16, comparison of (146) and (156) 
yields 


(163) Kop ==(-1-1) (-1-0, 208)/-0, 792=3.05 0° 
corresponding, by (145), to Woy = 2.0. Similar- 
ly, (147) yields 


(164) K.. = -(1-1) (1-0. 208)/0.792 = 0 


corresponding to w.. = 0. 


(is 


D. Oonclusion 


Comparison of corresponding values for 
Wer=2 as given approximately by (153) and 
accurately by (161), respectively 3.14 and 
3.05, evidences a fair approximation, Thus, 
the error in the first approach is approxi- 
mately three per cent, Several more terms 
would be required to obtain a better accuracy 
with corresponding increase in the labor of ob- 
taining K.;, which even then can be done only 
by trial as in the two-term approximation, 
Alternative to this classical approach, de- 
limitation of stability ranges by use of 
D-decomposition provides a rapid, straight- 
forward procedure for obtaining corresponding 
values of K,; and w.,, by either of the two 
procedures detailed in Sections 7=A and B above, 


8. Conclusions 


The essential values of this paper may be 
summarized as follows: 


1. Attention is directed in Section 1 to the 
possibilities of developing the concept of 
D-decomposition into a means of control 
systems analysis which, in scope, facility 
of use, and flexibleness of application, 
could compare favorably with what has been 
effected with the basic concept of root- 
locus, 

2. Certain aspects of the desired domain of 

theory is effected in Sections 2 to 7 in= 

clusive,. 

Application in practice of. each major phase 

of the body of theory based on use of D- 

decomposition, as developed in Sections 2 

to 7, is exemplified by one or more illus- 

trative numerical examples, 


ae «4 


5. 


Yet other aspects of theory, illuminated 

by numerical examples, are detailed in 
Reference 2 from which this paper stems, 

and in Reference 6, 

Comparison of the total available content of 
this paper and the just-ecited references with 
the content of the numerous papers on root- 
locus analysis cited in the inclusive biblio- 
graphy of Reference 1 both evidences the ful- 
fillment of the possibility expressed in item 
1 above and the additional possibility of 
considerably extending the development to- 
date, 

Finally, it is to be noted that in virtue 

of the fulfillment of the tutorial nature 

of one of the purposes stated in Section 1-A, 
namely=-to advance an integrated account of 
the method of D-decomposition in English--a 
portion of the earlier sections on basic 
aspects of D-decomposition theory comprises 
content which is well-disseminated in Russian 
control literature, However, the remaining 
context, comprising part of the principal 
contents of Reference 2 (other parts of 
which are being published in Reference 6) 
were original to the authors at the time Ref-~- 
erence 2 was completed. 
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Fig. 6. Approximation of P(w) by line segments. 
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Fig. 9. Plot jes K(jw)-curve for a system whereof the overshoot is less 
than 18%, 


Fig.10, Plot of K(jw) for Ky = 0.5, 
. 168 


0.4 


o:2 


Fig.11. 


Kg 
7 Ko=O.5 socution WITH AID OF CHART X 20.175 


ft in seconds 


The actual transient response and the corresponding approximate transient 
response for the system of Fig. 12. Ky = 0.5 and K = 2. 


Plot of K(jw) enabling determination of the transient response of the unity- 
feedback system whereof K(jw) = -jw(1l+jw): for Ko = 0.5 and Ky = 2. 
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H:P (w) 
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Kr 
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Fig.13. Plot of K(jw)-curve on the family of curves of H-P(w) = constant pertinent to 
a nonunity servomechanism with numeric feedback constant H. 


Fig.14. Determination of C(jw)/R(jw) for a nonunity-feed- 
back system from plot of K(jw) and 1/H(jw) curves. 
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Fig.15. Graphical determination of Ker and Woy, from 
knowledge of the poles and zeros of the 
characteristic function, 


Fig.16. Graphical determination of Kon and Wor 
for a system with K(z) = - (z-1)(z-0.208)/0,792 z. 
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OPTIMIZATION OF THE ADAPTIVE FUNCTION BY THE 
Z-TRANSFORM METHOD 


Ss. S. L. Chang 
New York University 


Abstract 


A study is made on the optimization of the adjustment process 
in a Self-optimizing system under rather general assumptions. 
The system is designed to keep a performance parameter m either 
at a prescribed value or at an unknown extremal value. A direct 
measurement on m is made and the adjustment is based on meas- 
ured m only. Factors considered are (1) the finite measuring in- 
terval, (2) the necessity of looking ahead one interval, (3) the pro- 
bable error in measurement, and (4) the changing situation. A set 
of weighting factors on present and past data, and the proper value 
of test bias for extremal seeking systems, are determined by a 
least square optimization process. The criterion of optimization 
is least reduction in m for peak seeking systems and least square 
error in m for systems with prescribed value of m. Two types 
of extremal seeking systems are Studied. The alternate biasing 
systems are found to be superior in performance compared to the 
derivative sensing systems. 

This paper has been published by the AIEE as Paper No. CP 
59-1296. 
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APPLICATION OF POLE-ZERO CONCEPTS TO 
DESIGN OF SAMPLED=DATA SYSTEMS 


D. P. Lindorff 
University of Connecticut 
Storrs, Connecticut 


Summary 


This paper relates the pole-zero configura- 
tion of an error-sampled control system to the 
transient and steady-state response in a form 
amenable to straightforward synthesis procedures. 
The approximate transient response, as defined 
by percent overshoot and rise time, is specified 
for a generalized quadratic model in terms of 
readily discernable parameters. The steady-state 
error coefficients are developed in terms of the 
closed-loop poles and zeros. Several examples 
are used to illustrate the procedure and indicate 
certain practical conclusions. 


Introduction 


In the literature various approaches to the 
synthesis of sampled-data control systems have 
been proposed. Most of the techniques concerned 
with response to deterministic ipputs have been 
accomplished in the time domain./-3 The feasi- 
bility of this approach has been dependent upon 
the employment of a cancellation procedure which 
reduces the system impulse response to a suffici- 
ently simplified form to permit the time response 
to be readily determined. There are several 
reasons why an alternative synthesis procedure in 
the complex frequency domain is highly desirable. 
A foremost reason is the opportunity it affords 
of recognizing dominant response characteristics 
of the system from inspection of the pole-zero 
locations, without resorting to cancellation. In 
addition, bandwidth concepts are more readily 
related to the complex-frequency configuration, 
this being an important consideration when con- 
fronted with random noise. 


Some interest has been shown in establishing 
a basis for design in the complex frequency 
domain; 4 the purpose of this paper will be to 
pursue this subject further by discussing from a 
new point of view the transient and steady-state 
behavior of a sampled-data system in terms of the 
pole-zero locations in the z=e®! plane. Where 
possible, simple graphical relationships are 
introduced so as to allow the salient character- 
istics of the system to be deduced by inspection. 
In order to permit time response characteristics 
to be related to pole-zero locations essentially 
by inspection, it has been necessary to be con- 
tent with a specification of the system response 
at the sampling instants only. This is not con- 
sidered to be a serious compromise since in any 
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given situation it is readily apparent whether or 
not the system is well behaved between the samp- 
ling instants, and in fact, for the vast majority 
of practical control systems a knowledge of the 
response at the sampling instants is fully 
adequate. 


Examples are presented which illustrate the 
application of the design concepts to several 
practical situations. The effect of a time delay 
in the computer is analyzed in terms of its effec 
upon transient and steady-state performance. In 
addition the effect of an analog lag network is 
discussed. 


It will be convenient at the outset to state 
certain well known relationships. Reference is 
made to the error-sampled model shown in Figure l. 
Recognizing F*(z) as a rational polynomial in 
2=e9!, a root locus can be plotted in the z plane 
to map the roots of the characteristic equation 
(1 + F*(s)). The response at the sampling 
instants is in turn determined by the pulsed 
transfer function 


c* F*(z) 
R (s) = 1+ F*(z) (2) 


The real inversion integral yields the response 
sequence in accordance with (2). 


Ey iny; Sal F¥(s) _n-l 
e(nT) Sai $8 (Es dz 


By consideration of (2), it may be seen that 
the residue of a pole in close proximity to a zero 
tends to be diminutive. By this line of reasoning 
it is possible to identify the dominant poles in a 
given situation. It follows that zeros too may or 
may not be dominant. For example, it will be seen 
that an isolated zero may have a pronounced effect 
upon the system transient response, as can an iso- 
lated pole. The role of dipoles, as might be ex- 
pected, will be shown to be closely related to 
steady-state performance. 


Generalized Quadratic Model 


Just as in the case of continuous control 
systems, a pair of dominant quadratic roots occur 
often enough in practice to justify devoting spec- 
ial attention to the so-called quadratic sampled- 


(2) 


data system. Figure 2 represents two special 
cases wherein the pulsed transfer function 
exhibits the presence of quadratic roots. In 
each case the presence of a zero is noted; the 
. location of this zero will be seen to have a 
critical effect upon the transient response. 
can be shown that a single zero is generally 
associated with the quadratic system and there- 
fore the equation for the generalized See hes 
model will be expressed in the form of (3). 


It 


c* k(z~z}) 
R (z) = (z=py) (2-By) (3) 


2 considering different functions for G(s) and 
(z) in Figure 1, the quadratic-model configur- 
ation can be made quite general. 


Relative Stability 


In the interests of defining the relative 
stability of the quadratic model, an approximate 
relationship between the step-response overshoot 
and the geometry of the pole-zero configuration 
of the quadratic model will be developed. This 
will be accomplished by defining the percent 
overshoot of a continuous response function, 
C,(t), which passes through the sampled points, 
c(nT). It should be stressed at this point that 
the actual continuous response, c(t), is not 
specified by the quadratic model. Certain re- 
strictions, therefore, must be placed upon the 
pole locations of (3) to insure that c,(t) 
closely characterizes an actual continuous 
response, c(t) — tantamount to the qualification 
that the response at the sampling instants pro- 
vides an adequate sampling of the response char- 
acteristics. 


It is shown in Appendix I that the percent 
overshoot of ¢,(t) is uniquely specified by the 
quadratic-modet configuration in terms of o¢ and 

e These parameters are useful in that they 
relate directly to the pole-zero locations in (3). 
The angle eo may be defined by the geometrical 
construction in Figure 3. Note that positive or 
negative values are assigned to of, depending 
upon whether the perpendicular projection is 
respectively to the right or to the left of the 


Phe necessity for the zero in (3) may be show 
by considering the initial value of the first 
difference of the impulse response sequence which 
for g(0)=0 is given by 


Lim [ (z-1) Gz) ] = e(7) - e(0) = 2(7) 
Z—>@ 


If the initial value of the first difference is 
to be non-zero, as is usually the case, the order 
of the numerator must be one less than the order 
of the denominator. 


174 


pole. Thereby the position of the zero is 
uniquely defined by o& for iven pole location. 
Tt will be seen in (18) of Appendix I that cos e¢ 
appears in the expression for the step response, 


pointing directly to the effect of the zero loca- 
tion upon overshoot. 


The parameter, @ , defined as the damping 
ratio in the conventional sense, is mapped from a 
limited range of the s plane (-W <i 8) onto 

by T 


the z plane as shown in Figure 4, in accordance 
with the defining equations associated with the 


figure. Thus € is defined uniquely by a given 
pole location. 


The percent overshoot of ¢,(t) is plotted in 
Figure 5 as a function of and €. These 
parameters in turn uniquely define a quadratic 
system configuration. 


It remains to be seen what restrictions mst 
be imposed upon the system in order that c(t) 
typify the true response. This is assured provid- 
ed that there are a sufficient number of samples 
per half cycle of the oscillatory mode. In 
Appendix I it is shown that in order to be certain 
of at least two samples per half cycle, the quad- 
ratic poles must lie within the first and fourth 
quadrants of the z plane. Hence the loci of 
constant € as appearing in Figure 4 are restricted 
to this region. In addition, as the poles 
approach the vicinity of the origin (dead—beat 
response) the accuracy of the method deterior 
ates, and other synthesis procedures are better 
employed.1~3 Although the dead-beat design is 
not handled by this technique, the effect of 
migration of the poles toward the origin may be 
established. This will be illustrated in 
Example I. 


Rise Time 


Having defined the percent overshoot of 
C(t) in terms of of and &, it is also conven- 
ient to specify the rise time in terms of these 
same parameters, For this purpose, rise time 
will be defined as 


ty = time to reach the first peak in 
the step response 


In Appendix II it is shown that the approximate 
rise time of the quadratic model is given by 


=kTT 


¢ 


*p 


where 


(4) 


T = sampling period 
t = argument of quadratic pole, Py 


and k as defined in (25) is a parameter which, 

for convenience, is plotted in Figure 5 as a 
function of % and @. It is noted that the para- 
meter, k, reflects the effect of the zero in (20). 


Application of the above concepts will now 
be made to specific examples. 


Example I 


The system described in Figure 6 will be 
used to illustrate how the approximate percent 
overshoot and rise time can be determined from a 
knowledge of the pole-zero configuration. It is 
seen that the plant typifies a type-2 system with 
proportional-plus-derivative compensation. The 
clamp—type hold is used conventionally to filter 
the error samples. The open-loop pulsed transfer 
function for this system is given by (5) and 
provides the basis for plotting the root locus as 
a function of system gain. 


Z + 


(z-1)* 


This locus is plotted in Figure 7 for a sampling 
period of T=2/3. Inspection of (5) above indi- 
cates that for this sampling period a zero is 
formed at z=0.5. The transient response of the 
system will be examined for two particular gain 
settings resulting in two different quadratic 
configurations denoted by Cases A and B. 


3 


$ (a) = er + (5) 


Consider the evaluation of the percent over- 
shoot for Case A, representing the lower of the 
two gain settings. The two parameters, o and 

must first be evaluated. As illustrated in 
7, & is seen to be + 45°. is found 
from Figure 4 by plotting the value of the com 


w 
plex root which for this ease is at z = V2 ew, 
It is seen that — = 0.4. Using these values of 
® and — the percent overshoot is taken from 
Figure 5 to be 55%. 


The rise time for Case A is found from (4). 
With T = 2/3, @ = 45°, and k = 0.6 as taken from 
Figure 5 for the values of & and 6 above, tpwl.6. 


Table I summarizes the data for the two 
cases considered, comparing the exact values of 
percent overshoot and rise time with the approxi- 
mate values obtained from Figure 5. As would be 
expected, a higher accuracy is obtained for Case 
A than for Case B, since in the latter case the 
pole locations marginally satisfy the require- 
ments which insure that the response be adequate- 
ly characterized by its sampled values -—- i.e., 
that the poles lie in the first and fourth quad 
rants, and avoid the vicinity of the origin. In 
spite of this restriction, however, the effect of 
migration of the poles toward the origin can be 
established; for instance, in this example the 
results summarized in Table I indicate that 
migration of the poles toward the origin repre- 
gents a destabilizing influence. This is a 
result which is strictly attributable to the 
sampling action since it is readily shown that 
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the continuous model of this type-2 quadratic 


system experiences a stabilizing effect with 
increasing gain. 


It should be noted that the location of the 
zero with respect to the poles (as indicated by 
the value of « ) has a pronounced effect upon the 
overshoot. For example, consideration of the 
values of — alone would erroneously indicate a 
more stable configuration in Case B than in Case 
A (See Table I). This interdependence of para- 
meters is clearly demonstrated by the curves in 
Figure 5. 


Other quadratic configurations can be 
readily studied in a like manner. It is gener- 
ally observed from Figure 5 that, for a fixed 
location of poles, the migration of the zero in 
the direction of increasing & is in the 
direction of decreasing response time, while the 
overshoot passes through a minimm value. In the 
following section the steady-state response will 
be discussed in terms of closed-loop pole—zero 
locations. 


Generalized Error Coefficients and Error Constants 


The steady-state error response to a slowly 
varying input has been expressed in terms of gen- 
eralized error coefficients as pertaining to con- 
tinuous systems. An equivalent analysis can be 
made of the sampled error relative to the system 
in Figure 1. Thus, if it is assumed that an 
input can be represented by the three-term power 
series 

r(t) = ap + ayt + ast” (6) 
over the time range of interest, and if the char- 
acteristic response modes of the system have sub- 
sided, the steady-state error sequence is shown 
in Appendix III to be of the form 


: [a + aynT + ap(nt)* ] 


1+ K, 


+ = [a + agt(2n+1) | 


e(nT) = 


(7) 
1 
* Ky [ 2a, | 


The coefficients K., Ky» and K, are the familiar 
error constants ch can be defined in a variety 
of ways. The simplest definition is perhaps ob- 
tained from the open-loop transfer function -— for 
example 
_ 1 lim[ (z-1) 6*(z) 
y T g>1 (8) 
Since the underlying objective of this paper 
is to present synthesis procedures which utilize 
pole-zero concepts, the error constants in (7) 
will be expressed in an alternative form. Thus if 


the closed-loop pulsed transfer function relating 
to Figure 1 is denoted by 


m 
on TIC z=24) 72 
= (z) =K Ebarvincid (9) 
TT(2-p,) : 
it is shown in Appendix IV that the error con- 
stants can be expressed as 
3 
1 C 
1+ K, [ R ] eT 
1 m 
g--t] ) Th. gf (10) 
ae 1=py 1-24 


Sian = 
Ky 


m 1 
Tae, - 
Ny (1-23) (1-p;) 
The above equations are analogous to thosg 
derived by Truxal for continuous systems. 


The relationship for the velocity constant 
in (10) will be used in two examples to follow. 
In these examples a dominant quadratic system 
will be analyzed by the techniques described 
above. As in the discussion of transient respons 
the assumption is made here that the steady-state 
response is well represented by the response at 
the sampling instants. 


Example 


In this example the effect of a time delay, 
as would arise from the computation time of a 
computer, will be considered. The system is 
described in Figure 8 Both the sampling period 
and the delay time are taken to be equal to one 
second, A root locus for the system is plotted 
in Figure 9 together with a root locus for the 
same system without time delay. The respective 
gains are set so as to cause the quadratic roots 
in both cases to occur at a value of © = 0.6. 


In order to estimate the relative stability 
of the system which incorporates the time delay, 
reference will be made to the quadratic model as 
previously discussed, The system function given 
in Figure 8 differs from the quadratic-model con- 
figuration by a factor involving a real root near 
the origin. To a first approximation this real 
root will be considered to be at 2=0; the percent 
overshoot is then essentially independent of the 
real root, and can be determined by the method 
previously described in terms of the quadratic- 
model configuration. The summary of results in 
Table II indicates that this approximation is 
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justified, and that the relative stability in 
this case is simply determined from the quadratic 
configuration by o& and @. For shorter sampling 
periods the accuracy of this approximation 
improves. 


An analysis of the effect of time delay upon 
steady-state performance is of interest. For 
this purpose it is again useful to consider the 
actual system transfer function to be approximated 
by the system function without delay multiplied 
by a factor g71, as shown in (11). 


ko (2-24) 
(2) (2-F) (2-Pp) 


z(z-P, ) ( 2-P}) 


(12) 


Here it is assumed that the quadratic poles are 
essentially the same for the same value of & . 
Again the accuracy of this approximation improves 
as the sampling period is decreased. Let the 
velocity constants be defined according to: 


Ky, = velocity constant for system without 
time delay 


Kyo = velocity constant for system with time 
delay 


It then follows from (10) and (11) that 


1 1 BE 
Kyte adobe ak (12) 
Solving for KY 
m1 (13) 


he Tr 


Equation (13) is of interest in showing the appro- 
ximate dependence of the velocity constant upon a 
time delay, assuming the relative stability to be 
held constant. 


Other examples of higher order systems which 
may be characterized by a dominant quadratic mode 
occur when there is a dipole associated with the 
closed loop function. Such cases may arise as a 
consequence of high-frequency poles in the analog 
part of the system. Alternatively a lag network 
in the analog portion of the system may be respon- 
sible for forming a dipole in the vicinity of z=l, 
This latter case will be discussed in the follow- 
ing example. 


Example III 


With reference to Figure 1 it will be assumed 
that the error channel consists of a sampler and 


‘clamper followed by an analog function 


(14) 


K (10s+ 
Gy(s) i ert) aoe) 


With a sampling period of T=l the resulting open- 
loop pulsed transfer function can be shown to be 
given by 


K 0,le 2+0. z~O. 


(z-1)(z-e7*) (z-0.99) (5) 
A value of gain, K, must now be chosen which is 
compatible with a satisfactory step-response 
overshoot. For K = 0.41 the root locations show 
in Figure 10 are obtained. The transient 
response is seen to be controlled essentially by 
the basic quadratic configuration; the dipole is 
responsible for a long duration transient of 
small magnitude, typical of the well-kmow char— 
acteristic attributed to lag-network compensation 
The dipole, however, effects the steady-state 
performance. Application of (10) to the pole— 
zero configuration of Figure 10 gives 


Z 


I-e 


a 
1-z 2 


1S +f (16) 


~ 2.84 - 25 


It can be readily appreciated that the effect of 
the dipole in the vicinity of z=1 is to increase 


the system Ky by reducing the magnitude of 1/KyT 
above. 


Conclusions 


A synthesis technique has been presented 
which utilizes pole-zero concepts in the deter- 
mination of transient and steady-state perfor- 
mance of an error-sampled control system. Atten- 
tion has been focused upon dominant pole-zero 
eonfigurations, particularly with relation to a 
generalized quadratic model. A primary purpose 
has been to present an alternate approach to the 
well documented cancellation procedures.. System 
non-linearities and noise may often prevent the 
effective use of compensation by cancellation and 
in fact dictate the need first to understand the 
dominant characteristics of the uncompensated 


system. 


Three examples are discussed for the purpose 
of illustrating the techniques by means of some 
practical applications. 


A disadvantage of using pole-zero concepts 
in the z domain stems from the difficulty which 
is encountered in specifying the zeros of a 
pulsed-transfer function from a knowledge of the 
associated analog transfer function, except in 
the simplest cases. An approximate mapping tech- 
nique is a step toward solving this problem, and 
is a subject for further study. 
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Appendix I 


A quadratic sampled-data system will be 
defined by the function 


<f K(z=27) 


oe Se 
RO" Cepp) (2-B) 


(17) 
where K is specified by the requirement 

c* 

= (s)| <1, i.e., that there by zero steady- 
2=1 


state error to a step input. The step response 
sequence is found from (2) to be 


e(nT) = 1 - || P| sin(n @+ Oy + #2) 48) 


where 
i) = argument Py 
0, = argument (1-,) 
@2 = argument (p)-2,) 
f= 0,+0,-% 
2 
The angle of defined above is measured conven- 


iently by the geometrical construction in Figure 
36 


A continuous function, ¢o(t), which passes 
through the points e(nT) is of the form 


2 pee 
co(t) = 1 ESB) oS 


1- ¢2 en yi- 2 wt +) 


(19) 
where 
2 
y - ane ie + cos 


The percent overshoot of (19) will be used to 


characterize the actual overshoot of the quadratic 
=system response. It will be useful at this 


point to write the Laplace transform of (19) as 


¢9(s) | (asteze | (20) 
o\s) = 7 wir 3 
(8° + 2gu.s + w)) 
It can be readily seen that the percent overshoot 
of the response in (19) is uniquely specified by 
and r. It is desired, however, that the per- 

cent overshoot of (19) be defined by the pole- 
zero locations in (17). © is conveniently and 
uniquely determined from a knowledge of the loca- 
tion of z=p, providing that the complex poles in 
(20) are defined to be within the zero-order 


strip (aes In ee })- loci of constant € are 


plotted in Figure 4, corresponding to this 
restricted region in the s plane. A second inde- 


pendent relationship for € and r is conveniently 
obtained from a measurement of of. By identify- 
ing terms in (18) and (19), it is seen that 


eC = NY -%. Thus of is seen to be a function 
of § and r as desired. 


The curves of percent overshoot in Figure 5, 
as referring to (19), are plotted as a function 
of and ef gince these parameters are readily 
determined from an inspection of the pole-zero 
loeations of (17). 


It remains to be shown that the function, 
Co(t), closely approximates the continuous 
response of the system if certain restrictions 
are placed upon the locations of pj. For this 
purpose reference is made to (18). Noting that 
the number of samples per half eyele of the 
oscillatory mode is given by TY v7 » it is 
observed that there will be at least two samples 
per half cycle if @<¢ ¥2 Thus, the conjugate 
poles, and B,, should lie in the first and 
fourth quadrant as a necessary condition that 


C(t) closely represent the true response. In 
addition it will be observed that if p, lies 
close to the origin, the decrement factor, py, 


may become much more rapid than the oscillation 
frequency, in which case the sampling rate is too 
slow compared to the response time to insure that 
e,(t) closely bounds the true response. These 
restrictions can be applied intelligently in any 
given problem without placing undue constraints 
on the design objective. 


Appendix II 


The response time of the quadratic sampled- 
data system will be defined as the time, t=t,, 
at which ¢o(t) in (19) reaches its first peak. 
By equating the derivative of ¢,(t) equal to 
zero, it is seen that tp satisfies the equation 


‘= tan" rV¥i- 92 


2 - 
1-§*w t= 7 is 


(21) 


Recognizing the identity between terms in (18) 
and (19) it follows that 


n > = y1-¢? Wt 


If nT=t is defined as a continuous variable then 


(22) 


== 1-§” Wy (23) 
whereupon (21) yields 
af 
tp “=kTtT— (24) 
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where Vi_e2 
Ai Neat ys tan ler 
mis 
T = sampling period 


) = argument of p; 


The parameter, k, can be more conveniently 
expressed by noting that in (18) and (19), 
@,+O,+ y. Using the appropriate substitu- 
€isns 4 


k -> +QX- cos & (25) 


From (25) contours of constant k have been plot-— 
ted in Figure 5. 


Appendix IIT 


Consider the system described in Figure 1 
for which the error response function is defined 
by 


E's) = W(z) (26) 


The class of inputs to be considered are of the 
form 


r(t) = a, + at + ant” (27) 


where it is assumed that terms beyond t~ can be 


neglected. The z transform of r(t) is therefore 
given by 
a3 a,Ts 2(2+1) 
R"(z) =~ + 1 e figethar \Snaeccsaper (28) 
g-l = (z-1) (2-1)? 


If wW'(z) is expanded in a power series about the 
point s=1, the sampled errer can be expressed as 


EX(z) = W(L)R (z) + W'(1)(s-1)R (z) 


2' 
+ w'Qy(e-t)R%(s) Sawing sa 


If the system is assumed to be in the steady state 
at t=0, then for t>0O the error, e(nT), can be 
evaluated from (29) by considering only the 
residues due to the complex frequencies of R*(z). 
The result is found in a straightforward manner 
to be 


e(nT) = w(1) [a, + ajnT + a,(nt)*} 
+Tw(1) [ a, + aT(2n+1)) 
+ TED) [aa] 


(30) 


By EEO) to G’(2) through the equation 
W'(z) = T+ GX) and using the definitions® 


= lim G*(z) 
z2l 


2 lim te-2) G"(z)] 


KD 


Ky = 
(31) 


K 


x lim L (z-1)* o*(x)] 


Ta 
1 
ge zl 


it follows that (30) can be expressed as 


e(nT) = 1 (a, + ajnT + a,(nt)* | 


1+K, 


ra [a, + a,T(2n1) | (32) 


"ge l] 


Appendix IV 


The purpose of this appendix is to indicate 
the method of deriving (10). Only the derivation 
of the expression for will be given in detail, 
however, since the expressions for Kp and Kg are 
derived in a similar manner. 


Using (29) it follows that 


$e) #2 - WA) - Wea) - WOME)? (3) 


Identifying terms in (30) and (32) it is seen 
that 


cn 
=W(1) = -l x(z) 
a (1) és Fo 


For the error-sampled model, let it be assumed 
that the steady-state error sequence to a step 
disturbance is zero, and hence [re] ao 


Z=1 


(34) 


Therefore (34) can be written in the form 


1 a ¢ z) d C 
K,? £2) dz RO) (35) 


z=] z=1 


If the system pulsed transfer function is denoted 
by 


179 


% TY ay 
Cs) =k : (z~25) 


(36) 
(2-75) 
and (36) is substituted into (35) it follows 
directly that 
1 m 
leer ie dy (37) 
Kr ( l-p; ) ( 1-25 ) 37 
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Fig. 6. Quadratic System of Example I. 
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Fig. 7. Root Locus of Example I. 
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Fig. 8. System Used in Example II. 
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SYNTHESIS OF FEEDBACK SYSTEMS WITH SPECIFIED 
OPEN-LOOP AND CLOSED-LOOP POLES AND ZEROS 
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Abstract 


This paper describes a graphical method for 
synthesizing a compensation network where the 
fixed poles and zeros of the open-loop system are 
given and the closed-loop poles and zeros are 
independently specified. The resulting network 
is general in that it may have both real and com- 
plex poles and zeros. The method does not rely 
on cancellation techniques to determine the com- 
pensation network which is often simpler than one 
which would have resulted from the use of such 
techniques. In contrast to the Bode and Nyquist 
methods, wherein phase and gain requirements 
over a frequency band are used to generate com- 
pensation networks, this approach uses require- 
ments at points in the s-plane, such as those 
imposed by desired transient response, to con- 
struct a solution of the problem. The graphical 
procedure is iterative. In many cases, conver- 
gence is rapid,and several techniques are sug- 
gested throughout the paper to further increase 
the speed of solution. 


Introduction 


The problem of synthesizing compensation 
networks may be attacked by one of several 
methods. Guillemin” suggests a method which 
usually requires the cancellation of some of the 
fixed poles and zeros of the open-loop system 
except possibly one pole at the origin. The prin- 
cipal of cancellation is also used by Aseltine's 
inverse root-locus method.“ Walters? has shown 
that a complex, closed-loop pole may be fixed in 
the s-plane by angular measurements. 


It is possible to use analytical methods in- 
volving phase and gain equations constructed 
from measurements made at given poles and 
zeros, but this would require the simultaneous 
solution of a number of nonlinear equations, usu- 
ally a difficult task. When using the Bode and 
Nyquist methods, on the other hand, one must 
attempt to generate networks from phase and 
gain requirements over a frequency band so that 
a straightforward approach to the solution is not 
always readily apparent, particularly when tran- 
sient response is an important consideration. 
The method to be described below avoids the first 
of these difficulties by using an iterative, graph- 
ical procedure and mitigates the second by using 


the phase and gain requirements at points in the 
s-plane to generate the network. 


Method 


Fundamental Eq uations 


Let there be q zeros and p poles in the 
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compensation network. Mortensen* has shown 
that, if the gain of the system is not specified, 


Dig 2n—1 (1) 


where n is the total number of fixed closed-loop 
poles, If gain is specified, p+q ¢ n. 


A brief discussion will explain why these equa- 
tions are valid. The poles of the closed-loop 
system may be viewed as n parameters which 
are to be specified independently. To accomplish 
this, n variables which can be adjusted indepen- 
ently are needed in the open-loop system. One 
of these is the gain of the open-loop system, un- 
less it is specified; the remainder are the loca- 
tions of the open-loop poles and zeros, This im- 
plies that (n— 1) variable poles and zeros are 
required in the compensation network to permit 
specification of the locations of n closed-loop 
poles. If the gain of the open-loop system is 
specified, one more pole or zero must be found 
in the compensation network to offset the lack of 
freedom to specify this variable. 


In the work to follow, assume that gain is not 
specified. Then the equations below describe the 
phase and gain at fixed poles or zeros in the s- 
plane for a negative feedback, open-loop system. 
The feedback sign convention for the following 
work is described inthe later section on theory. 


l. The phase measured at an open-loop pole, 
using all closed-loop poles and zeros, is zero, 
Oe 9 


Phase [ ven | SiMe 60a) 


where s_ is an open-loop pole and n is an in- 
teger or zero, This arises from the inverse- 
root locus relations. 


* The following identity is used: 


KGH 
1 + KGH 
G 
MAPS ess | 


KGH 
1 


where H is the feedback transfer function, a 
ratio of polynomials in s. The identity shows 
that if H # 1, H may always be included asa 
part of G(s) in equation (2), in the section on 
theory. Therefore, zeros of the closed-loop 
system will be considered as zeros of the open- 
loop system in this method. 


2. The phase measured at a closed-loop 
pole, using all open-loop poles and zeros, is 
LSOcom ier. 


Phase E s.) | 


where S. is a closed-loop pole and n is an 
integer or zero. 


> 


180° + n(360°) 


The locus of complex poles or zeros satisfy- 
ing either of the above constant-phase require- 
ments at a point in the s-plane, other than on 
the real axis, is an arc of a circle which passes 
through the point of measurement and has its 
center on the real axis,as shown in the following 
diagram (proof of this is given in Appendix ]). 


jw-axis 


Point of phase —Y 


measurement 


Dashed arc 
\\satisfies phase 
Net OOng 


~ 
NX 


Solid arc sat- 
isfies phase 


Using the relations stated under 1 and 2 above, it 
is sometimes possible to construct two arcs: 
which will intersect at a point which satisfies 
both phase requirements. 


At this point, an example will be given to 
show the use of the phase relations just cited 
in locating a compensation network in the 
complex plane. The solution is illustrated 
on Figure l. It is assumed that the three 
closed-loop and three open-loop poles shown in 
the figure are fixed and that open-loop gain is not 
specified. Equation (1) indicates that there may 
be a unique solution ifp+q 2, sincen 3 
Therefore, two relations are needed to determine 
the compensation network, Since the two sets of 
poles, one open-loop and one closed-loop, are 
complex, there are two phase relations which 
‘may be used to find two zeros. 


If two zeros are used, no new poles will be 
generated, and all three closed-loop positions 
will be satisfied by the two phase relations aris- 
ing at the complex pole positions. The phase 
lead needed at the complex, closed-loop pole is 
_ about 215° and at the complex, open-loop pole, 
it is about 119°, These relations permit the 
construction of two arcs which intersect to give 
the pair of complex zeros shown in Figure 1. 


Although it has not been proven that the com- 
plex zero solution with p + q n— 1 is unique, 
it appears most probable that this is true. For 
this reason, ordinarily one would not search for 
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another solution for this problem once one had 
been found, However, at this point it may be 
noted that the arcs constructed from the lag re- 
quirements at the complex poles may assist in 
finding compensation poles and also in locating 
the closed-loop poles resulting from the addition 
of compensation poles. Compensation poles must 
lie on the 145° lag-arc or the real axis, and the 
additional closed-loop poles must lie on the 241° 
lag-arc or the real axis. A gain relation can be 
used at the closed-loop poles to locate compen- 
sation poles on the arc or the real axis exactly. 
However, this is not illustrated on Figure 1 be- 
cause the use of two poles as compensation will 
result in an unstable system. 


The final possibility, one pole and one zero, 
may also be discarded, since the points would 
have to lie on the real axis and no conceivable 
placement on the axis could satisfy the phase re- 
quirements at both of the complex poles simul- 
taneously. 


There are cases for which the exact solution 
of equation (1) is not possible if the system is re- 
stricted to negative feedback. In addition, solu- 
tions of equation (1) for some cases may not seem 
desirable to the designer, even though negative 
feedback may be used, because of problems of 
physical realizability. In these cases, the solu- 
tion must be carried out withp +q>n-—l., 


The listing of phase and gain relations is con- 
tinued below. 


3. The phase measured at a zero, using 
open-loop poles and zeros, is 9 + n(360°), where 
8 is the phase measured at the zero using closed- 
loop poles and zeros, and n is an integer or 
zero, 


4. The gain must be the same at all closed- 
loop poles when measured using open-loop poles 
and zeros, i.e., 


1 
K = 
[ots,)] 
where 8. isa closed-loop pole. 
5. The gain must be the same at all open- 
loop poles when measured using closed-loop poles 
and zeros, i.e., 


ae 1 


SAAR DBI 


where 85 is an open-loop pole, 

6, If the number of poles is greater than 
the number of zeros, the gain measured at an 
open-loop pole is equal to the gain measured at a 
closed-loop pole, 


*It can be shown that p + q + 1 solutions always 


exist for either positive or negative feedback. 
(See Reference 4.) 


Procedure 


Listed below are suggested steps for finding 
a suitable compensation network, 


1. Measure the phase and gain at the fixed, 
complex poles and zeros, both closed- and 
open-loop, using the poles and zeros as noted 
inl, 2, 3, 4and5 above. It will help in direct- 
ing the later work to list the phase and gain re- 
quired of the compensation network to produce 
the poles and zeros at which the measurements 
were made. 


2. Determine the number and approximate 
location of the poles and zeros which exactly 
satisfy the phase of both the open- and closed- 
loop systems and roughly equalize the gain among 
the poles of each system. 


A general description of methods that may be 
used to find this approximate compensation net- 
work follows. 


The poles and zeros may be added one ata 
time or in complex pairs. After each addition, 
Step 1 should be repeated. The total number of 
poles and zeros added to the compensation net- 
work must be at least large enough to satisfy 
equation (1). At the same time, of course, the 
final number of open-loop poles or zeros in.the 
system must be at least equal to the total num- 
ber of closed-loop poles specified, 


When more zeros than poles must be added, 
the system may be made physically realizable by 
assuming that the poles which must accompany 
the excess zeros lie very far out on the negative 
real axis, where their contribution to the phase 
measurements may be neglected.* 


It is easiest to work from phase relations as 
much as possible. In fact, for some problems, 
the selection of the compensation network can be 
accomplished from the phase relations alone, 


It is usually desirable to select first the poles 


and zeros which must be placed between various 
open- and closed-loop poles and zeros on the 
real axis, beginning at the extreme right. The 
poles and zeros so selected should simultane- 
ously help to satisfy the phase and gain require- 
ments in the complex part of the s-plane. 


When working in the complex portion of the 
s-plane, very often the arcs which satisfy the 
phase requirements at two points will intersect, 
thus yielding a single conjugate pair of complex 


*It may be pointed out that a single pair of com- 
plex zeros may be realized through the use of 
position plus rate plus acceleration feedback, 
Therefore, it is not always necessary that zeros 
be accompanied by at least a like number of 
poles. Furthermore, since the complex zeros 
are in the feedback circuitry, the transient re- 
sponse of the system is not changed by their 
presence. 
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poles or zeros. However, if these arcs do not 
intersect, it may mean that there are two real 
poles or zeros which will satisfy the phase re- 
quirements.” The interval bounded by these poles 
or zeros will contain the intersections of the arcs 
with the real axis. The choice between a pair of 
poles or zeros depends upon whether the phase 
required is lag or lead, respectively. A special 
case arises if both phase requirements lie be- 
tween 0° and 180°. In this instance, the require- 
ments may be satisfied by a pole anda zero on 
the real axis. Some techniques for constructing 
these real poles and zeros have been worked out, 
but as yet they are slower than iterative pro- 
cedures, 


If there are more open-loop poles than speci- 
fied closed-loop poles, additional closed-loop 
poles will result whose locations are not known. 
If these extra closed-loop poles are to be exactly 
specified in location, at least one compensation 
pole or zero must be added to the open-loop sys- 
tem for each newly specified pole. Also for each 
specified pole one additional equation in the next 
step of this procedure must be found. If there 
are only one or two extra open-loop poles, and if 
complex, fixed, open-loop poles exist, it is 
usually simpler than using additional relations, 
to choose only an approximate location in some 
part of the s-plane where the closed-loop poles 
will not interfere with the closed-loop specifi- 
cations on response. Since the compensation 
network being constructed in this step will satisfy 
phase exactly, the final location of these poles 
will be controlled to some extent by the phase it 
contributes to the complex, open-loop pole 
positions. 


An alternative to the above is to use in the 
next step only equations derived from closed-loop 
poles. This will avoid the necessity of locating 
the extra closed-loop poles, since all of the 
measurements will concern only open-loop poles 
and zeros. However, if this is done, all control 
over the extra closed-loop poles will be lost. 


3. Given n fixed closed-loop poles, con- 
struct (n— 1) independent equations from meas- 
urements at fixed open- or closed-loop poles or 
zeros, Choose as many phase equations as pos- 
sible, since they are easier to work with, as will 
be shown in the examples. 


Also, every phase measurement yields an 
equation, but two gain measurements are neces- 
sary to form an equation, since gain is not speci- 
fied. 


4. Set up an iterative cycle which includes 
all of the relations chosen in Step 3. To satisfy 
the relations move the compensation poles or 
zeros nearest the point of a measurement, i.e., 
nearest to the fixed pole or zero used in defining 
the relation. No compensation pole or zero is 
moved twice during the cycle. 


* Appendix Il presents a brief discussion of the 
case in which the arcs do not intersect. 


It is often convenient to choose new meas- 
urements as the compensation network begins to 
take form in order that the measurement be close 
to the pole or zero subject to being moved. This 
usually assures convergence of the iterative proc- 
ess. A convergence test might be used here, but 
due to the speed at which the work progresses, 
the convergence test will not usually save an ap- 
preciable amount of time. Even if convergence 
does not take place, a little experimentation 
should soon reveal a cycle involving measure - 
ments which will converge. In the case where 
p+q>n-—l, only a total of (n— 1) compensation 
poles and zeros need to be adjusted during the 
iterative cycle. 


5. Find any closed-loop poles resulting 
from the addition of open-loop poles to the com- 
pensation network. Conventional methods or 
iterative methods such as those demonstrated in 
the following examples may be used, 


For the reader's convenience in studying the 
examples, the five steps are listed below: 


l. Measure the phase and gain at the fixed, 
complex poles and zeros, both closed- and open- 
loop, using the poles and zeros as noted in 
1, 2, 3, 4 and 5above. It will help in di- 
recting the later work to list the phase and gain 
required of the compensation network to produce 
the poles and zeros at which the measurements 
were made, 


2. Determine the number and approximate 
location of the poles and zeros which exactly 
satisfy the phase of both the open- and closed- 
loop systems and roughly equalize the gain among 
the poles of each system. 


3. Given n fixed closed-loop poles, con- 
struct (n— 1) independent equations from meas- 
urements at fixed open- or closed-loop poles or 
zeros, Choose as many phase equations as 
possible, since they are easier to work with, as 
will be shown in the examples. 


4, Set up an iterative cycle which includes 
all of the relations chosen in Step 3. To satisfy 
the relations move the compensation poles or 
zeros nearest the point of a measurement, i.e., 
nearest to the fixed pole or zero used in defining 
the relation. 


5. Find any closed-loop poles resulting 
from the addition of open-loop poles to the com- 
pensation network. Conventional methods or 
iterative methods such as those demonstrated in 
the following examples may be used. 


Examples 


To demonstrate the iterative method, let the 
system shown in Figure l be used with the added, 
fixed closed-loop pole at -10. (See Figure 2.) 

This makes four, fixed closed-loop poles. There- 
fore, three relations are necessary, since gain is 
not specified, Two of these may be phase 
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relations at the two, complex poles, and one may 
be a gain relation at any of the fixed poles, say 
C. A total of at least three compensation poles 
and zeros will be required to effect a unique 
solution. 


At least one compensation pole is required, 
since three open-loop poles are given.” Let this 
be placed on the real axis to the right of C and D, 
say at -24, since in this position the phase from 
C and D will be zero. 


The phase requirement is measured at A and 
found to be 168° lead or 192° lag. At B it is found 
to be 252° lead or 108° lag. The arcs that satisfy 
these angles are drawn and a pair of intersections 
occur to give two complex zeros F. % 


These zero may be accepted as part of the 
compensation network. The compensation net- 
work now has one pole and two zeros which supply 
the minimum number of points needed to satisfy 
equation (1). 


To test whether these are sufficient to deter- 
mine the required compensation network, a graph- 
ical iterative procedure is used, Start the first 
cycle by placing the complex zeros at the arc 
intersections. Next, the gain is measured at C 
and made to equal the gain at B by moving the 
open-loop pole E, By constructing two new arcs 
to account for the phase change at A and B due to 
the movement of E, the zeros are corrected next. 
The second cycle is carried out in the same way, 
and the work continues until no further movement 
of compensation pole and zeros is necessary. 

The final compensation network is shown in the 
figure (primes denote the final positions). 


The second example demonstrates the speed 
attained by the combined use of trial-and-error 
and iterative methods in compensating an unstable 
system. In this example, only part of the closed- 
loop poles have to be forced in the s-plane to pro- 
vide stability and a transient behavior that might be 
suitable in some cases, A compensation network 
is generated by forcing these poles. The other 
closed-loop pole, determined by the compensation 
network, fortuitously lies in a position that gives 
acceptable transient response. Since the number 
of poles and zeros in the compensation network is 
a function of the number of closed-loop poles that 
are forced, a simpler compensation network 
results, 


Consider the open-loop system which con- 
tains the five poles shown in Figure 3. This is an 
unstable system. In an attempt to make the sys- 
tem stable, a closed-loop pole is placed at A. 

The phase is measured at A, and the phase lead 
required to create the pole is produced by adding 
the compensating zero at E, (p+q 21). 


* The number of closed-loop poles must equal the 
number of open-loop poles or open-loop zeros. 
** The intersections of the lag-arcs do not fix 
open-loop poles, since the arc from A was deter- 
mined from the closed-loop phase requirements 
at A and thus, is the locus of closed-loop poles. 


It is next desired to find the remaining closed- 


loop poles of the system, whose locations are 
affected by the addition of the compensation zero. 
The gain of the open-loop system required to pro- 
duce the closed-loop pole at A is found by meas- 
uring the gainat A. This gain is a function of 
open-loop poles and zeros only. Preparatory to 
starting the first cycle in this problem, it is con- 
venient to assume that the real closed-loop pole 
corresponding to the open-loop pole B is at B'. 
(A solution can be found if the closed-loop pole is 
assumed to be at B.) The first cycle then pro- 
ceeds in the following way. The phase is meas- 
ured at C, an open-loop pole, using all closed- 
loop poles and zeros, and the phase required to 
porduce C is determined in accordance with re- 
lation 1. The complex pair of poles which may 
be in the vicinity of C may be neglected in this 
measurement, The arc C' is drawn for the 
locus of complex poles satisfying that phase re- 
quirement. (It is evident, at this point, that 

the closed-loop poles are probably unstable, or 
at least one of them is, since the arc lies in the 
right-half plane. The iterative cycle described 
below for exactly locating the closed-loop poles 
is shown, therefore, only for instructive pur- 
poses.) The gain at C is made equal to the gain 
at A by placing the closed-loop pole at D'. (This 
may be done approximately on the first cycle by 


assuming the lower closed-loop pole is at the lower 


open-loop pole. After the upper pole is placed, 

the lower pole takes its conjugate position. The 
next cycle continues ina similar manner.) The 

gain at B is then made equal to the gain at A by 
moving the closed-loop pole B'. 


The first cycle is now complete. The second 
cycle is started by measuring the phase at C, 
again neglecting the adjacent complex pair of 
closed-loop poles. Two complete cycles for this 
problem will most likely produce poles to the 
accuracy required for trial-and-error purposes, 
The final closed-loop poles other than A are D" 
and B". 


Since the system is still unstable, another 
attempt at stabilization must be made, Figure 4 
shows the next step that might be taken in the 
trial-and-error process. The phase at C will 
be altered in such a way as to force a pole into 
the left-half plane. If a pair of complex zeros 
is used to accomplish this, the residue of the 
resulting closed-loop pole may be made small by 
placing the zero close to the closed-loop pole, 
Now it is most likely that the zero will lie close 
to the closed-loop pole if the closed-loop pole is 
placed close to the open-loop pole. Therefore, 
the problem of stability and residue will be 
solved by forcing a closed-loop pole to exist ad- 
jacent to the open-loop pole by means of complex 
zeros. The stable pole at D will be forced simul- 
taneously with the pole at A. 


(Four closed-loop poles are to be forced. 
Therefore, pt+q = 3.) 


The iterative cycle may be carried out as 
follows, using only closed-loop pole relations in 
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order not to include the closed-loop pole which 
must exist on the real axis. The phase lead re- 
quirement 1s measured at D; the zero at E is 
included in the measurement. Arc DD' is con- 
structed so that a pair of complex zeros lying on 
this arc will satisfy the phase requirement. The 
gain at D is made equal to that at A by placing 
an upper-half plane zero on this arc. The lower 
zero is temporarily assumed to be at D'. The 
phase requirement is next measured at A and 
satisfied by moving the real zero E, The cycle 
is then repeated until the zeros, E' and F', are 
found. The closed-loop pole at B' is found by 
placing it so that the gain at B equals the gain at 
A. Note that the residue at B' will probably be 
small compared to the residue at A, since the 
zero, E', lies close to it. 


The compensation network, just constructed, 
contains three zeros. If all the closed-loop poles 
had been fixed, a total of at least four poles and 
zeros would have been required. 


Theory and Comparison with Cancellation 
Methods 


The general theory underlying the method is 
presented in this section, with a comparison 


with the theory underlying cancellation methods, 


Consider the feedback system shown in block 
diagram form below. 


anne 


The expression for the closed-loop function 


R(s) C(s) 


is: 
R(s) _ KG(s) = 
Cla}ia timancts) sa SEY 4) 


where K is a positive number. 


A compensation network is tobe selected, given 
the poles and zeros of Y(s) and some of the poles 
and zeros of G(s)." For example, G(s) may 
contain fixed poles and zeros, sometimes called 
the plant, and the poles and zeros of Y(s) may 
be defined by closed-loop specifications. 


*It is assumed throughout this paper that all func- 
tions of s can be expressed.as ratios of poly- 
nomials in s. Also G(s) is written in the fol- 
lowing form: 


(s om z;) 


=] sla—18 


i 
iT] 
— 


Let G(s) 


be defined as, 


G(s) = G(s) G(s) 


where G(s) is a rational function representing 
the plant poles and zeros, and G,(s) represents 
the compensation poles and zeros. 
Substituting for G(s) 
z KG,(s) G(s) 
aT RCE) Gite) 
1 KG,(s) G. s) 


in equation (2), 


¥(s) (3) 


Solving for GI s), 
(4) 


It is obvious that if G,.(s) is to be manufac- 
tured without modification of Y(s), it must can- 
cel out all poles and zeros of Gs(s) which is the 
basis for cancellation compensation. However, 
if modification of Y(s) is allowed, it may be 
possible to select a simpler network. Although 
the response of Y(s) will be altered by such 
modifications, further modification of Y(s) can 
be made to assure that it will meet closed-loop 
specifications. 


Let Y(s) be defined as, 


¥(s) = Y,(s) ¥(s) (5) 
where Y¢(s) represents the poles and zeros 
which are specified in the s-plane and Y,,(s) 
contains the closed-loop poles and zeros result- 
ing from added compensation open-loop poles and 
zeros. 


Let 
ae: 
G(s) =D 
gf 
Nu 
Ys) = po (6) 
yf 
Nyv 
¥(s) a D 


Substituting equations (5) and (6) in equation 
(4), 


Dee ant Ney 
Ge ee kos 9 pee ee (7) 
c N D — N 

gf yf yv yf yv 


*In fulfilling closed-loop specifications, it should 
be remembered that any realizable part of the 
compensation network can be placed in the feed- 
back part of the closed-loop system, thereby 
altering the closed-loop system performance. 
Therefore, all possible arrangements of the 
compensation network shauld be explored. 
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Thus equation (4) has beenrewritten as equa- 
tion (7) toshowthat by allowing Y(s) to vary, a 
simpler compensationnetworkmayarise. For ex- 
ample, zeros of N_, may become zeros of Nor 


= i factor. 
Dea Nae ay contain Dat as a facto 


Conclusions 


A graphical method has been presented for 
finding compensation networks given fixed open- 
loop and closed-loop poles and zeros, For any 
number of specified closed-loop poles and zeros, 
the minimum total number of compensation poles 
and zeros is given by equation (1). 


The method assumes that at least some of 
the closed-loop poles and, possibly, zeros are 
known or specified. Phase and gain measure- 
ments at the fixed poles and zeros of the open- 
and closed-loop systems are made to determine 
the type of compensation network required. The 
phase and gain measurements also provide the 
information necessary for carrying out the itera- 
tive steps leading to the correct placement of the 
compensation poles and zeros. A minimum of 
phase and gain measurements is required. Thus 
the time required in carrying out this method is 
greatly reduced over other existing methods, A 
simple procedure for locating complex pairs of 
poles or zeros of the compensation network has 
been shown, so that it is almost as easy to use 
complex poles or zeros as real poles or zeros, 


The method, in general, leads to simpler 
compensation networks than would result from 
the cancellation methods suggested by equation 
(4). Further simplification can result if the 
closed-loop system is not exactly specified, but 
allowed to move as do the compensation poles 
and zeros. 


The use of this graphical method makes 
possible rapid gain and phase measurements by 
means of the Spirule or other tools. And, of 
course, the advantages of the s-plane are retained. 
Working with the graph also provides. consider - 
able insight on how to produce and manipulate a 
compensation network. 


Appendix I 


Technique for Constructing Complex Poles 


and Zeros 


Figure 5 shows the geometrical relations that 
prove that the locus of complex conjugate poles 
or zeros, S; and Sz, producing a constant phase 
$ at a point P in the s-plane, is an arc ofa 
circle passing through that point. The center of 
the circle lies on the real axis. 


From the figure: 


a = 90°+ a+f 


b 90° + a 


iT] 


Hence, atb = B+2a+ 180° = 6 = 
angle contributed by complex 


pair at point P (1) 
But B+2at y = 180° (2) 
Subtracting equation (2) from equation (1) 
360° —o = y = a constant 


The vertex of Y , therefore, lies on an arc 
PP' of a circle whose center is onthe real axis 
by a fundamental theorem of plane geometry. 


The center, C, may readily be found as 
illustrated on the figure. Here the line PC is 
constructed at P to make the angle, 0. Ou=no 
ord - 180°, depending on whether 9 is < or 
> 180°, 


Appendix II 


In the system shown in Figure 6, the phase 
lead requirements at A and B are 100° and 
240°, respectively. The arcs resulting from 
these requirements fail to intersect, as shown. 
The points A' and B' are the locations of two 
zeros which satisfy the phase requirements. 
They are found by the following iterative proce- 
dure. 


Since points A’ and B' will always fall out- 
side the interval (P,P'), a zero may be placed 
any point to the right of P' (the intersection of 
the arc A with the real axis). Let this point be 
Aj. The phase at B is then measured using 
this point as if it were a fixed zero. The point 
B is located by finding the point on the real axis 
which satisfied the phase requirement at B. 

The phase is then measured similarly at A using 
the point B, as if it were a fixed zero, and 
placing the point Az on the real axis to satisfy 
the phase at A, thus completing the first cycle. 
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The process is continued until only a negligible 
movement of the two points occurs. This method 
seems to require less time and work than any 
construction technique, tried to date, which ex- 
actly locates the desired points. 


Figure 7 showstwo arcs which fail to intersect 
in a somewhat different manner. The phase lead 
requirement at A is 75° and at B, 89°. To start, 
a zero may be placed at Aj; the phase is meas- 
ured at B, and B, is placed to satisfy it. The 
next step gives A>, but Bp falls far to the left 
on the axis (completely off the graph). This 
suggests that there is no solution using two real 
zeros for this case. However, the zero to the 
left may be changed to a pole and placed on the 
graph at, say, B3. Thenconvergence to the pole 
at B' andthe zero at A', via B4z and Az, will 
take place. Thus, the choice of a usable com- 
bination of poles and zeros was guided by the 
iterative method in this example. More compli- 
cated examples have been worked in the same 
manner, 
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CALCULATING ZEROES OF FUNCTIONS ARISING IN VARIOUS 
CONTROL SYSTEM PROBLEMS 


W. R. Evans 
Aeronutronic, A Division of Ford Motor Company 
Newport Beach, Calif. 


Abstract 


The paper considers three separate special cases of functions 
for which the zeroes are determined graphically. First, the spring 
constant of a structural member is replaced by a complex num- 
ber to allow for hysteresis losses during vibration. The corres- 
ponding characteristic function has non-conjugate zeroes which 
are useful in calculating frequency response, but have no meaning 
for transient response. Secondly, vibration acting along the input 
axis of a pendulous accelerometer causing displacement of the 
proof mass; an in-phase cross vibration will cause a rectified 
torque. The real part of the compliance function is needed; know- 
ing the zeroes is useful but not necessary in evaluating the integ- 
ral over the frequency range by use of residues. Third, sampled- 
data systems have z transforms which often involve the sum of 
reciprocals of vectors. Finding real values of zeroes is simpli- 
fied because only magnitudes need be considered; some graphical 
techniques can simplify the general vector problem. For each of 
the above problems alternate methods of calculation can be used; 
those presented are most apt to be of value to those engineers who 
are used to working with zeroes and poles. 

This paper will be published by the AIEE. 
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RANDOM SAMPLING: ITS EFFECT ON SPECTRAL DENSITY 


A. R. Bergen 
University of California 
Berkely, Calif. 


Abstract 


There are sampled-data systems of interest in which the sam- 
pling intervals are random variables. An example is a track- 
while-scan radar with a non-ideal blip scan ratio. In the statisti- 
cal design of such systems it may be necessary to compute the 
spectral density of a random signal at the output of a random sam- 
pler. If the sampling intervals are independent, this spectral 
density may be determined from a complex convolution integral 
which, in many cases of practical interest, is easily evaluated in 
closed form by the method of residues. Consider a sampler which 
ideally operates periodically but actually misses samples with 
some probability. For this case the following result is obtained: 
the spectral density at the output of the non-ideal sampler is un- 
changed by replacing the non-ideal sampler by an ideal (periodic) 
sampler and adding to its output uncorrelated white noise of 
specified spectral density. When this result is used in the statis- 
tical design of a track-while-scan extrapolator it is found that the 
miss probability profoundly affects the system design. Neglect of 
this factor may, in fact, result in systems which are unstable in 
the mean square. 

This paper is to be published in the Proceedings of the First 
IFAC Moscow Congress by Butterworth Scientific Publications in 
1960. 
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SPECTRAL CHARACTERIZATION OF CONTROL SYSTEM NONLINEARITIES 


R. 


B. McGhee 


System Development Laboratories 
Hughes Aircraft Company 
Culver City, California 


Summary 


Control system feedback elements are subject 
to statistical variation from their desired 
characteristics due to manufacturing tolerances. 
For most feedback elements, this variation takes 
the form of a random nonlinear function of the 
input to the element. Analysis of the effects of 
such feedback errors is exceedingly difficult be- 
cause the control system affected must be des- 
cribed by a random nonlinear differential equation. 
It is proposed that this difficulty be surmounted 
by computer simulation. 


For purposes of simulation, a power spectrum 
is developed for the ensemble of feedback error 
functions. This power spectrum is then used to 
synthesize artificial nonlinearities in the 
simulation of the control system. By simulating 
groups of components with different statistical 
properties, production specifications can ‘be 
generated based on parameters borrowed from noise 
theory such as power spectral density, noise 
bandwidth, rms error, etc. 


This development is followed by two experi- 
mental examples which illustrate the application 
of the method and display the concept of band- 
width as applied to a feedback nonlinearity. 
is shown that, in some situations, linearizing 
approximations permit analytic determination of 
the effects of random feedback error. In other 
problems, the utilization of power spectra permits 
the normalization of computer results. 


It 


Introduction 


Control system components are manufactured to 
achieve a prescribed relationship between the in- 
put to a device and its output. The accuracy of 
this relationship depends upon production toler- 
ances. The output of a production line thus con- 
sists of an ensemble of similar devices posses- 
sing statistical deviations from a desired 
characteristic. By the use of feedback control, 
the effects of such deviations are greatly re- 
duced except in the very important case of irregu- 
larities associated with feedback elements. Such 
errors may add directly to the over-all system 
errors or even cause instability of the control 
loop. For most feedback elements, the variation 
from the desired input /output relationship takes 
the form of a random nonlinear function of the 
input to the element. An important example of 
such a nonlinearity is the deviation from 
linearity of a feedback potentiometer as a func- 
tion of shaft angle. Another example of a non- 
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linear feedback error is the error introduced into 
the radar tracking system of a missile by the 
interaction of the missile's radome with the inci- 
dent electromagnetic radiation. Both of these 
errors are random functions of an angle if an en- 
semble of devices is considered. If such a com- 
ponent is selected at random from a large produc- 
tion sample, the only statements that can be made, 
a priori, about its deviations from the desired 
characteristics are statistical statements. 


When an element of this type is included in a 
control loop, a very serious complication of the 
mathematical description of the control system 
results. Unless statistical variations of the 
members of the ensemble of elements can be ignored 
(in which case no statistical characterization is 
required), the control system is described by a 
random nonlinear differential equation. This 
difficulty means that the control system perform- 
ance cannot be determined by analysis except by a 
prohibitive amount of labor since an ensemble of 
nonlinear differential equations (one equation for 
each member of the ensemble of components consid- 
ered) must be solved to determine the effects of 
component variability. If, in addition, the in- 
put to the control system is a random variable in 
time, one must certainly abandon analysis and 
resort to experiment to obtain system performance. 
This experimentation generally takes the form of 
simulation of the control system on an electronic 
computer. Unfortunately, such simulation is also 
quite difficult since it is not easy to say what 
constitutes a "typical" member of the group of 
components being considered. One solution to this 
problem is to undertake a physical simulation pro- 
gram utilizing a large number of component samples, 
closing the control loop with a computer if neces- 
sary. This may be quite effective for certain 
types of components. However, if the variables 
affected by the nonlinearity are not readily 
available in physical form, such simulation may be 
very difficult and costly. In the previously 
mentioned missile example, physical simulation re- 
quires construction of an electromechanical target 
simulator, a missile flight table, and considerable 
auxiliary equipment. 


This paper outlines a computer simulation 
technique which permits a statistical evaluation 
of the effects of random nonlinearities on a con- 
trol system without recourse to physical simula- 
tion. The technique rests on obtaining a "power"' 
spectrum for the nonlinearity by measuring over a 
large sample of components. This "power’' spectrum 
is then used to generate a family of functions 
having the same statistical properties as the 


nonlinearities. By selecting members from this 
family, system performance can be evaluated on a 
computer for a collection of synthetic components. 
Finally, by simulating groups of components with 
different statistical properties, specifications 
can be generated based on parameters borrowed from 
noise theory such as power spectral density, noise 
bandwidth, rms error, etc. Specifications of this 
type may alleviate some manufacturing problems and 
at the same time permit a more realistic optimiza- 
tion of control system parameters. They may also 
aid considerably in the interpolation and extra- 
polation of simulation results for nonlinear 
systems. 


The following paragraphs discuss the neces- 
sary definitions and describe the computer tech- 
niques required to realize the desired nonlin- 
earity. Two examples illustrate the application 
of the method. 


Measurement and Description of the Nonlinearity 


Let y(x) be a statistical nonlinear function 
of x. By "statistical", we mean that, a priori, 
only statistical properties of the function are 
known. The statistics are determined by measure- 
ments on a large number of similar devices. As 
a first step in analyzing y(x), we transform the 
measured functions to a new set of functions with 
unity variance and zero mean, 


y(x 
o (x 
at 


x 


z(x) (1) 


where y(x) is the mean of y(x) averaged over the 
available sample of nonlinearities and oy 2(x) is 
the sample variance; i.e., 


Oe ee (2) 
fat 
0° (x) m 2 Me y; (x) - ¥°(x) (3) 


The variable yj;(x) is a specific function ob- 
tained by heasirement of the 3t nonlinearity. 


In practice, the family of functions, y(x), 
will be defined only over a finite interval in x. 
Let the length of the interval be 2X; i.e., y(x) 
is defined over a - X¥< xc a+X. Outside this 
interval, let z(x) be periodic: 


2 (x) (4) 


Figure 1 illustrates a normalized periodic non- 
linearity. The functions, z(x), now exhibit a 
degree of regularity. A particular characteristic, 
Zs 4(%), is similar to a noise voltage except that 
it is a function of a control system coordinate, 
x, rather than a function of time and it is, by 
definition, periodic. The sample statistics are 
stationary with regard to the mean and variance. 


z(x + 2X) 
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One might hope, therefore, to employ statistical 
parameters related to those commonly employed in 
the theory of stationary random noise to charac- 
terize the sample of nonlinearities. In the time 
domain, a noise voltage may be characterized by a 
correlation function. We therefore define a 
sample averaged correlation function for z(x) as 


= z(x)z(x + &) 


n 


d 


R(x, €) (5) 


(6) 


z ,(x)z 5(x + €) 


The argument averaged correlation function for the 
jth member of the set of nonlinearities is de- 
fined as: 


Xx 
Rye) = ae faylnday(x + Bex (7) 
-X 


z (x)z,(x + §) (8) 


The argument and sample averaged correlation 
function is: 


Sonn ww 


oy x 

RE) = ROE) = aye Lf ay (aeg( + tax 
I= 

> (9) 


For z(x), all of these autocorrelation functions 
are periodic in € with period 2X since, by defini- 
tion, 


z(x + &) z(x + & + 2X) (10) 


If the nonlinearity is stationary, then, as the 
number of samples approaches infinity, 


R(€) —s R(x, &) 


(11) 


so long as x and x + & are confined to the basic 
interval of definition. Since z.(x) is a peri- 
odic random process, in general 


R, (6) # R(é) (12) 


so the family of nonlinearities is not ergodic. 


Utilization of the correlation functions 
above corresponds to the time domain characteriza- 
tion of a noise voltage. It is also possible to 
specify and measure random functions in a trans- 
form or "frequency" domain. Again borrowing from 
noise theory, we can define a two sided power 
spectral density for z(x) as: 

2 
(Fue wee os %, fey(} | 


en (13) 


where aa is a Fourier transform of z over a 
finite interval, 20: 


Fi, {2,9} i. OTN 


{Oe 


(14) 


It should be noted that the dimensions of f are 
inverse x rather than inverse time. The Wiener- 
Khintchine relationhip states that R(t) and G(f£) 
form a Fourier transform pair:2 


c(z) = if e JETTEE R(e)ae (15) 
g(t) fe AUSUES rel Cas (16) 
A corollary result is 

See 00 

2° (x) = R(O) = if G(f)dfa = 41 (17) 


To evaluate G(f), we note that since z(x) is 
periodic in an interval 2X, a particular charac- 
teristic, z5(x), may be represented by a Fourier 
series: 


- fore) 
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An analog or digital computer may be used to 
determine the ay; and by; from measurements. 
Since the enbeable of nonlinearities is not er- 
godic, in general 


aK j f aug (20) 
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Rather, a, and b, are random variables whose dis- 
tributions may be abstracted from the sample. 
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The correlations between coefficients must be con- 
sidered when constructing this distribution. 


The two sided power spectral density (13) for 
such a function is: 


2 
a 
c(t) = F{r(e)} = —2 a(e) 
ae ap ae (21) 
foo) 2 2 
ay + by 
mye. S(fi-f jee 6 (EES) 
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Thus the power spectral density for the sample of 
nonlinearities is obtainable either from harmonic 
analysis (21) or from the Fourier transform of 
the autocorrelation function (15). 


Note that the power spectral density and 
correlation functions described above are them- 
selves random variables since they are derived 
from sample statistics. That is, the functions 
obtained for R(t) or G(f) will vary depending upon 
which particular components are selected from the 
production line for testing. In order to minimize 
this effect, the number of production samples 
taken should be quite large. It will be assumed 
in the remainder of this paper that the sample is 
large enough to provide an adequate estimate of 
the ensemble (entire production) power spectrum. 


In the following treatment, the sample power 
spectral density along with the sample mean, 5) 
and the sample variance, o,(x), is taken as the 
basic statistical description of the feedback 
error function, y(x). Certainly, other statisti- 
cal characterizations of the nonlinearity are 
possible. However, the power spectral density is 
one of the simplest measures which contains in- 
formation regarding the frequency content of the 
nonlinearity. In the special case when the nor- 
malized functions, z(x), are representable as 
samples drawn from a parent population whose 
ensemble statistics are stationary and Gaussian, 
the power spectral density is entirely adequate 
for a complete statistical description of the 
family of functions. The degree of departure of 
the nonlinearities from stationarity and a 
Gaussian amplitude distribution certainly has a 
bearing on the likelihood that the power spectral 
density is an adequate statistic. In some cases, 
it is probable that the validity of the spectral 
density as a description of the nonlinearities 
can be established only by simulation. 


Simulation of the Nonlinearity 
By Harmonic Synthesis 


Having obtained a statistical representation 
for the ensemble of feedback elements, it is now 
necessary to find a way of artificially creating 
such an element on a computer. The first simula- 
tion method which comes to mind is to represent 
the feedback functions by a random Fourier series 
(18). The coefficients, a,, and b,;, can be 
chosen from a table of random numbers having the 
same statistical properties as the data obtained 
by measurement of the sample (19). Alternatively, 
a noise generator with proper filtering may be 
used to generate the a, and b;, for successive 
simulation runs. This representation of the non- 
linearity will result in an ensemble having the 
proper power spectrum (21). However, the class 
of functions resulting from this expansion is 
somewhat more restrictive than all those satisfy- 
ing (22) since phase information is preserved by 
considering both a, and by whereas phase informa- 
tion is destroyed in forming the power spectrum 
(21). In keeping with the spirit of spectral 
characterization of the nonlinearities, we ought 
to neglect phase information and simply match the 
power of G(f) in a frequency interval, foe LNs 
we might well employ the synthetic set of non- 
linearities: 


2, (x) = 21 + dv CK, cos(w, x S $5) (23) 


phase angle chosen from a uniform 
population distributed between 0 
and 2TY radians 


If the ensemble of functions, z* (x), is to have 
the same spectral density as the set of functions, 
z(x), then (due to the orthogonality of the sines 
and cosines of equation (18)) Cxj must be chosen 
from a distribution such that 


n 

2) lim i BE et orang 
E {ee | rye oo ah Egypt: Pitta Py (2) 
where ac and be are the sample statistics of 
equation (22) and E{cg denotes the expected 
value or population average of cf. The form of 


the distribution of the CE will not affect the 
power spectrum. 


Equation (23) is still not amenable to simu- 
lation since it is an infinite series. Fortu- 
nately, any reasonable sort of nonlinearity will 
have a finite bandwidth; i.e., the power will be 
concentrated in relatively few harmonics of the 
fundamental frequency. When this is the case, 
the function 2*(x) may be approximated by a 
finite number of Fourier components: 
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2, (x) 2, (x) Ags + d CK cos(w, x + b,.4) 


(25) 


where the chs are obtained from operations on the 
c,. and are all zero except for a finite number. 
Ont way of obtaining a statistical description for 
the c,. is to lump power from several frequencies 
fin 2*tx)) into a single frequency so that all the 
components of z'(x) have more or less equal aver- 
age power. On the other hand, it may be that the 
low frequency (or high frequency) terms of z(x) 
are more important in the closed loop than other 
terms and should be reproduced more faithfully. 
The determination of just how to truncate the 
series is a matter of engineering judgement as in 
the practical truncation of any infinite series. 
Simulation of the complete control system can aid 
in this decision. 


Once the desired mean square values of the 
coefficients have been determined, it is still 
necessary to mechanize a method of selecting 
values for the c;,.; and Pic While the g, is to be 
uniformly distributed, the only restriction on 
c,; is that the probability of negative values be 
zero (except for cs) Both of these requirements 
are met by selecting a Rayleigh distribution for 
Cy; and writing equation (25) in the alternate 
form 


00 
' Foi y aed 
z3 (x) ie d aj, j008 OX + bj, ;Sinayx (26) 


i] 
Now if a,; and bk are drawn from a Gaussian pop- 
ulation and are uncorrelated and furthermore 


t ' 
efar,| = e{», | = 0 (27) 
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then Cha will have the desired Rayleigh distribu- 
tion and 


éx{ will be uniformly distributed. 
Gaussian se Pe generators can be used to obtain 
the coefficients an and ba - The zero frequency 
term, cy;, may also be selected from a Gaussian 
zero mean source. Either time or frequency multi- 
plexing techniques will permit substantially un- 
correlated samples to be drawn from the same noise 
generator. 


Once z'(x) has been generated, a representa- 
tion of the original function, v(x) is obtained by 
multiplying z'(x) by o,2(x) (equation 3) and 
adding ¥(x) (equation By, These terms are easily 
generated on diode function generators or curve 
followers. 


Simulation of the Nonlinearity 
With a Noise Generator 


Just as the nonlinearity can be described 
either in the frequency domain or the argument 
domain, it can be synthesized in either domain. 
Consequently, an alternate technique for obtain- 
ing nonlinearities possessing the proper power 
spectrum is to utilize finite duration samples of 
the output of a noise generator of known spectral 
density. Rice® has shown that a sample of dura- 
tion eT drawn from a stationary Gaussian noise 
source has a representation 


a fo 9) 
A 
z(t) = = + Le o, cos at +P, sinat (28) 
om, = 29ff,, f, = kAf, Af = = 


where all the coefficients are uncorrelated ran- 
dom variables possessing a Gaussian distribution 
such that 


E { o,| - E{a,} =0 nee 
z fc," » Efe, 5 nik 


He 
G,(£) is the two sided spectral density of the 
noise generator. Now to obtain a noise source 
yielding samples with spectral density equal (on 
the average) to the spectral density of the non- 
linearity (22), we choose 


ec (£,)A f = 


E fa,” - 5,"| = at + be (30) 
and 
T = xX (31) 
so 
2c. (£..) ot ear 
meek 2 
= = a+ by (32) 
and 
Reta 
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k k 
G (£,) = 7 5 (33) 


It is possible to obtain the desired spectrum by 
shaping wide band noise with a passive filter. 
However, the parameter in the resultant noise 
process is time, rather than some control system 
coordinate, x, as desired. To remedy this defi- 
ciency, one may employ a curve follower or similar 
function generator. The noise voltage can be 
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redrawn in conducting ink and then transferred to 
a curve follower. If the curve follower carriage 
is then commanded by the problem variable, x, the 
output of the device will be z(x), rather than 

A ‘ ; 

z(t); i.e., the process of moving the curve from a 
plotting board to a curve follower performs a 
functional transformation: 


2(t) —» 2(x) (314) 


By drawing a series of such curves, one generates 
a sample which has the proper power spectrum in an 
average sense. Again, the actual feedback’ func- 
tion, y(x), is obtained by denormalization of 2(x) 
using oy (x) and (x). 


This technique has the advantage of requiring 
less computing equipment than the expansion in 
orthogonal functions. On the other hand, it is 
much easier to change the characteristic in the 
orthogonal function representation. The selection 
of one technique or the other depends upon the 
particular control system under study and the com- 
puting equipment available. 


Application of the Spectral Description 
To a Tracking System 


To illustrate the application of the power 
spectral density to the description of feedback 
elements, an elementary tracking system was simu- 
lated on an analog computer. Figure 2 is a block 
diagram of this system. The tracking accuracy of 
the basic servo was perturbed by the addition of a 
stationary, zero mean, Gaussian error, y, in the 
feedback signal (Figure 3). This error represents 
the deviation from linearity of the feedback 
element (potentiometer, synchro, etc.); i.e., the 
feedback signal, xg, is given by 


x, (x) = x + y(x) (35) 


Since the system is a hypothetical one, no analy- 
sis of measured feedback error functions was re- 

quired. The performance of the perturbed system 

was measured by comparing it to a model system 

(y = 0) and calculating the error 


eviews a x (36) 


The mean square value of ¢€ (averaged over time) 
oO = € (37) 


was then measured as the performance index for 
each nonlinearity considered. 


The feedback error functions, y(x), were ob- 
tained from a noise source with spectral density 


G 
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where 


a? = 21x} (10) 


Since the basic nonlinearities were assumed sta- 
tionary and zero mean, no normalization or denor- 
malization was required. From the power spectrum 
for y(x), one can deduce a noise bandwidth for 
the nonlinearity, B,, in the usual way: 
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This is a two sided bandwidth; i.e., it includes 
both positive and negative frequencies as in 
equation (16). The units of are inverse x. 

In this example, the servo output, x, is measured 
in degrees so the units of By are cycles per 


degree. The model servo system has a transfer 
function 

x! 1 

aan 2 ie Meer (43) 
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A dimensionless bandwidth ratio may be formed as 


a 
B= jag Feet (45) 
s 


The simulation experiment consisted of mak- 
ing a large number of computer runs with a dif- 
ferent function, (y4(x)) in the feedback path for 
each computer run. The relative bandwidth (B), 
rms nonlinearity (o¢) were recorded for each run. 
The results for functions having the same spec- 
tral properties were then averaged over the 
sample and plotted on Figure }. 


Figure 4 displays two distinct modes of 
servo operation. The first mode is labeled 
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"linear filtering" and exists to the left of the 
line 


Bo. =9923 (46) 


In this region, it was observed during the simula- 
tion that the feedback nonlinearity had a minor 
effect on the output rate, x, so 


Ko a8 wle ate | (47) 
Now the time spectral content of the nonlinearity, 
y(x), depends upon x; i.e., referring to Figure 3, 
if one sweeps across x at a uniform rate in time, 
then the spectral qualities of y(x) in terms of 
inverse x become spectral qualities in terms of 
inverse time or ordinary frequency. Thus, one 
would expect that in the “linear filtering" re- 
gion the feedback nonlinearity can be replaced by 
a noise generator, thereby linearizing the analy- 
sis problem (Figure 5). The tracking error pre- 
dicted by linear noise theory after this exchange 
is shown by the dotted lines on Figure }. The 
agreement with measured error is indeed quite 
good. This analysis technique is a somewhat un- 
expected dividend accruing from the spectral 
characterization of y(x). Again referring to 
Figure 5, it should be noted that the exchange of 
y(x) for a noise generator is for purposes of 
analysis only. In the actual system simulated 
(Figure 2) the random process was the feedback 
nonlinearity. 


Further inspection of the linear region of 
Figure 4 reveals the following phenomena: 


1. When the dimensionless bandwidth ratio, 
B, (equation 45) is substantially less 
than 1, the servo output error is 
essentially the same as the feedback 
error. This results simply because the 
feedback nonlinearity varies sufficiently 
slowly that the servo output is able to 
track this error. 


2. When B is greater than 1, the output 
error is considerably less than the feed- 
back error. This results because the 
servo bandwidth is insufficient to follow 
rapid fluctuations in the feedback error. 


Thus Figure } displays the rather novel concept of 
filtering a nonlinearity. Observation 2 above 
indicates that one might be able to trade accuracy 
for bandwidth in specifying a feedback element for 
this system. This is a prime motivation for 
utilizing a power spectrum to describe the ele- 
ment. 


Equation (46) is an empirical result. The 
mechanism involved in the transition from the 
region of linear filtering to the region of non- 
linear filtering is not understood at the present 
time. In the latter region, the servo displayed 
very different characteristics. During the simu- 
lation it was observed that the motion of the 


output angle (as seen on the arm of the function 
generator producing y(x)) was very irregular. 
There was a tendency for the output angle to 
“hang up" on large positive slopes of the error 
function y(x) until an error peak was reached and 
then move rapidly over the characteristic until 
another large positive slope was encountered. 
This behavior can be explained qualitatively by 
phase plane analysis of the servo in the vicinity 
of an error peak. The net result of this irregu- 
lar motion is an apparent narrow banding of the 
feedback nonlinearity; i.e., when the feedback 
error is stuck on a large positive error slope, 
the servo has sufficient time to null the error 
at the summing junction through the normal unity 
feedback loop so that the feedback error appears 
as an output error. No quantitative prediction of 
the observed results has been obtained for the 
nonlinear filtering region of Figure }. 


Figure 6 is a crossplot of Figure 4. The 
advantage of this presentation is that it permits 
a precise trade-off of feedback accuracy for error 
bandwidth (in the sense of equation 45). Consider 
for example, that the accuracy requirements of the 


servo (compared to the model system) were speci- 
fied by 
a = -02 deg (48) 


Then any combination of rms feedback error, oy, 
and nonlinearity relative bandwidth, B, lying 
below the line labeled o_ = .02 would be accept- 
able. For example, if the relative bandwidth 
were 10, an rms feedback error as large as .O7 deg 
would be acceptable. This is a quantitative ex- 
pression of the intuitive feeling that large 
errors are not too important if the granularity is 
very fine. 


Naturally, all of the quantitative results 
obtained apply only for the input selected, 
namely, a unit ramp. However, this constraint 
applies to the analysis of any nonlinear system 
whether the nonlinearities are random or not. 
Consideration of other inputs requires further 
simulation. If applicable, there is no reason 
why the input cannot also be a random process. 
In that event, the definition of dimensionless 
bandwidth would have to be altered. A suitable 
definition for purposes of normalization and 
linearization might be: 


B ° 
3 | é|} 


s 


(49) 


Application of the Spectral Description 
To a Missile Radome 


Missiles possessing a tracking radar for 
gathering navigation information are provided 
with a protective covering or radome, which 
shields the radar reflector from the airstream. 
This radome interacts with the incident electro- 
magnetic radiation in such a way as to shift the 
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apparent location of the target from its actual 
location in space. The error between the true 
line of sight from the missile to the target and 
the line of sight to the apparent target location 
is termed the radome error. This error is a ran- 
dom function of the angles relating the antenna 
position to the missile body if an ensemble of ra- 
domes is considered. The radome error appears in 
the feedback path of the missile target tracking 
servo. 


A homing missile navigating in a plane was 
simulated on an analog computer. Two types of 
hypothetical radomes were included in the simula- 
tion study. The first type was a truncated linear 
error as shown in Figure 7. The error is defined 
OVeEnE=) Bias Bo = Bmax- In the missile simu- 
lated, the deterioration of guidance accuracy due 
to the error introduced by the radome depended 
more upon the radome error slope, 


a) 


— 3B 


(50) 


than the error itself. Therefore, a spectral de- 
scription of k rather than n was developed by 
making k periodic. The Fourier series for the 
resulting pulse train (Figure 8) is well known. 
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The power spectrum (21) for k thus consists of a 
train of delta functions with area ao/h in the 
central region and falling off at higher frequen- 
cies as shown in Figure 9. The height of each 
arrow in Figure 9 is proportional to the area of 
the delta function at that frequency. The separa- 
tion between the delta functions is 


(55) 


Introduction of the random phase angle, Bo, does 
not alter this power spectrum. 


The noise bandwidth of the radome error de- 
rivative spectrum is found by determining the 


frequency B/2 such that 29 rene +.) 
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i.e., the bandwidth B, is that bandwidth which 
would be required to account for E ke} if the 


area of the delta functions did not fall off at Then the spectrum for k is 
high frequencies. Now, from Figure 7 it is evi- 
dent that 5 
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Thus, G,(f) has a low pass characteristic (except 
Combining (57) and (59) for a sharp dip at f = 0) as shown in Figure ll. 
The noise bandwidth is obtained from the integra- 
tion of this spectral density 


2 
ay k 2 
(22 +1) ee OS ras (60) sd 
2t,0,°B 2 ‘i G.(£)df = 0° (66) 
ek, 26 ax - © 
ef +1 = a, = et (61) 
so 
so 
1 
26 = Br. ops (67) 
max 1 1 
Pewee p +41)/\F = Af = = (62) 
™m m 
B is the bandwidth of the noise generator and is 
Equations (62) and (57) will be taken as the therefore a good estimate of the bandwidth of 
spectral description of this type of radome along periodic samples drawn from the noise generator. 
with the general low-pass shape of the power 
spectrum as shown in Figure 9. Repeated analog simulation runs were made 
with Gaussian noise (amplitude scintillation) 

The second type of radome simulated was a added to the line of sight. The point of closest 
stationary, zero mean, Gaussian radome (Figure approach of the missile to the geometric center of 
10). Sample radomes were obtained by selecting the target (miss distance) was recorded for each 
finite samples from a noise generator with spec- run. After each series of five runs, the radome 
tral density: characteristic was changed (while holding the 

spectral content fixed). After twenty-five runs, 
G the spectral content of the nonlinearity was 
G:(B)ate ° changed. Figure 12 displays the normalized rms 
7 (ae Eu?) (1 + Hw? miss distances observed in the simulation experi- 
1 2 ment as a function of rms nonlinearity, k,p>, and 


bandwidth, B, for both types of radomes. The 
units of B are cycles per degree. 
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The remarkable characteristic of Figure 12 
is that the two radomes, which differ so markedly 
in detail (see Figures 7 and 10), give substan- 
tially the same performance when their spectral 
qualities are the same.* This outcome of the 
experiment suggests that simulation results for 
one type of radome can be applied to other radomes 
having the same power spectral density. Such a 
normalization would provide a very substantial 
simplification of the simulation program required 
to evaluate the effects of various types of ra- 
domes. If one were to first make a series of 
computer runs with a Gaussian radome, for example, 
the behavior of the system with any other radome 
could be predicted simply be obtaining a power 
spectrum for the new radome. In some cases, it 
may be that the quality of this prediction would 
not be adequate for actual system evaluation, but 
nevertheless would provide an extrapolation and 
interpolation technique for greatly reducing the 
amount of simulation required. 


If a crossplot of Figure 12 is made, one ob- 
tains a family of "trade-off" curves as in the 
previous example. Such a curve allows one to 
trade rms slope for bandwidth of the radome error 
derivative. Such a specification might alleviate 
manufacturing difficulties and at the same time 
permit a more realistic optimization of other 
system parameters. 
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Conclusions 


This paper presents one method of character- 
izing an ensemble of nonlinearities. It is be- 
lieved that the method provides a new point of 
view for the solution of a difficult class of non- 
linear problems. In situations where the tech- 
nique is applicable, it should furnish a useful 
set of specifications for quality control in the 
manufacture of control system feedback elements. 
The same set of specifications also provides a 
means for realistically simulating a feedback non- 
linearity to aid in the design of the over-all 
control loop. 
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* This behavior is somewhat analogous to narrow 
band filtering of wide band noise in the time do- 
main. In narrow band time filtering, the filter 
output tends toward Gaussian regardless of the 
input distribution and the mean square filter out- 
put is determined entirely by the input spectral 
density. 


Fig. 1. Normalized Periodic Nonlinearity. 
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Fig. 5. Calculation of Tracking Error in the Linear Region. 


209 


“OATICATIO( TOLIY ouLopey orporszed 10F uinazjyoodg r9Mmog ‘6 ‘31 


z°2 


"QAIND JJO-opesrL o1IA-yprmpueg ‘9 “S1q 
D, NIS 


3dO13AN3 


Ay 
ui» = =@ ‘HIGIMONVE G3ZITIVWYON 


OO! OS Ol G Ol gO ne) 


“OATJVATIOG IOIIG owopey orporszed ‘g ‘S1yq 


(s334930)¢ 


(9) 


ONINSL 4 YV3 


‘IOILY owWopey IeVsury peyeounrzy, *) ‘Stag p90 =e SN 


NIN 


saayoga ‘“o ‘youys MOVECSSS SWY 


8 -y ‘aaiwaluaa youNa aWoayy 


9g ‘AIONV AGOG OL VNNALNV 


& ‘youy3 3awoavy 


210 


Fig. 10. Gaussian Radome Error Derivative. 
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Summary 


This report considers the general problem of 
obtaining the optimum multipole system when the 
inputs to the system are stationary random pro- 
cesses. The system under investigation is linear 
and time invariant. The input to each terminal 
shall consist of signal and noise. 


The synthesis procedure is carried out under 
the basis that a fixed plant must be compensated 
in order to perform certain desired tasks. The de- 
sign criterion employed is the minimum mean square 
error between actual outputs and ideal outputs of 
the system. A set of integral equations shall be 
obtained, which can be converted into algebraic 
equations through transformation. By solving 
these equations and using the method of undeter- 
mined coefficients, the transfer functions of the 
compensation can be unicuely determined. 


1. Introduction to the Compensation 
of Fixed Plant 


The synthesis procedure of a control system 
starts with the specifications for the system to be 
designed. These specifications would primarily in- 
clude the types of signals and disturbances acting 
on the control system, the desired outputs from 
the system, the permissible error between the ac- 
tual outputs and the desired outputs, and the con- 
figuration of the entire system. The designer sel- 
dom has complete freedom in choosing the system 
functions. There are always some fixed elements 
which must be included in the system in order to 
perform certain tasks. Under this situation, com- 
pensation must be introduced to the system in con- 
junction with the fixed elements so that the over- 
all characteristics of the system would meet the 
specifications. 


The systems under consideration are linear 
time-invariant multipole systems. A multipole sys- 
tem is fe net as a system having n inputs and m 
outputs **. The input to each terminal shall con- 
sist of signal and noise which are both stationary 
random processes. There are fixed elements between 
all the input-output terminals. However, there is 
no constraint on the configuration of the compensa- 
tors other than the practical one of physical real- 
izability. This class of design problem is usually 
referred to as the semi-free configuration problem. 


It is often necessary that systems contain 
feedback loops between inputs and outputs. Never- 
theless the actual system with its feedback config- 
uration can always be replaced by an equivalent 
system containing cascade combinations of compensa- 
tors and fixed elements. With this simplified sys- 
tem, the synthesis procedure can frequently be 


California 


expedited. The error of the output is defined as 
the difference between the actual output and the 
ideal output. The performance index used in the 
eynthgsie procedure is the minimum mean-square 
Crrole- ae 


Two different types of arrangement for the 
compensators are under investigation. In the first 
type, compensation is used in cascade with the in- 
dividual fixed element of the plant. Mean-square 
error for each output terminal can be minimized 
independently. In the second arrangement, a con- 
troller which consists of a group of compensators 
is in cascade with the entire plant. Therefore, 
the controller itself is also multipole. It is 
necessary then to minimize the sum of the mean 
square errors for all the output terminals. 


The derivation employed here is very conven- 
tional for this type of problem. A set of integ- 
ral equations shall be obtained under the criteri- 
on of minimum mean square error. Transform method 
is then used to convert this set of integral equa- 
tions into a set of algebraic equations. The 
transfer functions of the compensation can be de- 
persed hs, the technique of undetermined coeffi- 
cients’. 


2. Basic System Equations with 
Cascade Compensators 


In the following derivation for the system 
equations, we shall assume that it is possible to 
insert compensator in direct cascade with the in- 
dividual fixed element of the plant. In practice, 
this may not be the case since the fixed plant 
usually represents an integrated system. However, 
the synthesis procedure for this simpler configura- 
tion is more apparent and instructive in illustra- 
_ting the basic techniques to be employed. It shall 
also provide a better understanding for the design 
of a more complicated cascade controller to be con 
sidered in a later chapter. 


The system considered is a linear time-invar- 
iant system. The inputs to the system shall con- 
sist of stationary stochastic signals S,(t) and 
noises n,(t). Thus, we have 

4, (4) = 5p Gt 1p (4) (1) 
The system configuration in matrix form is shown 
po os aa a 


It is evident that the input to each element 
of the plant can be expressed as 
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EN Pap 4, (4-7, (2) 
eis ty oe 


? 2 -- 7 


where q.,(t) is weighting function of the compen- 
sator pefween k-input and j-output. The outputs 


of the system in terms of the inputs to the fixed 
elements are then 


ae J Fee ey (A-Ta)A Ts 


T= a,----™m 


(3) 


where Pax(t) is the weighting function of the fix- 


ed eleménts. Combining Eqs. (2) and (3), there 
results 


a 
C_s(4)= 4, (4-%- 
: Z J Fyimret) gains aus 


which expresses the outputs in terms of inputs and 
the weighting functions of fixed elements and the 
cascade compensators. 


Now, if we denote D.,(t) as the weighting 
function of an ideal system, then the desired out- 
put z5(t) can be seen to be 


n ao 
4) J 2, DVS,EW4% 


et (ei Wy HOO Ca) 
Here the lower limit of the integration is extend- 
ed to -— ce to emphasize the fact that the ideal 
weighting functions can be physically unrealizable. 
Thus the errors between the actual and desired sys- 
tem outputs can be written as 


F (4)= Ce A)- 34 (4) 


(5) 


nm ad oo 
i id i 3 A4-GILG 
2 S Fed A AE a ae 


nN ao 
= Pea. tnt) AT 
yaeh © hie ak eines 


(6) 


A diagram of this general problem is shown in 
Figure 2 where, for simplicity, the matrix nota- 
tion is adopted. The part of the diagram below the 
dotted line represents the actual system while the 
part above the dotted line represents the hypothe- 
tical ideal system together with comparator for 
generating the error signal. 


After the error has been generated, we can 
proceed to find out the optimum weighting functions 
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of the compensators so as to minimize its mean— 
square value. 


The square of the error is 


- ooo (4)-2 C405 (4) 3g (® 


(7) 


By taking the mathematical expectation of Eq. (7), 
we get the mean-square error in terms of the auto- 
and cross-correlation functions of the inputs and 

the system weighting functions. Thus, symbolically, 


A BOAT DE COE o> 
a G (4) 4 dy 34 A 


Here the bar indicates the ensemble average. 


The terms on the right side of Eq. (8) can be 
evaluated in the following manner: 


7 


A ; n 2 re re a 4 
Cy (4) E \Gy (WAT, [Ayo (¢-7, zie) 


nN po 
x nat | pe G4, OT DAT 
a j Tae s 


(9) 


where the correlation function @(7T) is the ensem- 
ble average as defined by 


es, (Wek pi (Ak, (L4T) 


pie Rag eke Ny Oe 
ise (btn (ANTS (Fete Care} 


Hence, by substituting Eqs. (9), (11) and (12) 
into Eq. (8), we obtain 


= 5,15, (12+ Psging T+ Prrgs 5g (T+ aeag? 
ZG alee (TAT a cieg 


If these stationary random processes possess the 
ergodic property, this ensemble average can then d Ae 
be replaced by time average performed on a single eo 
: af 4; (T)A7 
‘o th 


representative function of the ensemble 


Similarly, a 
ener] — *Y Ry Ce) bagi 


n 
a = : ea 
GO| J ye 
ete: 5, ¢-G az eae (4 JA ie Ga? 
; = ; a 
n nN co = EE, a 
IL al anal SBD Pip {OE DAL 
A Tae ool ae ay ake / ) 
©o ; a SED WS eI RY 
JY Sie cis.4 2440 an an” 5 JP 
(11) Ps 54 (73 “BEE 
and LA eh ee ee 
BS dpe | (14) 
In order to find Aen peat ee te mini- 
nA = . — qo UN us ee penta e arbit- 
13 \G, MT IAT, 4 ay Oe, (é-7, i Edt, implicitly by eh pare § See pik Soar 
bl 
Lfe a KIA | nat fa, (%) 
n oo , 
Wy J Dy wcewa7, | orn tee -T,- TA % 
S)eaoe 7 
opie oe ; gekhra dt J Dery (Ta) 
: -¢r 47,[ BAT, ee 
Paes! ae oe p; T AT, 
= “ig Sy, OT, sak ery) 
ved T+ Ty met BAY bi F 
[yy Pag’ pon aie foe 7, ZO 
(12) (15) 
where Dip is, ee (4)S, (44 T) Merten Pet ) into Eq. (14) yields 
a 
7 » Ch 
-[S,@+n MAYS, FO oa VVIae Ty, a Le 
oer (1) TT ee 
(13) 
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X] 9.0%) Pipa, (TAT T- GILT 


(16) 


By adding and substracting a summation term 
VAT) AR AR |v. (1)AT 
My (UAT Beno fy, 


TTT) L%, 


Xx fA oe, A 


to Eq. (16), we shall have 
. ak fo (7;' 47, [> (%) 
-(4) = cette} 
ETE eat | Si Patio) ob 
bss, (%-GIAT 
Se ae, (EAR 
a gis ] By Ta 4% 
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a 
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(17) 


It is evident that the last term in Eq. (17) 
is always positive. In order to get a minimum er- 
ror, we can, therefore, choose 


[x mar fA, (GIA, ET B)L% 


-[p,mar] a, (Ba ET-E)AT, 


or 


Ve'p (a = tt. Gr 


Sas this condition, Eq. (15) becomes 


b fawenf, Bole 


Sy Fo, (Ta) Pig ig (Gt T HIME, 


=f 


he! 


Mose emal fe, (Caley) 


By lasa | ey (3) 


+ 6 
/ 
te va (®) 
(19) 
where k'’= 1,2,---n 
j= 1,2,---an 


Here the term p.,1(7) is purposely retained on 
both sides of mp (19). Its usefulness will be 
evident from later treatment. 


To show that Eq. (19) is not only the neces— 

sary condition for optimum system but also the suf- 
ficient one, let us replace the optimum weighting 
functions q.,(7) of the compensation by any arbit- 
rary puncte ine of the form 95 T) +a gu T) Then 
the mean ae error is 


EF) = Ew rrp [ay TdT, 


Se apan’ 


XS omer le, (15) Paspig “T-Tde, 


(20A) 
where € S(t) is given by Eq. (1). 


If now q ee s satisfy the condition in Eq. 
(19), this me4’n square error becomes 


2 ae we 
é , es © (4) + fy | Cat 


a 
md, | 


It is evident that the mean square error is not de- 
creased by perturbing q.(7). The condition 
shown in Eq. (19) is thtis sufficient. This set of 
integral equations must be satisfied by the optin- 
um weighting functions of the compensation. 


4, (4-7 


(20B) 


The minimum mean square error can finally be 
expressed as 


& (on? mes CAPE 


hs) atl ~~00 
toy ee oar 
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ele? ---™m 
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or, in frequency domain, 
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where Yd(W ), Q(W) and P(W) are the Fourier tms- 
forms of weighting functions D(t), q(t) and p(t) 
respectively; and the power spectral density G(w) 
is the Fourier transform of correlation function 
G(T) as expressed by 


Gw) a (¢ (T) US oe 


and 


f(r) = aa Giwyet CL 


3. Solutions for the Transfer Functions 


of Cascade Compensators 


The n weighting functions of the compensators 
in associate with a particular output terminal j 
are related to all the known quantities by n in- 
tegral equations of the type shown in Eq. (19). 
Explicit solutions for these weighting functions 
or their equivalent transfer functions can be ob- 
tained if the correlation functions of signals and 
noises are Fourier transformable. The technique 
in complex variables theory can then be fully em- 
ployed. 

Fortunately, the auto-correlation function of 
a general stationary random process and the cross- 
correlation function between two stationary random 
processes can be approximated in the least-square 
sense by 

T| 


fl -a, | 
aa T= A ek 
xX rap yy 


(22) 
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n - by 
DD oe B, = heT ro 
Z ce, T 
2 ys oF € + foe TK< (o) 
k=! 


(23) 
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Therefore, the Fourier transform of the correla 
tion function, which is called the power spectral 
density, is always possible. These power spectral 
densities shall be fractional functions. In addi- 
tion, the auto-power spectral density is a func- 
tion in ww. 


For convenience, let us rewrite Eq. (19). 


(24) 


Since this equation is true only for 18 equal to 
or greater than zero, certain modification must be 
made before taking the Fourier transform. Let us 
define a function £ 5,1(t) such that 


Bey (TO foe TZ 0 


(25) 
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/ 
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TT) he 


/ 
for all values of 1 s (26) 


We can now take the Fourier transform on both 
sides ot this equation. Eq. (26) thus becomes 
ra) 


Ke 
hy Gigig Gy 


Ee a) 
k=! 


th’ th “kh wey 
k'=1,2,---n (27) 


Here P and Q are the transfer functions of -the 
fixed element and compensator respectively; and 


G, 


ip Ghee Gspng (w) 


+G aS (w)tG ; (w) 
my £ Ay 1p (28) 


Ga, Ss (w) = Gs, (Ss, (w) + irk (w) 
whi 
tte ww) = i f£. (be AL 
(29) 
It is clear that F, ,(W) contains poles in the low- 
er half of the w SSiane only. In Eq. (27), the 


argument w is omitted for simplicity. 


We thus have feasibly transformed integral 


equations into ordinary linear algebraic equations. 


For every output terminal, there is a set of n 
equations of the type shown in Eq. (27). There- 
fore, the n transfer functions of the compensators 
associated with that particular output terminal 
can be obtained. A total of m x n equations would 
then determine all the transfer functions of the 
system compensators. 


Let us introduce, for convenience, the sym— 
bols Myip and R5u which are defined as 


(30) 


‘Re a ; 
4b 2: pi G: L135 Cady, nn 


Then Eq. (27) can be written as 


6 ! 
Ais RS det yee 
= Moby so Ua Vtg ta 95 
ki = 1, 23 ---n (32) 
els 
dp so ea Ve Wa ee ely =R.+ tre, 
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M,, Qyy+----+ M4 yt oes Ua heal i> R.* wre, 
MN Sake le ee Rory 
Tick mee (324) 


M, Qye Mg Ore ee --M1,,,0. = “Ke wr, 


In matrix form, Eq. (32A) appears as 
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uf ihe : 
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where 


mM, As Fe 2 pe iY) 
M = M,, olan ee Mar 


-—_--—- — 


Mn, Lee 


= cofactor of the determinant M. 


a) 


(35) 


ww e-wew ere e ~ 


and Atk 


Let us now examine the nature of the determi- 
nant M. Since Gi ix is an even function in w and 


Cr Gicaiere 


all the elements along the diagonal of the deter- 
minant will be fractional functions in w 2 and 
will have zeros and poles placing symmetrically 
about both the real and imaginary axes. In addi- 
tion, elements symmetrical with respect to the di- 
agonal are complex conjugates to each other 
because 


Cee, (w) 2 aes (w) 


Thus this determinant is a Hermitian one. 


mM i -- NA, 


‘I 


xs 
ie Ma. Maa - ---Mayn (36) 
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nee es = 
Mr. 1X) nae odef¥ foes 


The expansion of this 5 dime will then be a 
fractional function in wW 


If the function M satisfies the Wiener-Paley 
criterion 


e Hl rt 
[+ w* 


-@ 


(37) 


then there exist two functions M*(w) and M(w) 
such that 


M(w)= M7 (w) M (Ww) 

(38) 
and ms m evs 
Mw) = [mM w)| 

(39) 


sf 
holds for real value of W . Here M (w) possesses 
poles and zeres in the upper half plane only and 


M (ww) has the complementary properties. 


For the problem considered, the condition 
shown in Eq. (37) can be satisfied. Therefore, 
the factorization of M function into two functions 
is always possible. However, we shall limit our- 
selves to the case where M does not have zeros on 
the real axis. 


From Eq. (34), the transfer functions of the 
compensators are obtained as 
oy J) 


(40) 


Under the condition that the function M can be fac- 
tored into two as Mt and » we shall have 


_&, Aare Nyy? 
+ a3 a aaa 
On sin 2a Sa Ey) 


(41) 


Since Q., must be a physically realizable 
transfer fund Sion » it can only have poles in the 
upper half of the uw -plane. Therefore, the left 
side of Ea. (1) possesses poles exclusively in the 
upper half plane. The right side of that equation 
can have poles over the entire u)-plane. Our next 
procedure now is to determine that component of the 

function which has all its poles in the upper half 
plane. Thus 


+ 


Ou k a Gyr 


(42) 


Let us now examine this equation in detail. 
The summation terms ots ieee /are completely 
known, Therefore, Che pper= nit“plane poles can 
be obtained and their residues c ne Abe att 

The second summation terme a are 


not completely specified at Od ath ieee of 
the arbitrarily defined function F,,,. However, we 
do know that F,7,/i can not have ie in the up- 
per half planes Thus the upper-half-plane poles 
can only come from the cofactor A,,,- We can then 
decompose these summation terms as follows: 


it) A bee yl etl 


(43) 


where L contains lower-half-plane poles only and 
o's are upper-half-plane poles from A,1;'8, which 
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can appear in multiplicity. Combining Eqs. (2) 


and (3), we finally get 


‘refill owag C4 
Sipe Lar) A pig Ke, JE (w-4)” 


(hb) 


We have thus expressed the transfer functions 
of compensators in explicit form except the coef- 
ficients Cie's still need to be evaluated. This 
can be done by substituting Eq. (hl) into any one 
of the simultaneous equations shown in Eq. (32A) 
and equating the residues of the same upper-half- 
plane poles. In other words, 


Be : ey, lye 


= fijeC Gigs, (42, ] 
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Ei yT 


We shall get a set of linear independent algebraic 
equations for Cie's. These coefficients can then 
be uniquely determined. 


If the inputs tc all terminals are not corre- 
lated with one another, then Eq. (27) reduces to 
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Be a sy Gi hs 
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Thus Pak P5x Sipip 18 an even fractional function 
in UW and can be factored into two functions such 


that 
x Se ee 
ie Gig cy = S S 


th th 
Substituting Eq. eet: into Eq. (6), we have 
Cae Ge, 


S75" Q, 


(49) 
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Therefore, for the uncorrelated case, the 
transfer functions of compensators can be deter- 
mined independently. The minimum mean-square er- 
ror is accordingly 


“L j [( ye S, Se 
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(51) 


lh. Effects of Fixed Elements 
on System Perf ormance 


Let us now investigate the effects on the sys- 
tem performance in the presence of fixed elements. 
To this end, Eq. (27) is rewritten for further 
iiaeseart “heat 


ee th’ Oy Gig, Qe 


={ 
n 


=) 8 


=| 


te! 7 (YA) Ovatiaely: / 


(52) 


We recognize at once that the product P-; Q5k 
is the over-all transfer function between the input 
terminal k and output terminal j. Intuitively, we 
may try to solve the over-all transfer function 
first and then to get the transfer function of the 
cascade compensator through the division of the 
over-all transfer function by the corresponding 
transfer function of the fixed element. Actually, 
this procedure is true only when the transfer func- 
tions of fixed elements are minimum phase. A mini— 
mum phase transfer function is one which does not 
have zeros lying in the right half of s-plane. 
Conversely, a non-minimum phase transfer function 
possesses zeros in the reight half-plane. It is 
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evident that when the fixed elements are non-mini- 
mum phase, the equivalent cascade compensator can- 
not be computed as the ratio of the over-all sys- 

tem function to the transfer function of the fixed 
element since such a ratio would contain poles in 

the right half-plane, therefore violating the re- 

quirement of stability. 


Considering the case when the fixed elements 
are ee phase, Eq. (27) can be reduced to 


Paar P. O°), Gig dye hy 


(53) 
ory, yn 
PAF G 2 ee aS) oe (YA). +H. 
kei Rk th ys Ga, Sf My th 
(53A) 
where aoe P , 
Thus the solution for this problem is the same as 
that of the free-configuration case?. The over-all 


system functions are independent of the transfer 
functions of the fixed elements and have been com- 
puted previously as 


"es lle} Ay, Ny] LoS 


(55) 


where 


GG 


~~ +" 


ALtk = cofactor of determinant G 
ae upper-half-plane poles from the cofactors 


The transfer functions of the compensators are then 


Q hits 
tk 


ey (56) 


Consequently, minimum-phase fixed elements impose 
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no limitation on the system performance under the 
least mean-square error criterion. 


When the fixed plant is non-minimum phase, 
Ea. (hh) must be used to solve for the transfer 
functions of compensators. The over-all system 
meee are then given by the product of P.,) and 
;, thus found. Therefore certain limitations on 
ahs system performance are definitely imposed by 
the fixed plant of non-minimum phase. 


5. Synthesis of Optimum 
Cascade Controller 


We are now going to consider the case where a 
controller is in cascade with the plant. The sys- 
tem diagram in matrix form is shown in Fig. 3. 


It is obvious that the controller itself is 
also a multipole device. The outputs from this 
controller are the inputs to the plant. Thus 
rp(t) can be expressed as 


Crs | (Te, Sear), 


fel, 2,---2m (57) 
Similarly, 
et)=) | P (giry (€-L)A% 
j fe , of i 
j = 05258) -¢— 0 (58) 


By combining Eqs. (57) and (58) we obtain the final 
expression on the eevee outputs. 


Side a [44 (47 


(59) 


Since each element in the controller is close- 
ly related to all the system outputs, the total 
mean square error of the system must be minimized. 
This total error can easily be found as 


i Sah eran tn 
paket 


ei 
Fa g 


r 
-y JG -2¢, (2) Ky (4+ 50 (] 
G>! 


m n nn oo ; 
apres sii 
ge! ioe =! bi! ° 
Fay (maT, 
«| Dy Cod, a (FG -Ty a 
woe oe | Dey G47’ 
7 hel st, ~~ © 
J Dig B) Figg BBIAT 


(60) 


where Bia (T) and Bi18, are given by Eqs. (10) 
and (13) respectively. 


Let us now define a function ER. implicitly 
by the equation 


PRON 4 Ney 
t pe J ays Fy 


My 
a, 


fe! ez! 


DAT | A a Bars erties 


Jy 4 | Dyer) 
Qs, (4% if )At, 
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7 
for T Z 0 (61) 


Substituting Eq. (61) into Eq. (60), we shall find, 


by using the same method in chapter 2, that ae 
assumes its minimum value when 


4 “the 


Thus the integral equations which all the elements 
in the optimum controller must satisfy are 


(62) 


7 y nv” / = 
L [z. yi BDAT gy OMT 
zr 1 £=! ‘, 
@ / 
aye ‘tee 
fa? 9 8é a ee 
= ps he) aT 
eee JA) | By 
v] / 
Piss, ( 7, +7; ~%) AT; 
/ 
for 720 (63) 
Pct os SK ore 
kt =1, 2,---n 


The minimum mean square error is then given by 


Chess Ey [ Dye’ 


mc 
zat ki) =! 


be T) $e isp (7-73 


ef 
(6h) 
or, in frequency domain, 
ete Biter ae I CY), 
CY), sy Aw 
Hd gee re eer amare 
aes). | oR 
fut per per bu #=! ° 
“pe Ht Gig te He 
(65) 


The technique used in solving Eq. (63) is ex- 
actly the same as that employed in the simple cas- 
cade compensators case. Let us define a function 
tee: such that 


ees ay caoae’| pdr 
Be ics -T-T, \dG 


Pas, (T+, - GAT = Xp (T) 


(66) 
and, from equation (63), 


, 
for if Z 0) (67) 


Taking Fourier transform of Eq. (66), we shall ob- 
tain 


pre TE th eh yy 
for sf's= 24) 20—)—— m (68) 
ie 2ee= = =n 


Thus these m x n equations shall determine the 
functions Qpy rena If we let 


pki 
Sees ). Oy 4 Ap} Gu, h 


(69) 


(70) 
Eq. (68) in matrix form shall be 


Ne, rab 1 1g,}- {ea Sy} 


(71) 


Thus we have 


Aer [ard [Oar K yy} 


(72) 
‘k! ke 
Here [vie | and [A Ms ] are mn x mn-square matrix. 


The index fk are used to number the columns and 
the index f'k' are used to number the rows. The 
sequence of variation for these index is to fix 
"fl or "f'" first and let "k" or "k'"™ assume the 
numbers from 1 ae n. "ff" or "£'" itself can go 
ie “pb to m. s, the determinant of the matrix 


caiak 
wee Aly 


ty can easily be seen that this N determinant 


are its cofactors. 


is also Hermitian. Therefore, factorization of 
this function N(w) is possible. 


N(w) =N Ww) N (w) 
(73) 


Thus we have 


f™ te'=t jk £’ 
(7h) 
or mn ph ' ae 


(75) 


where UIs are the upper-half-plane poles from the 
cofactors As? 's. The coefficients Cie's can be 


fees es0e the came ke equations re 


(ion Ay an Gina, a] 


> oe hg d 
a 2 Fy ay Siz se] 
(76) 


We have shown then that the synthesis proced- 
ure for the cascade controller is similar to that 
for cascade compensators. The procedure would be 
amplified in working out a specific problem. (See 
the appendix. ) 


Appendix 
Example For The Synthesis Of Optimum 
Cascade Compensators 

The system under consideration shall have two 
input terminals and one output terminal. 
fer function of one of the fixed elements is non- 
minimum phase. The only cross-correlation between 
inputs at two terminals is the signals. White 


noises are taken as the disturbances. The various 
power spectral densities are given by 


sca | 2 
OE fo) Gs 5, Wk 
Gin, (w) = OL Og Ee OS) 
G a LL 
$$, w) ' Wage +9. 


The trars- 


The transfer functions of the two fixed ele—- 


ments are 
S -4 (Ss) — a ULAS 
fea(2) oe Eee) ie ~ S$+3 


The desired output of the system is the sum of the 
second signal itself and the predicted value of 
the first signal through 1 second. Thus the de- 


sired system functions are 
(S)= 
(v4), | 


Ss 
(a), S)=€ 
tf 
The system configuration is shown in Fig. A. 


According to equation (27), we have the sys- 
tem equations as 


Pa Ge i, fas esi 1-2 eH) * 
P* (Yd), Ge S, p“(Y4), Ge 5 TE : 


ey ie Gee, Qut +R P 1a Gs ae Q. = 


>” (Yd), G.s, ue 12 “(d) Ges +P, 


(4-1) 


From equation (28) and (29) we obtain 


_L— 
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I 


—————— 


a 
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ie Gs 5, = 


U 


Gers (w)= Gss, (w) 


ey 


Gis, (w) a Ww a ial 


aE 
ieee aed taut L ee 
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Gi. (w) = oC (w) + Sees. (w) 


a 
~ OW HLA 
wrt) 
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oars (w) 5 Gs,s,() + See n3. (w) 


_ et 
= pevoss Cae? a riage oe 
Now -yw - + 1w—-4 
“ks " Bi iy 2. Fre 
P* (WO (w)_ pHi Lacon tes Spee I 
2. io . , p 4, me 
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Thus from equation (30), 
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ee a w+ g + 
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(A-5) 
M, Mix 
M= =, M5 - Ma, Mp1 
M3, Ma. 
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iX W- gt W+ 44 
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(wr0.46/+ 4/836 
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Hence we can factor this M function into two terms: 


M+ (w) = 
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lo (wg 1 41#)(U-F2) (w-43) 
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M (w) = 
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(uty 3)(w4a) 
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_ weg dip) Wt ga) (wW tes) 
= (wr £3.11 )(W)-0. 4ol#g 1-936 )(wit 04/4 1 836) 


= mal Kat A. R| 


y J wAnoswra) [ wya) et 
(w7+9) (w7+2) (wtg4) (wrt!) 


W-44 
(w+p4)(W+ fa) (w-¢) 


ea SOS ad oa 
(wget) (w-43 (+42) 


226 


7) (w+¢4 ) 
+ ; Z 
og ae Cand +a) 


(w—4+) (0.5w t+ uw oe /o) 
(w +f3.- I) (w-0.46) +e 1. S36 )(W+0.46) 


lost 
(ws ) (w-ga) 


fl 8% 


(w fred) (W- 42 )(w-43) (Ww +p) 


0.5 (wre l 414) (Wtg) (WG) 
(w +4 3,11) (W—0.46] ar a 736)(wWt0.46/ 


Zl. 936 ) (w-43) (Wt gd) 
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The next step now is to find out that compon- 
ent of this function Qj, which has all its poles 
in the upper half of the we-plane. 
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It is evident that only the first three terms 


are useful in constituting the physically realiza 
able transfer function. 
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In a similar manner, we obtain 


G22 
il a W-4'3 
(A-10) 
All the coefficients are found to be 

ans FO-O42I7 B, = f0-CO8 746 

Ag =—$0.0149] 

A; = $0:009058 
(A-11) 


The upper-half—plane poles from A)) and Ao, 
are 


Bf iti Wa =f 3 
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(@,),” a ay iy aos es ae 
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Finally the transfer function Qj is 
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(B) Determination of Qe 
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Following the previous procedure, we get 
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These coefficients are found to be 
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The upper half plane,poles from Ajo and Apo 
i] ' 
are w, = ale Wy = 2 Wa = ji. Thus we have 


C3. 
Ws 
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Finally we obtain 
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(C) Determination of the coefficients 


In order to evaluate the coefficients Cj}, 
Cai, Ci2, Coo, and C39, let us substitute Eqs. 
(A-13) and (i218) into the first expression of Eq. 
(A-1) and find that component of the expression, 


which has all its poles in the upper half of the 
w-plane. 


Thus, by Eqs. (45), we have 
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We then can equate the residues for the same upper- 
half-plane poles on both sides of the above equa— 


tion. There are five poles in the upper half ple; 
namely, 

W,=4 Wy = 0.46! +4 1.836 

W, = tt We = —0.46] +4 l. 836 

Ws = $3. 


(A-20) 
Through the evaluation of the residues of these 
poles, we shall get five independent equations in 
terms of Cj1, C12, C21, Co2, and C39. Thus these 
constants can be uniouely determined. 


The five linear algebraic equations are found 
to be 
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The transfer functions for the compensators 
are then finally given as 
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Fig. 1. n+ m System with Cascade Compensators. 
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Fig. 3. System Diagram with Cascade Controller. 
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Fig. A. z +1 poles system. 


231 


PREDICTOR=RELAY SERVOS WITH RANDOM INPUTS 


Thomas R. Benedict 


Cornell Aeronautical Laboratory, Inc. 
Buffalo 21, New York 


Summary 


Part I contains an evaluation of a proposal 
by 0. Je M. Smith on the control, by Wiener pre- 
diction and a non-linear combination of input 
and feedback signals, of a saturating element 
driving a primarily inertial load. This evaluation 
consists of simulation tests on a high-speed an- 
alog computer with actual continuous random 
Gaussian inputs. Results presented include: (1) 
Variation of the mean squared error with predic- 
tion time; (2) Optimum system parameter depend- 
ence upon input signal level; (3) For fixed sat- 
urating level, mean squared error comparisons 
between the predictor-relay servo, and the 
"McDonald" and “optimum relay" servo; (4) Effects 
of different input spectral width and location; 
and (5) Data on a variation of the basic predic- 
tor-relay servo, where minimal-error parameters 
become relatively independent of input signal 
level. 


Part II is concerned with the error signal. 
The character of the error is discussed by exam- 
ples from sinusoidal, transient, and random in- 
puts. In an extension of a paper by K. Chuang 
and L. F. Kazda, the error probability density 
and distribution functions are found analytically, 
the results being valid for a class of compen- 
sated relay servos. The main result is that the 
large-amplitude error probability density is of 
a single-exponential form. Analog computer meas- 
urement of the error probability distribution 
function verifies the theory. 


The Predictor-Relay Servo 
Problem Statement 


The intentional insertion into control sys- 
tems of non-linear components has received con- 
siderable attention recently. Transducer weight, 
cost, and tolerances can be greatly reduced over 
an equivalent-error linear system.+ See Fig. l. 
A fixed saturation level F is assumed. The prob- 
lem then is to specify the form and operation of 
the computer that will generate a control signal 
9, which will switch the non-linearity in such a 
way that some functional of the error signal & 
is minimized. The optimum computer specifica- 
tions will depend upon (1) the load characteris- 
tics, (2) the error functional to be minimized, 
and (3) the form of the input signal. An exten- 
sive literature treats the case of step and ramp 
input signals, for an nth order linear load and 
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for the error criterion of minimum time for the 
error_and its n-l derivatives to be reduced to 
zero.© Solution is effected by phase-space anal- 
ysis. These servo designs become definitely sub- 
optimal when random signals eee non-zero 
acceleration) appear at the input. 37 


For the case of random input eignals, the 
Booton quasi-linearization technique? may be ap- 
plied to determine the optimal coefficients of 
an assumed proportional plus derivative control 
(linear control computer) of an inertial load.? 
This statistical technique would minimize the rms 
error under assumed topology of computer and 
known input spectrum. However, the nature of the 
saturating transducer and inertial load causes 
this assumed form to perform inferior to a com- 
puter with a chosen non-linearity in the switch 
computer and more sophisticated signal prediction 
and computation. Work at the University of Cali- 
fornia sumarized by 0. J. M. Smith® proposes a 
system which becomes the point of departure for 
this paper. It is an approximate, non-statisti- 
cal phase ‘plane method. A synthesis technique 
using a probabilistic model of the phase plane 
has not been announced. 


Derivation of the Predictor-Relay Servo 


Professor 0. J. M. Smith8 has outlined a 
method for predictor control of a saturating non- 
linearity driving an inertial load, (see Fig. 1). 
In this analysis the following assumptions are 
made; 


1) There is no load signal,@ . A varia- 
tion here could be included in the same method 
without difficulty. 


2) The saturating characteristic is pure, 
i.e., 


& 
IZ| 
It is known that slight deviations from this 


ideal characteristic do not adversely affect sys- 
tem performance.1 


X(@,) =F (1) 


3) The input random variable has a high 
enough level and wide enough frequency band that 
the simpler McDonald servo is not suitable. 


lh) The input random variable has at the 
same time a low enough level and a narrow enough 


frequency band that certain assumptions can be 
made regarding system response times. Throughout 
this paper, the input random variable will be 
considered to be a member of an ergodic station- 
ary Gaussian random process. 


The Smith method is one of approximate phase 
plane analysis and proceeds as follows, (see Fig. 


2). One assumes the saturating element, at t=0, 
is in the state X=. Integrating X(t) then, 

ft, +t, = 4,(e)-6 (0) (2) 
Integrating 6, (t) ; 

ene 2 2 : 

Dit *httet Zh = 9(0)-6(e)+2G(t) (3) 
Now define the new variables 

x = -[4,(0)-8,(¢) + 76, (¢)] 

e e (4) 

f= 6,(?) -4,(0) 

The decision to switch comes at tim t =t,. For 


t,= 0 the switch time is the present instant; 
for t, = 0, eliminating t,, one has a single 
equation expressing the variable state, 


2 
LvOE (5) 
2f, 
Letting 8 contain the sign and calling F, = F, 
oa + fakt =O. (6) 


Eq. (6) then is the relation between and 8 at 
switch time. One needs to derive a control sig- 


nal, @,% 
es ola 


(7) 


will control the transducer 


g 
(1). 


Actual signals ~ and 4 are selected from 
Eqe (4) by writing that 


9, (t) = 0, (t) = 0 


This is to imply that after two trajectories (two 
forcing function reversals) from any starting 
conditions, error and its derivative are zero. 
This assumption is the now classical step taken 
in designing non-linear saturating systems to re- 
spond to step or ramp inputs, ®extended" to the 
random input case. If Eq. (8) is to hold, the 
design equations for the predictor-compensated 
system become, with 


where the sign of 
action as in Fig. 


(8) 
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&=9;-6; 


: E 


jwr!?* 9. - jw, 


(9) 
jwt , Jwr 
-jwre”* | 9.-@, 


B 


The system topology is shown in Fig. (3). 
Predictions of input and input derivative are 
needed. 


The best prediction time 2 is not developed 
in this method, when the input is random. Ac- 
count is not taken of the fact that predictions 
will not be error-free. Most importantly, the 
method is, strictly speaking, only valid when the 
input is varying slowly enough that the system 
can “lock in® and approximate ©, = @%, =O 
in actuality. 

If the prediction time 2 is made zero, the 
Smith design reduces the McDonald servo circuit 
of Fig. (4). When the input is varying slowly 
enough that future values are present values and 
derivatives are zero, no prediction is needed and 
the McDonald circuit, designed for transient in- 
puts, serves well for random inputs. 


This approximate design, then, should only 
be used for a certain class of random input sig- 
nals. Furthermore it is not a true statistical 
design. However, as it appeared to be lacking a 
competitive design method, this Smith approach 
formed the starting point of the work described 
in this paper. 


The work of the previous section calls out 
predictions of the input signal and its derivative 
for “optimum™ control of the inertial load. The 
derivation of minimum-mean-square-error operators 
for future signal estimation, even in the presence 
of noise, is commonly available.” The transfer 
function for optimum linear prediction of a member 
of a stationary random process depends only upon 
the power spectral density, G..(w) » of the in- 
put signal, and the power spectral density, g,,(w), 
of any additive noise. It is assumed that signal- 
noise cross-correlation is zero. 


The following notation is used, on the com- 
plex plane A=Wty/na 3 


SA. (@) = g (wo) + Bw) 


(jw) = Factor of /\. having poles 
and zeros only in the upper 
half plane; 

(jw) Factor of /\_ having poles 
and zeros only in the lower 
half plane. 


The well known result then, for the optimum 
linear predicting filter //, for prediction time 
2eLs8 


oo 00 jue (f+2) 
ay WED, for GWE 
1 (jw) “20 A+ Go) f a A.- Gp) Gud (10) 


The estimating of future derivative is not dis- 
cussed at all in the common works on control 
system statistics. However, the solution can be 
effected from straight forward application of 
Wiener's 1° techniques. 


One arrives at the expedient result that 
ene cone a te prediction operator Hy is given 
by: 


Hp (je) 

Hy (Ga) = = ee 
Ae 

felis vyat ” pb, we” eee 

| 2 A+Gu) je SA - (ja) 


These operators for two classes of input spectra 
are given in Fig. (5), for the zero noise case. 
The effect of flat noise on the operator is to 
add two simple poles to the transfer function 
(10) and (11), and vary the zeros slightly. The 
errors in prediction and derivative predictim 
may be derived. Analysis indicates that these 
optimum prediction filters perform better than 
truncated Taylor-servos operators even when 
spectrum estimates are crude. They also permit 
straightforward compensation for the effects of 
noise on the input. 


dudt 


Analog Simulation Technique 


The electronic analog computer used in this 
study was built at the University of Wisconsin 
under the direction of Professor V. C. Rideout. 
It is a high speed computer, with a bandwidth 
from d-c to 10,000 cps. One second of real time 
then will correspond to one millisecond of com- 
puter time. This fast time capability makes it 
possible to measure statistical parameters in 
averaging times on the order of a few seconds. 

In the work to follow, computer integrators which 
perform the averaging are clamped every ten real- 
time seconds. Data was recorded both on a hot- 
wire recorder and by oscilloscope presentation. 
This rapid averaging rate is a necessity in in- 
vestigations of this kind. 


The "torque" saturating characteristic was 
obtained from a diode-operational amplifier unit. 
For output level of ten volts an input of .12 
volts was sufficient to drive the unit into sat- 
uration. The small signal gain of approximately 
80 thus realized, and the hysteresis width at 
signals below 1000 cps of .05 volts, is consid- 
ered to represent an ideal limiter. 
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The signed squarer was obtained electron- 
ically by an input isolation stage followed by a 
piece of thyrite properly biased, as input to an 
operational amplifier stage. This characteristic 
may be approximated in practice more simply by a 
piecewise linear diode circuit. Phiibrick-type 
electronic multipliers were used where multipli- 
cation, or the squaring of a function were re- 
quired. A General Radio noise generator supplied 
the random input. 


Simulation Benul teas 


To begin with, the McDonald servo was simu- 
jated and subjected to the bandpass input spec- 
trum of Fig. (5). The normalized mean-squared 
error was measured as a function of input level. 
The results are shown dashed in Fig. (6), for two 
widths Q = 2 and Q = 5 of input spectrum. There, 
the band center was 1 radian/sec. Error increased 
in a monotone fashion with input level. For fixed 
input level and band width, the error in general 
increased with center frequency. The behavior 
could be predicted from sine-wave input analysis 
of the McDonald servo, where maximum output accel- 
eration limits the amplitude and frequency of ac- 
ceptable input signals. However, this correlation 
between sine-wave and random signal behavior must 
be regarded cautiously. An experiment was made 
as follows: Generate a low pass spectrum (Fig. 
(5)) with identical band width as the band spec- 
trum taken for Fig. (6); for Q = 2 this corres- 
ponds to T = 1.286. Measuring the error charac- 
teristics for this low pass case gives the data 
of Fig. (7). It is noted that witnin the range 
of acceptable error the behavior was identical. 
Analysis and corroborating tests lead to the con- 
clusion that for relatively narrow band signals 
the McDonald servo operation is far more sensitive 
to band width than band location. 


Predictor-Relay Servo 


Next the predictor-relay servo of Fig. (3) 
was simulated. For prediction time 7 =O , this 
servo reduces to the McDonald servo. Thus results 
for ~=0O in this section check comparable ones of 
the previous section. Mean squared error was 
measured for various prediction times 2? and plot- 
ted, for Q = 2 band-pass input, on Fig. (8). It 
is apparent from Fig. (8) that for each input lev- 
el there corresponds a unique prediction time 7 
for minimum mean squared error. In general, the 
optimal @ increased with input level, For small 
input power, this class of prediction-relay servos 
properly degenerates to the McDonald servo. 


The optimal - 2 prediction relay servo error 
characteristics are abstracted from Fig. (8) and 
plotted on Fig. (6) in solid lines. 


The superiority of the predictor-relay servo 
is evident, as the range of possible input levels 
is markedly increased. A surprising result is 


that the error level is decreased to a tolerable 
range at least up to 6,7 12 volts squared, 
where a prediction time 2 of 0.9 computer sec- 
onds was used. Here the Wiener filters were op- 
erating at a per unit mean squared error of 0.16 
and 0.47 for prediction and derivative prediction, 
respectively, for the Q = 2 case. Thus even 
rough estimates of future input values can be 
utilized to significantly reduce the mean squared 
error. Behavior in the low pass case was similar 
to that described above, with the exception that 
for large input the difference in error was not 
so striking. 


Variation on the McDonald Servo 


There is no sound reason to suppose that the 
control function 


Q. = 2F @, + 6, |@| (12) 


designed for the step input case should be the 
optimum combination when the input is random. 
Letting instead 


9, = 2FO, + SG, |6| (13) 


tests were made to find what further decrease in 
mean squared error would result when o is varied 
from unity. As in the predictor-relay tests in 
the previous section where minimal error obtained 
for a different prediction time 7? for each value 
of input level, here the optimal % varied with 
input level. For low levels, %,+ was indis- 
tinguishable from unity. As input level 9,” 

was increased, values of ¢ larger than unity 
were required for minimum error. For the input 
signal range tested, o varied between 1.0 and 
3.0. Results are plotted on Fig. (9), for the 

Q = 2, 5 band pass spectrum cases. The perfor- 
mance is indeed improved. However, the errors 
for optimal Care still uniformly higher than 
those for the predictor-relay servo. Here com- 
pare the error curves of Fig. (9) with those of 
Fig. (6). Similar tests were made with narrower 
band spectra and with low pass spectra. This 
data is not presented here; however, the optimi- 
zation of o led to the same degree of improvement, 
and again 7,4 in each case was greater than 
unity. Thus’ emphasis on the error derivative im- 
proved the response. 


Variations on the Predictor-Relay Servo 


The results of the preceding section indica- 
ted that error derivative may well be weighted 
more strongly in the random signal case than for 
the input step change. Now it has been stated 
here that the predictor-relay servo is not neces- 
sarily an optimum system since several assumptions 
were made in its design. The tests reported on in 
this section were made to determine the extent to 
which the predictor-relay servo described above 
could be improved by computer optimization. Here 
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as in the immediately preceding section, o was 
made variable, that is, the weight given tne sig- 
nal 8 over that on ~ was computer optimized. 
Furthermore, the z gain element in the cc chan- 
nel of Fig. (3) was varied independently of the 
lead time of the predictors. Increasing this 7 
gain provided additional weight on the predicted 
derivative of the input. Experimental optimiza- 
tion of lead time, 2 , and ™” then gave the com- 
puter-optimized results of Fig. (9). For each of 
the spectra tested this computer-optimized servo 
gave similar results. 


Furthermore, for each spectrum is presented 
for the computer optimized case a single triplet 
of values of lead time, 2, and oc’. Thus the 
servo parameters stood independent of input level, 
a beneficial feature for a practical system. Op- 
timizing the triplet of values for each input 
level admitted slight additional improvement, 


An attempt was made to further optimize the 
predictor-relay servo by an "adaptive" technique. 
The servo behavior was such that the optimal 2? 
increased with input level. Thus a "linear" en- 
velope detection circuit was set up on the com- 
puter to monitor the envelope magnitude. This 
signal was then multiplied in place of the 2 
amplifier in the cochannel of Fig. (3). Thus in 
some proportional sense 2 was made to increase 
with the short-time statistical level of the in- 
put wave. By adjusting the time constant of the 
detection filter and the magnitude of the multi- 
plier output, this adaptive servo was optimized. 
Values of mean squared error only slightly smaller 
than those for the triplet-optimized predictor- 
relay servo described above could be attained. It 
was concluded that in applications the decrease in 
mean squared error would not warrant the addition- 
al circuitry. 


Proportional-Plus-Derivative Control 


A series of tests was conducted to deter- 
mine the extent to which the simpler switch func- 
tion 


B= Oe +r, (Us) 
could be made to approach the quality of the 
McDonald servo with @ variable (Eq. (13)) and that 
of the predictor-relay servo. All data taken, al- 
though not presented here, indicated that for com- 
puter-optimized A. this simpler circuit could be 
made to perform roughly as well as the ¢-variable 
McDonald servo, but in no case as well as the op- 
timized predictor-relay servo. 


Effect of Spectrum Change 


The results given thus far for the predictor- 
relay servo are based on an input signal which 
actually possesses the spectra assumed in the pre- 
dicting filter derivation. Of paramount practical 
importance is some indication of the degree to 
which the predictor-relay servo quality deterio- 
rates with erroneous spectrum estimates. Tests 


were conducted in this connection which indicated 
that while the predictor-relay servo was rela- 
tively sensitive to small spectrum changes, it 
continued to outperform the simpler configuration 
until actual spectra only remotely resembled the 
design spectra. For example, increasing the 

band width 15% for fixed power approximately dou- 
bled the McDonald servo error and only doubled 
the predictor-relay servo error. 


The Error Signal 
Discussion 


It is well known that the response of a lin- 
ear system to a Gaussian random input is also 
Gaussian. The response of a non-linear system to 
a Gaussian random input may or may not resemble 
a member of a Gaussian random process. Indeed, 
in most cases even the first probability density 
of the response will not be normal. When the er- 
ror is not normally distributed it is often dan- 
gerous to rate the quality of a system by the 
size of its mean squared error (or variance, if 
the mean value is zero). Thus in a non-linear 
system the mean squared error may be very low be- 
cause the error is zero 98% of the time, but ex- 
hibits wild excursions in the 2% of the time when 
the non-linear control system suddenly fails to 
stay "locked in". Short-time subharmonic oscilla- 
tions may occur, or simply an input variable 
change too rapid for a torque-limited device to 
follow. Such short time bursts of error may be 
intolerable in an application, even though the 
“error power" or mean squared error is low. 


The situations described above aptly charac- 
terize the predictor-relay control schemes stud- 
ied in this paper. Instantaneous error plots 
show infrequent but large excursions. Thus the 
error probability density curves are more peaked 
at the origin, but have large-error tails which 
diminish more slowly than those for a normal 
(Gaussian) distribution. It is tne purpose of 
this section to evaluate the actual probability 
distribution for the error in a class of non-lin- 
ear control systems. 


Analysis 


Markoff Processes. Method of Fokker-Planck: 13 
A continuous two-variable random process is called 
Markoff if all statistical information about the 
process is contained in the joint probability 
distribution Ww, , where 


Joint probability of finding at time 7, 
the variable represented by x, in the 
interval (%,, %,+dx,), and at time t, 
the variable represented by x, in the 
interval (%, , %, +d, ). 


One writes a conditional probability p such 
that 2 
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Pz (%, Xz pea vs 3% 1%, Wk, cd 


Probability of finding the variables in 
the intervals (x,,%, +o, ) and (%2, 
Ln+dx, ) at time ¢, given that the 
variables were in the intervals (%,, 

gf +08, ) and ( yo ¥ + oF, ) at time o 


The first probability density 
W(X, X_) 0%, = 
Probability that at any tim the vari- 
able represented by ~%, lies in the in- 
terval (%,,%,+0¢~%, ) and %2 lies in 


the interval (7%, ,%,+d%, ). 


such that 


co 00 


ofenf: @(2,,X,)a%, dz, =1 


—O0 


(Ze) 
Jf 2%), = p(%,) 


(oe) 
ee (2%, ,%,)dx, = p(x,) 
20 


where the o(%;) represent probability densities 
for the individual processes. 


Further, 
Zim 
(4, -t,)—-00 PU, +z it,|2,2 34) = w(t, ,%,) 


the conditions at a given time being independent 
of values in the infinite past. 


The basic equation for the theory of Markoff 
processes is the Smoluchowski or Chapmann- 
Kolmogoroff equation which states that 


PO 9% 54% 0% 5%) 


st (as) 
“ff Ble stle ss tee CrmestlYargseleyer, 


7 


It has been shown that the above Smoluchowski 
equation reduces to a diffusion equation when, 
roughly, the variables are continuous in time. In 
this two-dimensional case, Eq. (15) reduces to the 
Fokker-Planck equation which follows. The angular 
brackets represent ensemble averages. 


oPy _ Bite PoP. 
ot 9x, 9X2 


(16) 


2 2 2 2 
| Z2ups , Sars 72 bz fash 
OX, OL,OL>, 9%, 9%, ax 2 


where 


lim <A&%,> 


B = Zim (Ax, Ax;> 
7 Ata30 At 


and £;; BALESO At 


Here interest lies in the steady solution, 
t —- oo. Here 34% =Q and the conditional 
probability distribution, », , reduces to the 
first probability distribution, w, defined above. 
Thus one has 


2 2 2 A 
ale IBnW , IA , DAW , OPrgw Q7) 
2 | AL* 94,0%, 949%, an7 


a 


Eq. (17) may sometimes be solved for the 
probability density w(%,,z, ) for two selected 
variables in a non-linear or linear control sys- 
tem. 4%, and %, may be, for example, error and 
error derivative. This Fokker=Planck method 
represents the best statistical approach to 
phase plane analysis. 


Servo Analysis: Next the methods of the 
previous section are used to determine the error 
probability density function for the control sys- 
tem of Fig. (1). The "computer" is represented 
by Gc =O@,+AG. «. The load is initially al- 
lowed to possess damping and spring forces. A, 
the proportion of derivative control, will be 
arbitrary. The presence of damping and "spring" 
forces in the load, is initially considered. 


Label the non-linearity function N(6, ). 
Thus the load dynamics satisfy the equation 


NG +2.6,) =O +2G +b8 , 


while the feedback equation is 


Og = 9;-& ; 
combining equations, 
G, +26, +bE +N(G, +04, ) = F(t) (18) 


Eq. (18) is then the exact non-linear differen- 
tial equation witn error as dependent variable. 
The forcing function is 


#(t)= 6; + 26; + b6; , 


and effective input to the system. Now Eq. (18) 
is written in terms of two first-order differen- 
tial equations, as in phase plane analysis. Let 
%, = Og and %, = , Eqe (18) becomes the 
sys tem 


Ly + Abn + bx, +N(U,+Ax,) = F(t) 
vinatakel sedate iar (19) 
LG 


In order to determine the Pej of Eq. (16) one 
integrates Eq. (19). As stated before, it is ex- 
pected that the variables %, and%, change a 
small amount in small time increments. No such 
restriction is made on f(t). The following pair 
is thus obtained. 


t+ht 
A%, + an, Ot + bx, At +N(Z, +AX, )At [ Fade 
t (20) 


Ax, = v,At 


With Eq. (20) now is evaluated the 4, of Eq. (16) 
u/s 


_ tim <hx,> _ lim tz ht? _ 
tse REE CAL 0 wat ts 


t+at 
PN Ti <atpAt-by, At-Mbu+dx, b+), f(A)da> 
Bato" at 7 At-¥0 a 


= -aX,-bx,-M(m, tAX2) 


tim <(z2dt)*> | 


= lim <(O%,)*> _ 
Ato at 


i} A4t70 8 =6—At @ 


tat 
tim <d%:D%2)_ tim CFabtghttahth F(A)dA? 
A Ke-0 at At-+0 At 


tim <(at) [erg +b4jte tte N(XtAx2 I> _ 
TAtct0 AY us cA. eee ea, 


B,,79 


ttat 2 
= lim <(Ax2)*> _ lim <f FA)dd—At {anyon +N(x,+Axy)] > 
fra at70 At ato at 


Saere 
(4 areal lim rrdttrat 


Tt eres ith { <fo.e)>aaat 


If the autocorrelation function for the effective 
input f(t) is given by 


Pop (t) = 20o(2) 


that is, f(t) is effectively white Gaussian noise 
at strength 2D, Then 


ttAt t+At 
; of 200 (t-t)dedt 
ZB = lim t ¢ =2 
22 At-»0 (Xb 


The assumption that f(t) has an impulse autocor- 
relation function amounts to saying the f(t) has 
a flat frequency spectrum. While the latter is 
never strictly true, it often is approximately 
so. Thus, if 6; possesses the spectrum 


G,(w) =-> 


and the system load is purely inertial, the ef- 
fective input f(t) has a spectrum 


2 
Gg fw) = |(jw?| g, (a) 
= 7 e 


If the input is band limited and the load 
dynamics include damping and spring force, 


2 
|7+B;c0 + Ja)? | 
|1+ 2hje0t +(jwr)? |? 


Gg (wy=k 


which may conceivably be flat well beyond any 
range of interest. 


Combining the /3; and_4;; in Eq. (17) one 
obtains the Fokker-Planck equation: 
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tp 
Ix, 


This equation for w(v,,Z,) will be solved for 
the case of the saturating transducer 


u,t+Ak, 


Nim ite) = Fe 


First consider the half of the L, Xs phase plane 
where (%,+ AX, ) > Oe Iry 


@ 2 
= ah 7, 
w(x,,%,)=€79 26/x%). 


This product of functions inserted in Eq. (21) 
leads to 


a 2 dG, (%,) 
O= %,6 9" oe SGN, OY 2] 
7 
whence 
aF b 
G(x,) = Kexp - { %, ees x?) 


In a precisely similar fashion, for (%,+A%,)<O, 


G(2,) = Kexp- {- x, +bb a8 } 


so that anywhere on the phase plane 


(w(t, Ly) = Kexp pee & Zexp{- a 
(22) 


For 2 =O the probability density for the error 
derivative, x9, is found from 


00 
P(L2) -[ W(L, yX,) dz, 
—00 


to be normal. The probability density for the 


error, X,,5 is found from 
oO 
p(X) -/ (XK, y %z)IX, 
-00 


for 4 =A=O and suitable normalization to be 


-V2 
pl%,)= plGy) = = é (23) 
e 


a result which wiil be of considerable interest. 
Integrating again, one obtains the probability 
distribution function 


Eq. (22) is studied further for the case b = 0, 


and arbitrary 770. Thus 
=a a af Set Az 

= == -— -———_—_— 6 

p(8) Kf exp- 55K CIPD ia, saz| @ 
(25) 
~~ 2 
iS a ->- x? 
= (7 eK cosh q-zKsinn So | @ 20” gy, 


° 


again an even non-negative function. Eq. (25) 
represents the error probability density for ar- 
bitrary A. Letting A-*O and considering the 
sign of @ reduces this equation to Eq. (23). 


Integrating Eq. (25) once more gives the 
error probability distribution function 


22D DK, , af 
P(4,)= ES aF sinh D a \ 
Je 
D F x 
- 222 cosh $20, | 620” gy 
(7) 
8 au? 
Zi for A A gp ae 
ten | eh Bue ee de 
00 


where for proper normalization, 


a2a/a 2,2 

F/=F «afa 

i) at Soar 20D 
V2 


K= 
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The important result is that the integral 
terms of Eq. (26) have significant effect only in 
the neighborhood of the origin of Oe + The dis- 
tribution (26) approaches asymptotically the 2 =O 
case (Eq. (2h)) for large Go - 


A development exactly similar to the one 
above may be made for a servo with a non-linear- 
ity in the switch control computer. For example, 
consider a modified McDonald servo, where O,= , 
BetrAGe |e | instead of the control @, = Qg+AG, 
given above. Again the @, vs. 6, phase plane 
is separated into two parts, corresponding to 
O6¢>O and for @¢<O. The Fokker-Planck equa- 
tion is integrated once in the same way. Then 
the error probability density is found by inte- 
gration just as in Eq. (25) except that the upper 
limit on the final indefinite integral would be 
VOe/A'. The probability distribution function 
in this case then approaches that of a simple 
exponential even more rapidly than for the linear 
switch control computer case. 


Simulation Results 


Error probability distribution functions 
were measured for each of the control computers 
of the previous sections. The distribution func- 
tion of Eq. (23) served as a large error asymp- 
tote and a small error bound (negative error u.b. 
positive error 1.b.) for all measured distribu- 
tion functions. For each servo studied, the nor- 
malized error probability distribution functions! 
departure from the Gaussian decreased with band 
width, and decreased with input level. In general 
the inclusion of additional control circuitry 
represented a more normal error curve. Represen- 
tative curves are given on Fig. (10), plotted on 
normal probability paper. 


Conclusion 


Analog tests indicated that inclusion of 
prediction circuitry indeed reduced rms error in 
a saturating servo system with a random input. 
Straightforward application of the Smith method 
did yield a helpful guide to design. However, 
tests indicated that in applications, simulation 
would be necessary to establish servo-computer 
parameters which would be less sensitive to input 
statistics. 


A method is illustrated which yields the er- 
ror probability distribution function for a class 
of compensated relay servos. A generalization of 
the analytic results would indicate that a large 
class of compensated relay servos with Gaussian 
random input yield a simple exponential large 
error probability density. 


Acknowledgement 


The author gratefully acknowledges the guid- 
ance of Professor Vincent C. Rideout of the Uni- 
versity of Wisconsin during the course of this 
study. Financial support was received from the 
Wisconsin Alumni Research Foundation and the 
National Science Foundation. 


1. 


36 


De 


Bibliography 


Kendall, P. E. and Bogner, I., "Research in 
Non-Linear Mechanics as Applied to Ser- 
vomechanisms", WADC Tech. Rep. No. 53-521 
Wright-Patterson AFB, Ohio; December, 
1953. 


Bushaw, D. W., "Differential Equations with 
a Discontinuous Forcing Term", Experi- 
mental Towing Tank Report No. 69, 
Stevens Inst. of Technology; January, 
1953. 


Caldwell, R. R. and Rideout, V. C., "A Dif- 
ferential Analyzer Study of Certain Non- 
linearly Damped Servomechanisms", AIEE 
Trans., Paper No. 53-107, pp. 165-169; 
January, 1953. 


Hopkin, A. Me and Wang, P. K. Ce, "A Relay- 
Type Feedback Control System Designed 
for Random Inputs", ATEE Trans., Paper 
No. 59-218; February, 1959. 


Kalman, R. E., “Analysis and Design Prin- 
ciples of Second and Higher Order Satur- 
ating Servomechanisms", AIEE Trans. , 


Paper No. 55-551, pp. 294-308; 1955. 


Booton, R. C., Mathews, M. V. and Seifert, 
W. W., "Non-Linear Servomechanisms with 
Random Inputs", DACL Report No. 70; 
August, 1953. 


COMPUTER 


TRANSDUCER 


Te 


9. 


10. 


11. 


12. 


13. 


Leland, H. R., "Response of Certain Non- 
Linear Systems to Random Inputs", Proc. 
NEC, Vol. 1h, pp. 698-708; October 1958. 


Smith, O. J» Me, "Feedback Control Systems", 
McGraw-Hill Book Company, Inc., New York; 
1958. 


Laning, J. H. and Battin, R. H., "Random 
Processes in Automatic Control", McGraw- 
Hill Book Company, Inc., New York; 1956. 


Wiener, N., “Extrapolation, Interpolation, 
and Smoothing of Stationary Time Series", 
Jobn Wiley and Sons, Inc., New York; 1950. 


Zakai, Me, "On a Property of Wiener Filters", 
IRE PGIT Trans., Vol. 1T=-5, No. 1, pp.15- 
I7; March, 1959 


Benedict, T. R., "A Study of Predictor- 
Relay Servos with Random Inputs", Ph.D. 
Thesis, University of Wisconsin, Madison, 
Wisconsin; 1959. 


Wang, M. C. and Uhlenbeck, G. E.,"0On the 
Theory of the Brownian Motion II", in 
"Noise and Stochastic Processes", ed. by 
Nelson Wax, Dover Publications, Inc., 
New York, pp. 113-132; 195). 


Chuang, K. and Kazda, L. F., "A Study of 
Non-Linear Systems with Random Inputs", 
AIEE Trans., Paper No. 59-147; Febru- 


ary, C 


Fig. 1. Relay Control of an Inertial Element. 
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LOAD VARIABLE 


Fig. 2. Dynamic Variables in an Inertial Load. 
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Fig. 3. System Topology of a Predictor-Relay Servo. 
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Fig. 4. The McDonald Servo. 
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Fig. 5. Prediction Operators. 
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Fig. 6. Comparison of Optimal - T Predictor-Relay Servo with McDonald Servo for Bandpass Spectra. 
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Fig. 7. Comparison of McDonald Servo Error for Equal Bandwidth Low Pass and Band Pass Input Spectra. 
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Fig. 8. Predictor-Relay Servo Errors. Q =2 


OPTIMIZED 


ee gis (1) OPTIMAL 7 
NG (2) COMPUTER 
HY 
Wy 
6 
3 


INPUT LEVEL Cae VOLTS? 
Fig. 9. Computer-Optimized Predictor-Relay Servo Error. Band Pass Input. Q = 2 
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(2) PREDICTOR - RELAY SERVO: 6, 0.91 v. 
(3) OPTIMIZED P.-R. SERVO: G 0.53 v. 


(1) MC DONALD SERVO: GZ = 1.41 v. 
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Fig. 10. Comparison of Three Systems Q 
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